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Dicing with Death
Chance, Risk and Health

Statisticians are engaged in an exhausting but exhilarating struggle with
the biggest challenge that philosophy makes to science: how do we
translate information into knowledge? Statistics tells us how to evaluate
evidence, how to design experiments, how to turn data into decisions,
how much credence should be given to whom to what and why, how to
reckon chances and when to take them. Statistics deals with the very
essence of the universe: chance and contingency are its discourse and
statisticians know the vocabulary. If you think that statistics has nothing
to say about what you do or how you could do it better, then you are
either wrong or in need of a more interesting job. Stephen Senn explains
here how statistics determines many decisions about medical care, from
allocating resources for health, to determining which drugs to license, to
cause-and-effect in relation to disease. He tackles big themes: clinical
trials and the development of medicines, life tables, vaccines and their
risks or lack of them, smoking and lung cancer and even the power of
prayer. He entertains with puzzles and paradoxes and covers the lives of
famous statistical pioneers. By the end of the book the reader will see
how reasoning with probability is essential to making rational decisions
in medicine, and how and when it can guide us when faced with choices
that impact on our health and even life.
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For Victoria, Helen and Mark



. . . the twain were casting dice
‘The game is done! I’ve won! I’ve won!’
Quoth she and whistles thrice.

Coleridge, The Rime of the Ancient Mariner
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Preface

‘What’s the most frequent word?’ asks Jessica. ‘Your number one. The same as it’s

always been at these affairs,’ replies the statistician, as if everyone knew: ‘death’.

Thomas Pynchon, Gravity’s Rainbow

Statistics is dull but disreputable, prosaic but misleading. Statisticians
are the auditors of research: negative and uncreative book-keepers. If
mathematics is the handmaiden of science, statistics is its whore: all that
scientists are looking for is aquickfixwithout theencumbranceofamean-
ingful relationship. Statisticians are second-class mathematicians, third-
rate scientists and fourth-rate thinkers. They are the hyenas, jackals and
vultures of the scientific ecology: picking over the bones and carcasses of
the game that the big cats, the biologists, the physicists and the chemists,
have brought down.

Statistics is a wonderful discipline. It has it all: mathematics and phi-
losophy, analysis and empiricism, as well as applicability, relevance and
the fascination of data. It demands clear thinking, good judgement and
flair. Statisticians are engaged in an exhausting but exhilarating struggle
with the biggest challenge that philosophy makes to science: how do we
translate information into knowledge? Statistics tells us how to evaluate
evidence,howtodesignexperiments,howto turndata intodecisions,how
much credence should be given to whom to what and why, how to reckon
chances andwhento take them.Statisticsdealswith theveryessenceof the
universe: chance and contingency are its discourse and statisticians know
the vocabulary. If you think that statistics has nothing to say about what
you do or how you could do it better, then you are either wrong or in need
of a more interesting job.

[ix]



x Preface

If you tend to the first of these views, this book is written to persuade
youof the truthof the secondand if youalready accept the second it is here
to confirmyour faith. Statistics is all-pervading in sciencebut it is alsomis-
understood. The non-scientist in the street probably has a clearer notion
of physics, chemistry andbiology thanof statistics, regarding statisticians
asnumerical philatelists,mere collectors of numbers. The truthmust out,
and I am determined to out it and this book is how I have chosen to reveal
it, but in a book like this it would be impossible to tell it all. Even within
my own field of application, medical statistics, I cannot do that. There
are many matters I should like to have covered but have not: the logic, or
otherwise, of screening fordisease, theuseof statistics inhealth-careplan-
ning, statistical approaches to the creationof expert systems fordiagnosis,
the wonderful science of decision analysis and its application to selecting
which drugs to develop, the world of sample surveys, the mathematics of
genetics, the statistical approach to quality control and its application to
monitoring surgery, the interpretation of hospital league tables, sequen-
tial analysis and the design of experiments.

Nevertheless, we shall cover some important matters: paradoxes in
probability, significance tests, clinical trials, the Bayesian and frequentist
schools of inference, the generalisability of results, the safety, or other-
wise, of medicines and tobacco, life-tables and survival analysis, the sum-
marising of evidence, the mathematics of measles, and even the applica-
tion of statistics to the law. (If the relevance of the last of these to medical
statistics is not clear, allwill be revealed inChapter 10.)Naturally I amcon-
vinced that this is all good stuff but some of it, I know, is strong medicine.
I have tried to sugar the pill by coating the numerical with the biograph-
ical. We shall discuss not just statistics the subject but the statisticians
who created it and a curious lot they turn out to be. We shall also, occa-
sionally, take some strange diversions and the medically qualified reader
may detect the symptoms of knight’s-move thought (kmt) and conclude that
the author is schizophrenic. (It must surely have been someone with kmt
who first called it kmt.) But despite these diversions, whether biographi-
cal or otherwise, the numerical cannot be entirely avoided. I have helped
the reader to spot it by spotting it myself, or at least starring it. There
are two starred chapters, and these are more demanding than the rest.
Theycansafelybeomittedby thosewhofindthemathematicsoff-putting,
although, of course, I would not have included them if I had not felt that
they were worth the struggle. A star attached to a section within a chapter



Preface xi

also indicatesmoredifficultmaterial that canbe skipped.Astarred section
within a starred chapter is for the top of the class.

I make no claims to omniscience. Statistics is the science of inference,
the science of inference for science, and the defining characteristic of sci-
ence is not its infallibility but its self-correcting ability. Some of what I
saywill need correcting. Although I have done someoriginal historical re-
search myself, this is limited to the first half of the last century and even
there it is limited to a small part of the story. Elsewhere Ihave relied exten-
sivelyonsecondary sources, inparticular themagnificentbooksbyAnders
Hald and Stephen Stigler.1 Other sources are indicated in the footnotes to
the chapters. I have also strayed into areas in which I have no particular
expertise, themodellingof infectiousdiseases and statistics applied to the
Law, for example. The subject is so vast that nobody canbe expert in all as-
pects of it. My own personal research is mainly in the design and analysis
of clinical trials but the book needed more than just that to give it wings.

I have many debts to acknowledge. Doris Altmann, Klaus Dietz, Paddy
Farrington, Joe Gani, John Hayward and Jonathan Koehler provided
me with copies of their papers. Abelard, Tom Boyd, Damien Defawe,
Douglas Fleming, Marta Gacic-Dobo, Richard Greenway, Gerard Michon,
Kenneth Milslead, Jane Oakley, Heikki Peltola, Belinda Thornton and
Isabel Trevenna helped me obtain papers of others or provided me with
data or information. David Brunnen, Iain Chalmers, Giovanni Della
Cioppa, Paul Greenwood, Valerie Isham, Martin Jarvis, Geoff Paddle,
Mervyn Stone and my daughter, Helen, provided helpful comments on
various chapters. The bookwas submitted for theWellcomePrize andwas
a runner up in 2002 and I am grateful to Sarah Bronsdon of the Well-
comeFoundation forher encouragement. I amalsomostgrateful toDavid
Tranah of CambridgeUniversity Press forwelcoming the completed book
with enthusiasm and to Sarah Price for her expert help in editing. Finally,
I should like to thank my wife Victoria for persuading me to write it.

So, on with the book. I am going to try and convince you that when it
comes tomakingdecisions and scientific inferences, if you can’t count you
don’t count. Let us roll the first die.

1 A.Hald,AHistoryofProbabilityandStatistics andTheirApplicationsbefore 1750. JohnWiley&SonsLtd, 1990;
A. Hald, A History of Mathematical Statistics from 1750 to 1930. John Wiley & sons Ltd, 1998; S. M. Stigler,
The History of Statistics: The Measurement of Uncertainty before 1900. Belknap Press, 1986.
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Circling the square

It’s my bad friend Kent . . . Kent works at the Central Statistics Bureau. He knows

how many litres of milk Norwegians drink per annum and how often people have

sex. On average that is.

Erlend Loe, Naive. Super

The charisma casualty. A scientist in need of an apology and
the question he dreads

Look at that miserable student in the corner at the party. He could be
my younger self. He was doing well until she asked the dreaded ques-
tion. ‘What are you studying?’ At such a moment what would one not
give for the right to a romantic answer: ‘Russian,’ perhaps or ‘drama’. Or a
coldly cerebral one: ‘philosophy’ or ‘mathematics’ or even ‘physics’. Or to
pass oneself as a modern Victor Frankenstein, a genetic engineer or a bio-
chemist.That iswhere theactionwillbe in thismillennium.But statistics?
It’s like Kenny Everett’s joke about elderly women: just like Australia, ev-
eryone knows where it is but no one wants to go there. Except that people
do want to go to Australia.

Some years ago there was an advert for a French film, Tatie Danielle,
about a misanthropic, manipulative and downright nasty old lady which
ran, ‘you don’t know her, but she loathes you already’. Of most people
one might just as well say, ‘you’ve never studied statistics but you loathe
it already’. You know already what it will involve (so many tonnes of coal
mined in Silesia in 1963, so many deaths from TB in China in 1978). Well
you are wrong. It has nothing, or hardly anything, to do with that. And
if you have encountered it as part of some degree course, for no scientist
or social scientist escapes, then you know that it consists of a number of

[1]



2 Circling the square

algorithms to carry out tests of significance using data. Well you are also
wrong. Statistics, likeBill Shankly’s football, is not just amatter of life and
death. ‘Son, it’s much more important than that.’

Statistics are and statistics is

Statistics singular, contrary to the popular perception, is not really about
facts; it is about how we know, or suspect, or believe, that something
is a fact. Because knowing about things involves counting and measur-
ing them, then, it is true, that statistics plural are part of the concern of
statistics singular, which is the science of quantitative reasoning. This sci-
encehasmuchmore in commonwithphilosophy (inparticular epistemol-
ogy) than it does with accounting. Statisticians are applied philosophers.
Philosophers argue how many angels can dance on the head of a needle;
statisticians count them.

Or rather, count how many can probably dance. Probability is the heart
of the matter, the heart of all matter if the quantum physicists can be be-
lieved.As far as the statistician is concerned this is true,whether theworld
is strictly deterministic as Einstein believed or whether there is a resid-
ual ineluctable indeterminacy. We can predict nothing with certainty but
we can predict how uncertain our predictions will be, on average that is.
Statistics is the science that tells us how.

Quacks and squares

I want to explain how important statistics is. For example, take my own
particular field of interest, pharmaceutical clinical trials: experiments on
human beings to establish the effects of drugs. Why, as a statistician, do
I do research in this area? I don’t treat patients. I don’t design drugs. I
scarcely know a stethoscope from a thermometer. I have forgotten most
of the chemistry I ever knew and I never studied biology. But I have suc-
cessfully designed and analysed clinical trials for a living. Why should it
be that the International Conference on Harmonisations guidelines for
Good Clinical Practice, the framework for the conduct of pharmaceutical
trials inEurope,America and Japan should state, ‘The sponsor shoulduti-
lize qualified individuals (e.g. biostatisticians, clinical pharmacologists,
and physicians) as appropriate, throughout all stages of the trial process,
from designing the protocol and CRFs and planning the analyses to ana-
lyzing and preparing interim and final clinical trial reports.1’? We know
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why we need quacks but these ‘squares’ who go around counting things,
what use are they? We don’t treat patients with statistics do we?

High anxiety

Of course not. Suppose that you have just suffered a collapsed lung at
35 000 ft and, the cabin crew having appealed for help, a ‘doctor’ turns up.
A Ph.D. in statistics would be as much use as a spare statistician at a party.
You damn well want the doctor to be a medic. In fact this is precisely what
happened to a lady travelling from Hong Kong to Britain in May 1995. She
had fallen off a motorcycle on her way to the airport and had not realised
the gravity of her injuries until airborne. Luckily for her, two resourceful
physicians, Professor Angus Wallace and Dr. Tom Wang, were on board.2

Initially distractedby thepain shewas experiencing inher arm, they even-
tually realised that shehadamore seriousproblem.Shehad, in fact, a ‘ten-
sion pneumothorax’, a life-threatening condition that required immedi-
ate attention. With the help of the limited medical equipment on board
plus a coat hanger and a bottle of Evian water the two doctors performed
an emergency operation to release air from her pleural cavity and restore
her ability to breathe normally. The operation was a complete success and
the woman recovered rapidly.

This story illustrates the very best aspects of the medical profession
and why we value its members so highly. The two doctors concerned had
to react quickly to a rapidly developing emergency, undertake a techni-
cal manoeuvre in which they were probably not specialised and call not
only on their medical knowledge but on that of physics as well: the bot-
tle of water was used to create a water seal. There is another evidential
lesson for us here, however. We are convinced by the story that the inter-
ventionwasnecessary and successful. This is a very reasonable conclusion.
Amongst factors that make it reasonable are that the woman’s condition
was worsening rapidly and that within a few minutes of the operation her
condition was reversed.

A chronic problem

However, much of medicine is not like that. General practitioners, for ex-
ample, busy and harassed as they are typically have little chance of learn-
ing the effect of the treatments they employ. This is because most of what
is done is either for chronically ill patients for whom no rapid reversal can
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be expected or for patients who are temporarily ill, looking for some relief
or a speedier recovery andwhowill not report back. Furthermore, so short
is the half-life of relevance of medicine that if (s)he is middle-aged, half of
what (s)he learned at university will now be regarded as outmoded if not
downright wrong.

The trouble with medical education is that it prepares doctors to learn
facts, whereas really what the physician needs is a strategy for learning.
The joke (not mine) is that three students are asked to memorise the tele-
phone directory. The mathematician says, ‘why?’, the lawyer says, ‘how
long have I got?’ and the medical student says, ‘will the Yellow Pages also
be in the exam?’ This is changing, however. There is a new movement for
evidence-based medicine that stresses the need for doctors to remain con-
tinually in touch with developments in treatment and also to assess the
evidence for such new treatment critically. Such evidence will be quanti-
tative. Thus doctors are going to have to learn more about statistics.

It would be wrong, however, to give the impression that there is an
essential antagonism between medicine and statistics. In fact the medi-
cal profession has made important contributions to the theory of statis-
tics. As we shall see when we come to consider John Arbuthnot, Daniel
Bernoulli and several other key figures in the history of statistics, many
who contributed had had a medical education, and in the medical spe-
cialty of epidemiology many practitioners can be found who have made
important contributions to statistical theory. However, on the whole, it
can be claimed that these contributions have arisen because the physician
has come to think like a statistician: with scepticism. ‘This is plausible,
how might it be wrong?’ could be the statistician’s catch-phrase. In the
sections that follow, we consider some illustrative paradoxes.

A familiar familial fallacy?

‘Mr Brown has exactly two children. At least one of them is a boy. What is
the probability that the other is a girl?’ What could be simpler than that?
After all, the other child either is or is not a girl. I regularly use this exam-
ple on the statistics courses I give to life scientists working in the pharma-
ceutical industry. They all agree that the probability is one-half.

So theyareallwrong. Ihaven’t said that the older child is aboy.Thechild
I mentioned, the boy, could be the older or the younger child. This means
that Mr Brown can have one of three possible combinations of two chil-
dren: both boys, elder boy and younger girl, elder girl and younger boy,
the fourth combination of two girls being excluded by what I have stated.
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But of the three combinations, in two cases the other child is a girl so that
the requisite probability is 2/3. This is illustrated as follows.

Possible Possible Possible Excluded

Elder
Younger

This example is typical of many simple paradoxes in probability: the an-
swer is easy to explain but nobody believes the explanation. However, the
solution I have given is correct.

Or is it? That was spoken like a probabilist. A probabilist is a sort of
mathematician. He or she deals with artificial examples and logical con-
nections but feel no obligation to say anything about the real world. My
demonstration, however, relied on the assumption that the three combi-
nationsboy–boy, boy–girl andgirl–boy are equally likely and thismaynot
be true. The difference between a statistician and a probabilist is that the
latter will define the problem so that this is true, whereas the former will
consider whether it is true and obtain data to test its truth.

Suppose we make the following assumptions: (1) the sex ratio at birth
is 50:50; (2) there is no tendency for boys or girls to run in a given family;
(3) the death rates in early years of life are similar for both sexes; (4) par-
ents do not make decisions to stop or continue having children based on
the mix of sexes they already have; (5) we can ignore the problem of twins.
Thenthe solution is reasonable. (Provided there isnothingelse Ihaveover-
looked!) However, the first assumption is known to be false, as we shall
see in the next chapter. The second assumption is believed to be (approx-
imately) true but this belief is based on observation and analysis; there
is nothing logically inevitable about it. The third assumption is false, al-
though in economically developed societies, the disparity in the death
rates between sexes, although considerable in later life, is not great be-
fore adulthood.There isgoodevidence that the fourthassumption is false.
The fifth is not completely ignorable, since some children are twins, some
twins are identical and all identical twins are of the same sex.Wenowcon-
sider a data set that will help us to check our answer.

In an article in the magazine Chance, in 2001, Joseph Lee Rogers and
Debby Doughty attempt to answer the question, ‘Does having boys or
girls run in the family?’.3 The conclusion that they come to is that it does
not, or at least, if it does that the tendency is at best very weak. To estab-
lish this conclusion they use data from an American study, the National
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Longitudinal Survey of Youth (NLSY). This originally obtained a sample
of over 12 000 respondents aged 14–21 years in 1979. The NLSY sample has
been followed up from time to time since. Rogers and Doughty use data
obtained in 1994, by which time the respondents were aged 29–36 years
and had had 15 000 children between them. The same data that they use
to investigate the sex distribution of families can be used to answer our
question.

Of the 6089 NLSY respondents who had had at least one child, 2444
had had exactly two children. In these 2444 families the distribution of
children was boy–boy, 582, girl–girl, 530, boy–girl 666 and girl–boy, 666.
If we exclude girl–girl, the combination that is excluded by the ques-
tion, then we are left with 1914 families. Of these families 666 + 666 =
1332 had one boy and one girl so that the proportion of families with at
least one boy in which the other child is a girl is 1332/1914 � 0.70. So, in
fact, our requisite probability is not 2/3 as we previously suggested but 7/10

(approximately).
Or is it? We have moved from a view of probability that tries to identify

equally probable cases, what is sometimes called classical probability, to
one thatuses relative frequencies.Thereare,however, severalobjections to
using this ratio as a probability, of which two are particularly important.
The first is that a little reflection shows that it is obvious that such a ratio
is itself subject to chance variation. To take a simple example, even if we
believe adie to be fairwewouldnot expect thatwheneverwe rolled thedie
six timeswewouldobtain exactly one 1, 2, 3, 4, 5&6.The secondobjection
is that even if this ratio is an adequate approximation to some probability,
why should we accept that it is the probability that applies to Mr Brown?
After all, I havenot said thathe is either anAmerican citizenwhowas aged
14–21 in 1971 or has had children with such a person, yet this is the group
from which the ratio was obtained.

The first objection might lead me to prefer a theoretical value such as
the 2/3 obtained by our first argument to the value of approximately 7/10

(which is of course very close to it) obtained by the second. In fact, statisti-
cians have developed anumber of techniques for decidinghow reasonable
such a theoretical value is.

A likely tale∗

One method is due to the great British statistician and geneticist R. A.
Fisher (1890–1962) whom we shall encounter again in various chapters in
this book. This is based on his idea of likelihood. What you can do in a
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circumstance like this, he points out, is to investigate each and every pos-
sible value for the probability from 0 to 1. You can then try each of these
values in turn and see how likely the data are given the value of the proba-
bility you currently assume. The data for this purpose are that of the 1914
relevant families: in 1332 the other child was a girl and in 582 it was a boy.
Let the probability in a given two-child family that the other child is a girl
where at least one child is male be P, where, for example, P might be 2/3 or
7/10 or indeedanyvaluewewish to investigate. Suppose thatwego through
the 1914 family recordsonebyone.Theprobability of anygiven record cor-
responding to amixed-sex family isP and theprobability of it correspond-
ing to a boys only family is (1−P). Suppose that we observe that the first
1332 families are mixed sex and the next 582 are boys only. The likelihood,
to use Fisher’s term, of this occurring is P × P × P · · · P, where there are
1332 such terms P, multiplied by (1−P ) × (1−P ) × (1−P ) · · · (1−P ), where
there are 582 such terms. Using the symbol L for likelihood, we may write
this as

L = P 1332(1−P )582.

Now, of course, we have not seen the data in this particular order; in fact,
we know nothing about the order at all. However, the likelihood we have
calculated is the same for any given order so that all we need to do is mul-
tiply it by the number of orders (sequences) in which the data could occur.
This turns out to be quite unnecessary, however, since whatever the value
ofP,whether 2/3, 7/10 or someothervalue, thenumberofpossible sequences
is the sameso that ineachof suchcases thenumberwewouldmultiplyLby
would be the same. This number is thus irrelevant to our inferences about
P and, indeed, for any two values of P, the ratio of the two corresponding
values of L does not depend on the number of ways in which we can obtain
1332 mixed-sex and 582 two-boy families.

It turnsout that the valueofP thatmaximises L is thatwhich is givenby
our empirical proportion so that we may write Pmax = 1332/1914. We can
now express the likelihood, L, of any value of P as a ratio of the likelihood
Lmax corresponding to Pmax. This has been done and plotted against all
possible values of P in the Figure 1.1. One can see that this ratio reaches a
maximum one at the observed proportion, indicated by a solid line, and
tails off rapidly either side. In fact, for our theoretical answer of 2/3, in-
dicated by the dashed line, the ratio is less than 1/42. Thus the observed
proportion is 42 timesmore likely to occur if the trueprobability is Pmax =
1332/1914 than if it is the theoretical value of 2/3 suggested.
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Figure 1.1 Likelihood ratio for various values of the probability of the other child being
a girl given the NLSY sample data.

An unlikely tail?

This is all very well but the reader will justifiably protest that the best fit-
ting pattern will always fit the data better than some theory that issues a
genuine prediction. For example, nobody would seriously maintain that
the next time somebody obtains a sample of exactly 1914 persons having
exactly two children, at least one of which is male, they will also observe
that in 1332 cases the other is female. Another, perhaps not very different
proportion would obtain and this other proportion would of course not
only fit the data better than the theoretical probability of 2/3, but it would
also fit the data better than the proportion 1332/1914 previously observed.

In fact we have another data set with which we can check this propor-
tion. This comes from the US Census Bureau National Interview Survey,
a yearly random sample of families. Amongst the 342 018 households on
which data were obtained from 1987 to 1993, there were 42 888 families
with exactly two children, 33 365 with at least one boy. The split amongst
the 33 365 was boy–girl, 11 118, girl–boy, 10 913 and boy–boy 11 334. Thus
22 031 of the families had one boy and one girl and the proportion we
require is 22031/33 365�0.66,which is closer to the theoretical value than
our previous empirical answer. This suggests that we should not be too
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hasty in rejecting a plausible theoretical value in favour of some appar-
ently better fitting alternative. How can we decide when to reject such a
theoretical value?

This statistical problem of deciding when data should lead to rejection
of a theory has a very long history and we shall look at attempts to solve it
in the next chapter. Without entering into details here we consider briefly
the approach of significance testing which, again, is particularly associ-
ated with Fisher, although it did not originate with him. This is to imag-
ine for the moment that the theoretical value is correct and then pose the
question, ‘if the value is correct, how unusual are the data’.

Defining exactly what is meant by unusual turns out to be extremely
controversial. One line of argument suggests, however, that if we were to
reject the so-called null hypothesis that the true probability is 2/3, then we
have done so where the observed ratio is 1332/1914, which is higher than
2/3, andwouldbehonourboundtodosohadthe ratiobeenevenhigher.We
thus calculate the probability of observing 1332 or more mixed-sex fami-
lieswhen the trueprobability is 2/3. This sort of probability is referred to as
a ‘tail-area’ probability and, sparing the reader the details,4 in this case it
turnsout tobe0.00337.However,we could argue thatwewouldhavebeen
just as impressed by an observed proportion that was lower than the hy-
pothesised value 2/3 as by finding one that was higher, so that we ought to
double this probability. If we do, we obtain a value of 0.0067. This sort of
probability is referred to as a ‘P-value’ and is very commonly (manywould
say far too commonly) found in scientific, inparticularmedical, literature.

Should we reject or accept our hypothesised value? A conventional
‘level of significance’ often used is 5% or 0.05. If the P-value is lower than
this the hypothesis in question is ‘rejected’, although it is generally ad-
mitted that this is a very weak standard of significance. If we reject 2/3,
however, what are we going to put in its place? As we have already argued
it will be most unlikely for the true probability to be exactly equal to the
observed proportion. That being so, might 2/3 not be a better bet after all?
We shall not pursue this here, however. Instead we now consider a more
serious problem.

Right but irrelevant?

Why should we consider the probability we have been trying to estimate
as being relevant to Mr Brown? There are all sorts of objections one could
raise. Mr Brown might be British, for example, but our data come from an
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American cohort. Why should such data be relevant to the question? Also
since Mr Brown’s other child either is or is not a girl what on earth can it
mean to speak of the probability of its being a girl?

This seemingly trivial difficulty turns out to be at the heart of a dis-
agreement between two major schools of statistical inference, the fre-
quentist and the Bayesian school, the latter being named after Thomas
Bayes, 1701–1761, an English non-conformist minister whose famous the-
orem we shall meet in the next chapter.

The frequentist solution is to say that probabilities of single events are
meaningless. We have to consider (potentially) infinite classes of events.
Thus my original question is ill-posed and should perhaps have been, ‘if
we choose an individual at random and find that this individual is male
and has two children at least one of which is male, what is the probabil-
ity that the other is female?’ We then can consider this event as one that
is capable of repetition and the probability then becomes the long-run
relative frequency with which the event occurs.

The Bayesian solution is radically different. This is to suggest that the
probability in question is what you believe it to be since it represents your
willingness to bet on the relevant event. You are thus free todeclare it to be
anythingat all. For example, if youare still unconvincedby the theoretical
arguments I have given and the data that have been presented that, what-
ever the probability is, it is much closer to 2/3 than 1/2, you are perfectly free
to call the probability 1/2 instead. However, be careful! Betting has conse-
quences. If you believe that the probability is 1/2 and are not persuaded by
any evidence to the contrary, you might be prepared to offer odds of evens
onthechildbeingaboy. Suppose Ioffered topayyou£5 if theother child is
a boy provided you paid me £4 if the child is a girl. You ought to accept the
bet since the odds are more attractive than evens, which you regard as ap-
propriate. If, however, we had played this game for each family you would
have lost 1332 × 4 for only 582 × 5 gained and I would be £2418 better off
at your expense!5

We shall not pursue these discussions further now. However, some of
these issues will reappear in later chapters and indeed from time to time
throughout the book. Instead, we now present another paradox.

The Will Rogers phenomenon

Amedical officer ofpublichealthkeeps a trackyearbyyear of theperinatal
mortality rate in his district for all births delivered at home and also for
all those delivered at hospital using health service figures. (The perinatal
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mortality rate is the sum of stillbirths and deaths under one week of age
divided by the total number of births, live and still, and is often used in
public health as a measure of the outcome of pregnancy.) He notices, with
satisfaction, a steady improvement year by year in both the hospital and
the home rate.

However, as part of the general national vital registration system, cor-
responding figures are being obtained district by district, although not
separately for home and hospital deliveries. By chance, a statistician in-
volved in compiling the national figures and the medical officer meet at a
functionand startdiscussingperinatalmortality.The statistician is rather
surprised to hear of the continual improvement in the local district since
she knows that over the past decade there has been very little change na-
tionally. Later she checks the figures for the medical officer’s district and
these confirm the general national picture. Over the last decade there has
been little change.

In fact the medical officer is not wrong about the rates. He is wrong to
be satisfied with his district’s performance. He has fallen victim to what
is sometimes called ‘the stage migration phenomenon’. This was exten-
sively described by the Yale-based epidemiologist Alvin Feinstein and col-
leagues in some papers in the mid 1980s.6 They found improved survival
stage by stage in groups of cancer patients but no improvement over all.

How can such phenomena be explained? Quite simply. By way of ex-
planation, Feinstein et al. quote the American humorist Will Rogers who
said that when the Okies left Oklahoma for California, the average intel-
ligence was improved in two States. Imagine that the situation in the dis-
trict inquestion is thatmostbirthsdeemedlowrisk takeplaceathomeand
havedone throughout theperiod inquestionandthatmostbirthsdeemed
high risk take place in hospital and have done so throughout the period
in question. There has been a gradual shift over the years of moderate-
risk births from home to hospital. The result is a dilution of the high-risk
births in hospital with moderate-risk cases. On the other hand, the home-
based deliveries are becoming more and more tilted towards low risk.
Consequently there is an improvement in bothwithout any improvement
over all.

The situation is illustrated in Figure 1.2 below. We have a mixture
of 0 and X symbols on the sheet. The former predominate on the left
and the latter on the right. A vertical line divides the sheet into two un-
equal regions. By moving the line to the right we will extend the do-
main of the left-hand region, adding more points. Since we will be adding
regions in which there are relatively more and more X’s than 0’s, we will
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Figure 1.2 Illustration of the stage migration phenomenon.

be increasing the proportion of the former. However, simultaneously, we
will be subtracting regions from the right-hand portion in which, relative
to those that remain, there will be fewer X’s than 0’s, hence we are also
increasing the proportion of the former here.

Simpson’s paradox7

The Will Rogers phenomenon is closely related to ‘Simpson’s paradox’,
named from a paper of 1951 by EH Simpson,8 although described at least
as early as 1899 by the British statistician Karl Pearson.9 This is best
explained by example and we consider one presented by Julious and
Mullee.10 They give data for the Poole diabetic cohort in which patients
are cross-classified by type of diabetes and as either dead or ‘censored’,
which is to say, alive. The reason that the term ‘censored’ is used is that
in the pessimistic vocabulary of survival-analysis, life is a temporary phe-
nomenonandsomeonewho is alive is simplynotyetdead.What the statis-
tician would like to know is how long he or she lived but this information
is not (yet) available and so is censored. We shall look at survival analysis
in more detail in Chapter 7.

The data are given in Table 1.1 below in terms of frequencies (percent-
ages) and show subjects dead or censored by type of diabetes. When age is
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Table 1.1. Frequencies (percentages) of patients in the Poole diabetic cohort,
cross-classified by type of diabetes and whether ‘dead’ or ‘censored’, i.e. alive.

Type of diabetes

Non-insulin Insulin
dependent dependent

All Patients
Censored 326(60) 253(71) 579
Dead 218(40) 105(29) 323

544(100) 358(100) 902

Subjects aged ≤ 40
Censored 15(100) 129(99) 144
Dead 0(0) 1(1) 1

15(100) 130(100) 145

Subjects aged > 40
Censored 311(59) 124(54) 435
Dead 218(41) 104(46) 322

529(100) 228(100) 757

not taken intoaccount it turnsout that ahigherproportionofnon-insulin
dependent are dead (40%) than is the case for insulin-dependent diabetes
(29%). However, when the subjects are stratified by age (40 and younger
or over 40) then in both of the age groups the proportion dead is higher
in the insulin-dependent group. Thus the paradox consists of observing
that an association between two factors is reversed when a third is taken
into account.

But is this really paradoxical? After allwe are used to the fact thatwhen
making judgements about the influence of factors we must compare like
with like. We all know that further evidence can overturn previous judge-
ment. In the Welsh legend, the returning Llewelyn is met by his hound
Gelert at the castle door. Its muzzle is flecked with blood. In the nursery
the scene is one of savagedisorder and the infant son ismissing.Only once
the hound has been put to the sword is the child heard to cry and discov-
ered safe and sound by the body of a dead wolf. The additional evidence
reverses everything: Llewelyn and not his hound is revealed as a faithless
killer.

In our example the two groups are quite unlike and most commenta-
tors would agree that the more accurate message as regards the relative
seriousness of insulin and non-insulin diabetes is given by the stratified
approach, which is to say the approach that also takes account of the age
of the patient. The fact that non-insulin diabetes develops on average at a
much later age is muddying the waters.
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Suppose that thenumbers in the table remain the samebut refernowto
a clinical trial in some life-threatening condition and we replace ‘Type of
diabetes’ by ‘Treatment’ and ‘Non-insulin dependent’ by ‘A’ and ‘Insulin-
dependent’ by ‘B’ and ‘Subjects’ by ‘Patients’. An incautious interpreta-
tion of the table would then lead us to a truly paradoxical conclusion.
Treating young patients with A rather than B is beneficial (or at least not
harmful – the numbers of deaths, 0 in the one case and 1 in the other,
are very small). Treating older patients with A rather than B is beneficial.
However, the overall effect of switching patients from B to A would be to
increase deaths overall.

In his brilliant book, Causality, Judea Pearl gives Simpson’s para-
dox pride of place.11 Many statisticians have taken Simpson’s paradox to
mean that judgements of causality based on observational studies are ul-
timately doomed. We could never guarantee that further refined observa-
tionwouldnot lead to a change in opinion. Pearl points out, however, that
we are capable of distinguishing causality from association because there
is a difference between seeing and doing. In the case of the trial above we
may have seen that the trial is badly imbalanced but we know that the
treatment given cannot affect the age of the patient at baseline, that is to
say before the trial starts. However, age very plausibly will affect outcome
and so it is a factor that shouldbe accounted for ofwhen judging the effect
of treatment. If in future we change a patient’s treatment we will not (at
themomentwe change it) change their age. So there is noparadox.We can
improve the survival of both young and the old and will not, in acting in
this way, adversely affect the survival of the population as a whole.

O. J. Simpson’ s paradox

The statistics demonstrate that only one-tenth of one percent of men who abuse

their wives go on to murder them. And therefore it’s very important for that fact to

be put into empirical perspective, and for the jury not to be led to believe that a

single instance, or two instances of alleged abuse necessarily means that the

person then killed.

The statementwasmadeon theLarryKing showby amember of OJ Simp-
son’sdefence team.12 Nodoubthe thought itwasa relevant fact for the Jury
to consider. However, the one thing that was not in dispute in this case
was thatNicole Simpsonhadbeenmurdered. Shewasmurdered by some-
body. If not by the man who had allegedly abused her then by someone



Tricky traffic 15

else. Suppose now that we are looking at the case of a murdered woman
whowas inanabusive relationshipandare considering thepossibility that
she was murdered by someone who was not her abusive partner. What is
sauce for the goose is sauce for the gander: if the first probability was rel-
evant so is this one. What is the probability that a woman who has been
in an abusive relationship is murdered by someone other than her abuser?
This might plausibly be less than one-tenth of one percent. After all, most
women are not murdered.

And this, of course, is the point. The reason that the probability of
an abusive man murdering his wife is so low is that the vast majority
of women are not murdered and this applies also to women in an abu-
sive relationship. But this aspect of the event’s rarity, since the event
has occurred, is not relevant. An unusual event has happened, whatever
the explanation. The point is, rather, which of two explanations is more
probable: murder by the alleged abuser or murder by someone else.

Two separate attempts were made to answer this question. We have
not gone far enough yet into our investigation of probability to be able to
explain how the figures were arrived at but merely quote the results. The
famous Bayesian statistician Jack Good, writing in Nature, comes up with
a probability of 0.5 that a previously abused murdered wife has been mur-
dered by her husband.13 Merz and Caulkins,14 writing in Chance, come up
with a figure of 0.8. These figures are in far from perfect agreement but
serve, at least, to illustrate the irrelevance of 1 in 1000.

Tricky traffic

Figure 1.3 shows road accidents in Lothian region, Scotland, by site. It rep-
resents data from four years (1979–1982) for 3112 sites on a road network.
For each site the number of accidents recorded are available on a yearly
basis. The graph plots the mean accidents per site in the second two-year
periodasa functionof thenumberof accidents in thefirst two-yearperiod.
For example, for all those sites thatbydefinitionhadexactly twoaccidents
over the first two-year period, the average number of accidents has been
calculated over the second two-year period. This has also been done for
those sites that had no accidents, as well as for those that had exactly one
accident, and, continuing on the other end of the scale, for those that had
three, four, etc. accidents.

The figure also includes a line of exact equality going through the
points 1,1 and 2,2 and so forth. It is noticeable that most of the points
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Figure 1.3 Accidents by road site, Lothian Region 1979–1982. Second two-year period
plotted against first.

lie to the right of the line of equality. It appears that road accidents are
improving.

However, we should be careful. We have not treated the two periods
identically. The first period is used to define the points (all sites that had
exactly three accidents and so forth) whereas the second is simply used
to observe them. Perhaps we should reverse the way that we look at acci-
dents just to check anduse the secondperiod values todefine our sites and
the first period ones to observe them. This has been done in Figure 1.4.
There is now a surprising result. Most of the points are still to the right of
the line, which is to say below the line of exact equality, but since the axes
have changed this now means that the first-period values are lower than
the second-period one. The accident rate is getting worse.

The height of improbability

The data are correct. The explanation is due to a powerful statistical
phenomenon called regression to the mean discovered by the Victorian
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Figure 1.4 Accidents by road site, Lothian Region 1979–1982. First two-year
period plotted against second.

scientist Francis Galton, whom we shall encounter again in Chapter 6.
Obviously Galton did not have the Lothian road accident data! What he
had were data on heights of parents and their adult offspring. Observ-
ing that men are on average 8% taller than women, he converted female
heights to amale equivalent bymultiplyingby 1.08.Then, by calculating a
‘mid-parent’ height, the average of father’s height and mother’s adjusted
height, hewas able to relate theheight of adult children to that of parents.
He made a surprising discovery. If your parents were taller than average,
although, unsurprisingly, you were likely to be taller than average, you
were likely to be shorter than your parents. Similarly if your parents were
shorter than average you were likely to be shorter than average but taller
than your parents. Figure 1.5 above is a more modern representation of
Galton’s data, albeit very similar to the form he used himself.

The scatterplot in the middle plots children’s heights against parents’.
The lumpy appearance of the data is due to the fact that Galton records
them to the nearest inch. Thus several points would appear on top of each
other but for the fact that they have been ‘jittered’ here to separate them.
The margins of the square have the plots for parents, heights irrespective
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Figure 1.5 Galton’ data. Heights of children in inches plotted against the adjusted
average height of their parents.

of the height of children and vice-versa represented in the form of a
‘histogram’. The areas of the bars of the histograms are proportional to
the number of individuals in the given height group.

How can these phenomena be explained? We shall return to road acci-
dents in a minute. Let us look at Galton’s heights first of all. Suppose that
it is the case that the distribution of height from generation to generation
is stable. The mean is not changing and the spread of values is also not
changing. Suppose also that there is not a perfect correlation between
heights. This is itself a concept strongly associated with Galton. For our
purposes we simply take this to mean that height of offspring cannot be
perfectlypredicted fromheightofparents– there is somevariability in the
result. Of course we know this to be true since, for example, brothers do
not necessarily have identical heights. Now consider the shortest parents
in a generation. If their children were on average of the same height, some
would be taller but some would be shorter. Also consider the very tallest
parents in a generation. If their offspring were on average as tall as them,
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Figure 1.6 A bivariate normal distribution fitted to Galton’s data showing also
the line of equality and the two regression lines.

some would be smaller but some would be taller. But this means that the
spread of heights in the next generation would have to be greater than be-
fore, because the shortest members would now be shorter than the short-
est before and the tallest would now be taller than the tallest before. But
this violates what we have said about the distribution – that the spread is
not increasing. In fact the onlyway thatwe can avoid the spread increasing
is if on average the children of the shortest are taller than their parents and
if on average the children of the tallest are shorter than their parents.

In actual fact, the discussion above is somewhat of a simplification.
Even if variability of heights is not changing from generation to genera-
tion, whereas the heights of the children that are plotted are heights of in-
dividuals, theheightsof theparents are (adjusted) averagesof two individ-
uals and this makes them less variable, as can be seen by studying Figure
1.5.However, it turns out that in this case the regression effect still applies.

Figure 1.6 is a mathematical fit to these data similar to the one that
Galton found himself. It produces idealised curves representing our
marginal plots above as well as some concentric contours representing
greater and greater frequency of points in the scatterplot as one moves to
the centre. The reader need not worry. We have no intention of explaining
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how to calculate this. It does, however, illustrate one part of the statisti-
cian’s task – fitting mathematical (statistical) models to data. Also shown
are the two lines, the so-called regression lines, that would give us the
‘best’ prediction of height of children from parents (solid) and parent’s
height from children (dashed) as well as the line of exact equality (dot-
ted) that lies roughly between them both. (All three lines would meet at
a point if the average height of children was exactly equal to the average
for parents, but it is slightly different being 68.04 in inches in the one
case and 67.92 in the other.) Note that since the regression line for chil-
dren’s heights as a function of parents’ heights is less steep than the line
of exact equality, it will lead to predictions for the height of children that
are closer to the mean than that of their parents. A corresponding effect is
foundwith the other regression line. It is one of the extraordinarymyster-
ies of statistics that the best prediction of parent’s height from children’s
height is not given by using the line which provides the best prediction of
children’s heights from parent’s heights.

Don’t it make my brown eyes blue15

If this seems an illogical fact, it is none the less a fact of life. Let us give
another example from genetics. Blue-eye colour is a so-called recessive
characteristic. It thus follows that if any individual has blue eyes he or she
must have two blue genes since, brown eye-colour being dominant, if the
individual had one brown gene his or her eyes would be brown. Thus if
we know that a child’s biological parents both have blue eyes we can guess
that the child must have blue eyes with probability almost one (barring
mutations). On the other hand, a child with blue eyes could have one or
even two parents with brown eyes since a brown-eyed parent can have a
blue gene. Thus the probability of both parents having blue eyes is not
one. The prediction in one direction is not the same as the prediction in
the other.

Regression to the mean and the meaning of regression

Nowreturn to the roadaccidentdata.Thedataare correctbutoneaspectof
them is rather misleading. The points represent vastly different numbers
of sites. In fact the most common number of accidents over any two-year
period is zero.For example, in 1979–1980outof 3112 sites in total, 1779had
no accidents at all. Furthermore the mean numbers of accidents for both
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two-yearperiodswereveryclose to 1,being0.98 in thefirst two-yearperiod
and 0.96 in the second. Now look at Figure 1.3 and the point correspond-
ing to zero accidents in the first two-year period. That point is above the
line and it is obvious that it has to be. The sites represented are those with
a perfect record and since perfection cannot be guaranteed for ever, the
mean for these sites was bound to increase. Some of the sites were bound
to lose their perfect record and they would bring the mean up from zero
which is what it was previously by definition, sites having been selected
on this basis.

But if the best siteswill deteriorate on average, then theworstwill have
togetbetter tomaintain theaverageand this is exactlywhatweareobserv-
ing. It just so happens that themean value is roughly one accident per two
years. Thewholedistribution is pivoting about this point. Ifwe lookat the
higher end of the distribution, the reason for this phenomenon, which is
nowadays termed ‘regression to the mean’, a term that Galton used inter-
changeably with, ‘reversion to mediocrity’, is that, although some of the
sites included as bad have a true and genuine long-term bad record, some
have simply been associated with a run of bad luck. On average the bad
luck does not persist. Hence the record regresses to the mean.

Systolic magic

Regression to the mean is a powerful and widespread cause of sponta-
neous change where items or individuals have been selected for inclusion
in a study because they are extreme. Since the phenomenon is puzzling,
bewildering and hard to grasp we attempt one last demonstration: this
time with a simulated set of blood pressure readings.

Figure 1.7 below gives systolic blood pressure reading in mmHg for
a population of 1000 individuals. The data have been simulated so that
the mean value at outcome and baseline is expected to be 125 mmHg.
Those readers who have encountered the statistician’s common measure
of spread, the standard deviation, may like to note that this is 12 mmHg
at outcome and baseline. Such readers will also have encountered the cor-
relation coefficient. This is 0.7 for this example. Other readers should not
worry about this but concentrate on the figure. The data are represented
by the scatterplot and this is meant to show (1) that there is no real change
betweenoutcomeandbaseline, (2) that ingeneralhighervaluesatbaseline
are accompanied by higher values at outcome, but (3) this relationship is
far from perfect.
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Figure 1.7 Systolic BP (mmHg) at baseline and outcome for 1000 individuals.

Suppose that we accept that a systolic BP of more than 140 mmHg in-
dicates hypertension. The vertical line on the graph indicates a boundary
at baseline for this definition and the horizontal line a boundary at out-
come. Making due allowances for random variation, there appears to be
very little difference between the situation at baseline and outcome.

Suppose, however, we had decided not to follow the whole population
but instead had merely followed up those whose baseline blood pressure
was in excess of 140 mmHg. The picture, as regards patients with read-
ings at both baseline and outcome, would then be the one in Figure 1.8.
But here we have a quite misleading situation. Some of the patients who
had a reading in excess of 140 mmHg now have readings that are below. If
we had the whole picture there would be a compensating set of readings
for patients who were previously below the cut-off but are now above. But
these are missing.

We thus see that regression to the mean is a powerful potential source
of bias, particularly dangerous if we neglect to have a control group. Sup-
pose, for example, that in testing the effect of a new drug we had decided
to screen a group of patients only selecting those for treatment whose
systolic blood pressure was in excess of 140 mmHg. We would see a spon-
taneous improvement whether or not the treatment was effective.
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Figure 1.8 Systolic BP (mmHg) at baseline and outcome for a group of
individuals selected because their baseline BP is in excess of 140 mmHg.

Paradoxical lessons?

The previous examples serve to make the point: statistics can be decep-
tively easy. Everybody believes they can understand and interpret them.
In practice, making sense of data can be difficult and one must take care
in organising the circumstances for their collection if one wishes to come
to a reasonable conclusion. For example, the puzzling, pervasive and ap-
parently perverse phenomenon of regression to the mean is one amongst
many reasons why the randomised clinical trial (RCT) has gained such
popularity as a means to test the effects of medical innovation. If regres-
sion to the mean applies it will also affect the control group and this
permits its biasing influence to be removed by comparison. There is no
doubt that many were deceived by regression to the mean. Some continue
to beso.

We hope that the point has been made in this chapter. Our ‘square’ has
a justification for existence. Probability is subtle and data can deceive but
how else are we to learn about the world except by observing it and what
are observations when marshalled together but data? And who will take
the time and care necessary to learn the craft of interpreting the data if
not the statistician?
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Wrapping up: the plan and the purpose

Medicine showed a remarkable development in the last century, not just
in terms of the techniques that were developed for treating patients but
also in the techniques that were developed for judging techniques. In
the history of medicine, the initial conflict between the physician as pro-
fessional and the physician as scientist meant that the science suffered.
The variability of patients and disease and the complexity of the human
body made the development of scientific approaches difficult. Far more
care had to be taken in evaluating evidence to allow reliable conclusions
than was the case in other disciplines. But the struggle with these diffi-
culties has had a remarkable consequence. As the science became more
and more important it began to have a greater and greater effect on the
profession itself, so that medicine as a profession has become scientific
to an extent that exceeds many others. The influential physician Archie
Cochrane, whom we shall encounter again in Chapter 8, had this to say
about the medical profession. ‘What other profession encourages pub-
lications about its error, and experimental investigations into the effect
of their actions? Which magistrate, judge or headmaster has encouraged
RCTs [randomised clinical trials] into their ‘therapeutic’ and ‘deterrent’
actions?’16

In this book we shall look at the role that medical statistics has come to
play in scientific medicine. We shall do this by looking not only at current
evidential challenges but also at the history of the subject. This has two
advantages. It leavens the statistical with the historical but it also gives a
much fairer impressionof thedifficulties. Thephysicians and statisticians
weshall encounterwereexplorers. In the famous storyof Columbus’s egg,
the explorer, irritated at being told that his exploits were easy, challenged
the guests at a banquet to balance an egg on its end. When all had failed,
he succeeded by flattening one end by tapping it against the table, a trick
that any would then have been able to repeat. Repetition is easier than in-
novation.

We shall not delay our quest any further and who better to start with
thanonewhowasnotonlyamathematicianbutalsoaphysician.However,
hewas alsomuchmore than that: a notable translator, amanof letters and
a wit. A Scot who gave the English one of their most enduring symbols,
he was something of a paradox, but although this has been a chapter of
paradoxes, we must proceed to the next one if we wish to understand his
significance.
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Postscript

The familiar familial fallacy extended

The original question on p. 5 was: Mr Brown has exactly two children. One of
them is a boy;what is the probability that the other is a girl? It was suggested that
the answer should be 2/3.

I am grateful to Ged Dean for pointing out that there is another twist
to this paradox. Suppose I argue like this. Let us consider Mr Brown’s son
and consider the other child relative tohim.This is either anolder brother
or a youngerbrother or anolder sister or a younger sister. In twooutof the
four cases it is a boy. So the probability is one half after all.

This disagrees, of course, with the empirical evidence I presented on
pages 6 and8but that evidencedepends on theway I select thedata: essen-
tially sampling by fathers rather than by children. The former is implicit
in the way the question was posed, implying sampling by father, but as no
sampling process has been defined, you are entitled to think differently.

To illustrate the difference, let us take an island with four two-child
families, one of each of the four possible combinations: boy-boy, boy-girl,
girl-boy and girl-girl. In this island it so happens that the oldest child has
thename that beginswith a letter earlier in the alphabet. The families are:

Fred and Pete (father Bob);

Andrew and Susan (father Charles);

Anthea and Zack (father Dave);

Beatrice and Charlotte (father Ed).

Let us choose a father at random. There are three chances out of four that
it is either Bob, Charles or Dave, who each have at least one son. Given that
the father chosen has at least one boy there are two chances out of three
that the father is either Charles or Dave and therefore that the other child
is a girl. So, there is a probability of two thirds that the other child is a girl.
This agrees with the previous solution.

Now, however, let us choose a child at random. There are four chances
out of eight that it is a boy. If it is a boy, it is either Fred or Pete or Andrew
or Zack. In two out of the four cases the other child is a boy.

Toput it anotherway: given that the childwehave chosen is aboy,what
is the probability that the father is Bob? The answer is ‘one half ’.
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The diceman cometh

‘I lisped in numbers, for the numbers came’1

Pope, Epistle to Dr. Arbuthnot

An epistle from Dr. Arbuthnot

We need to reclaim Dr. John Arbuthnot2 from literature for statistics. I
doubt that he would thank us for it. He was by all accounts a delightful
man, a friend of Pope’s and of Swift’s, not only witty and hugely and var-
iously talented but modest as well. It is reasonable to assume that he was
popular with his contemporaries on the basis of his agreeable conversa-
tion in the coffee-house rather than for his skills as a calculator. Indeed,
he is now chiefly remembered as a literary character rather than as amath-
ematical figure. Yet, his literary fame is of a peculiar kind. We remember
him for something he did not write and have all but forgotten that his
most lasting creation is by him. It is a safe bet that more people can name
Pope’s Epistle to Dr. Arbuthnot than any work by Dr. John himself and how
many know that he is the creator of John Bull?

Arbuthnot was born in 1667 in the Scottish village of the same name
that lies between Montrose and Stonehaven, a few miles inland from
Inverbervie.Heshowedanearly interest inmathematics and in 1692 trans-
lated into English the important treatise on probability, De Ratiociniis in
LudoAleae,byDutchastronomer ChristiaanHuygens (1629–1695).Heorig-
inally studied at Marischal College Aberdeen but graduated in 1696 from
St Andrews with a medical degree.

Arbuthnot then went to London where he gave lessons in mathemat-
ics. He was soon practising medicine instead and in 1705 was appointed as
a physician to Queen Anne. He was elected a Fellow of the Royal Society

[26]



Statistics of births and the birth of statistics 27

in 1704.3 It is for a paper that he read to the Royal Society on 19 April 1711,
‘An argument for divine providence taken from the constant regularity
observ’d in the births of both sexes’,4 that he is of interest to statisticians.

Arbuthnot’s paper is notable for two reasons. The first is that it rep-
resents an early application of probabilistic reasoning to data. Hitherto,
as in the treatise by Huygens that Arbuthnot had translated, probability
had been mainly applied to games of chance. Data had been used for sta-
tistical reasoning before Arbuthnot, of course. John Graunt and William
Petty, in England, and Johann De Witt in the Netherlands had used
vital statistics and even constructed life tables (a topic we shall encounter
in Chapter 7), but these calculations made little direct use of the math-
ematics of probability. Arbuthnot was to apply probability directly to
statistics that he had for christenings, year by year for 82 years from 1629–

1710. The type of probability calculation that he performed is what we
should now call a significance test and is one of the most common forms of
statistical argument employed today. This constitutes the second feature
of interest of his paper. John Arbuthnot has a good claim to be the father
of the significance test.

Statistics of births and the birth of statistics

Arbuthnot had data on the numbers of christenings in London by sex of
the child. The data are represented in Figure 2.1. This is a modern form of
representation, a plot of a time series, that was unknown to Arbuthnot and
was not developed until the work of William Playfair (1759–1823). What is
noticeable from the data is, first, that the christenings show considerable
variation fromyear to year,5 second, that thegeneral pattern formales and
females is very similar but, third, that the females christened year by year
are always fewer innumber than themales. For one or two years this latter
feature is not so obvious. However, Figure 2.2 showing the ratios of males
christened to females christened year by year makes this clear. The value
of this ratio is always greater than 1.

It was this third feature of the data, clear from a careful inspection
of Arbuthnot’s original table, which particularly impressed him. As he
pointed out, males had a higher mortality than females, and it was there-
fore appropriate that more should be born in order that each should find
a mate. He set about examining the question, ‘could the excess of males
have arisen by chance?’ The general question, ‘could some pattern in the
data have arisen by chance?’ is central to the significance test as it is
applied today.
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Figure 2.1 Time series plot of Arbuthnot’s data.
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Figure 2.2 Sex ratio (males/females) for Arbuthnot’s data.
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Arbuthnot establishes what we should now refer to as a null hypothesis
(a concept we encountered in Chapter 1). This is a hypothesis about some
state of nature satisfying three conditions. First it is a hypothesis we are
seeking to overturn, second it is a default hypothesis we shall consider
‘true’ unless disproved and third it is a hypothesis that defines the proba-
bilities of some suitable statistic taking on given values. A helpful analogy
is with Anglo-Saxon law. The scientist acts as prosecuting counsel and the
null hypothesis is the presumed innocence of the defendant. (In making
this analogy, I am not suggesting that the law ought to proceed along the
lines of classical significance testing.)

In this case Arbuthnot’s null hypothesis is that, if chance dictated all,
the sex ratio at birth ought to be 1 rather than 14/13, which is approximately
thefigureobserved inhis series.Arbuthnotdoesnotdiscuss thepossibility
that the ratio for christenings might not reflect that for births. Instead he
proceeds to investigate a question that is ancillary to his main purpose: ‘if
the probability of a male and that of a female birth are the same, what is
the probability that we will see the same number of each?’

In order to illustrate this problem he considers the analogy of a two-
sided die (a curious construction!) with faces marked M and F, ‘which de-
note Cross and Pile’. Arguments involving such devices would be familiar
to him as the translator of Huygens’s work. First we may note that if we
have an odd number of births then clearly we cannot have equal num-
bers of males and females. Arbuthnot points out that the probabilities of
a given number of crosses and piles in n rolls of a die can be given by the
binomial expansion of (M + F)n and uses this to consider the probability
of equal numbers ofmales and femaleswhen thenumber of births is even.
For example, if the die is rolled twice we have (M + F)2 = M2 + 2MF + F2.
If it is rolled four times we have M4 + 4M3F + 6M2F2 + 4MF3 + F4. The
middle term in each of these two series is the case corresponding to equal
numbers of each of M and F. Take the second of these series. The coeffi-
cient of each term in turn is 1, 4, 6, 4 and 1, making a total of 16. If M and F
are equally likely, then the probability of each of these terms differs only
according to the coefficient attached to it. Hence out of 16 cases in total,
6 correspond to exact equality and the probability we require is 6/16.
Table 2.1 illustrates all possible sequences of two rolls and four rolls of the
die, grouping them in the way given by the binomial expansion to make
clear what Arbuthnot is illustrating here.

Next, Arbuthnot considers the following situation: suppose that one
man bet another that every year more males will be born than females,
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Table 2.1. A listing of all possible sequences for two and for
four rolls of Arbuthnot’s two-sided die.

Two trials

M2 2MF F2

MM MF FF

FM

Four trials

M4 4M3F 6M2F2 4MF3 F4

MMMM MMMF MMFF MFFF FFFF
MMFM MFMF FMFF
MFMM MFFM FFMF
FMMM FMMF FFFM

FMFM
FFMM

what is the ‘value ofhis expectation?’. Arbuthnot’s previous argumenthas
shown that there are two different cases: that where the number of births
is oddand thatwhere it is even. In the former case, exact equality is impos-
sible. That being so, either male births are in the excess, or females are.
If ‘the die’ is fair, each of these two cases is equally likely. Therefore, the
probability of a male excess is one-half. If, on the other hand, the num-
ber of births is even, the probability of males being in excess is less than
one-half since there is also the possibility of an exact match.

Arbuthnot has thus established that the probability of an excess of
male births in one year is less than or equal to one-half. The exact prob-
ability is rather difficult to manage in general and so Arbuthnot now uses
a device to which statisticians still commonly resort when the exact han-
dlingofprobabilities is delicate: heuses a conservative approximation.He
proposes touse the value one-half in the rest of his calculations: either this
value will be exactly true or it will be nearly true (given a large number of
births) but slightly in excess of the true value.

Significant theology

Arbuthnot now calculates the probability that year in year out for
82 years, the male births will exceed the female births in number. Using
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his previously established probability of one-half, this probability is sim-
ply theproduct of one-halfwith itself 82 times, or (1/2)82 = 1/2

82. Asweknow
from the story of the man who invented chess and bankrupted the ma-
haraja who granted his request that he be given one grain of wheat for the
first square, two grains for the second and so forth, the number of grains
for the last square being 263, numbers grow fast by doubling. They also
shrink fast by halving: 1/2

82 is the reciprocal of a very large number indeed
andhence represents aminuteprobability.Arbuthnot calculates this tobe
1/4 836 000 000 000 000 000 000 000. There are 21 zeros in this and your
chance of winning the UK national lottery three weeks in a row is more than
a thousand times greater.6

Since Arbuthnot has given the ‘null hypothesis’ the benefit of the
doubt by allowing the probability to be one-half in all years, when it
must be slightly less in some, his minute probability is if anything too
large. Arbuthnot concludes that consequently, ‘it is Art, not Chance, that
governs’.

Weneednot concernourselvesherewith the reasonableness ofArbuth-
not’s conclusion, except to note that if the die is not fair in the first place
buthas a tendency to favourmales, the result is not remarkable. In a sense,
this is the alternative hypothesis, that Arbuthnot has established by reject-
ing his null. Tastes will differ as to whether this requires a theological ex-
planation.However, there is a featureofArbuthnot’s test that requires fur-
ther comment.

Suppose that he had arranged his observations on a weekly basis in-
stead. In that case he would have averaged just over 113 males and 106 fe-
males for a series of approximately 4280 weeks. It is almost certain that
in some of those weeks females would have exceeded males, the expected
numbers 113 and 106 being too small to guarantee an excess amongst
the observed cases. In fact, using the very same binomial distribution as
Arbuthnot, but allowing that the probability of a male birth is 113/
(113 + 106) = 113/219 = 0.516, it can be calculated that the probability
of 109 or fewer male births for a total of 219 births, which implies that
females are in the majority, is greater than 0.3. Thus about three-tenths
of all the weeks would show an excess of female births.7

This raises two problems. The first is the rather arbitrary nature of the
particular statistic used to investigate the null hypothesis: a regularity in
years rather than decades, months, weeks or days. The second is that it
points out the necessity of being able to calculate appropriate probabili-
ties when the most extreme case has not been observed. As argued above,
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hadArbuthnotusedweeklydatahewouldhavebeenfacedwithasituation
in which about seven weeks in every ten would have shown an excess of
male births. Over a long series of 4280 weeks this would have been a re-
markable excess over what would be expected on an equal chance, but the
fact that the excess was not extreme poses a particular problem. How does
one conduct a significance testwhen themost extreme casehasnot arisen?

To answer that question, we shall turn to the case of Bernoulli.

Bernoulli numbers

Bernoulli8 is a peculiar mathematician but not singular. On the contrary,
he is plural and it is this that makes him peculiar. In fact he is a whole
tribe of Swiss mathematicians. If we have difficulty in distinguishing
Alexandre Dumas père from Alexandre Dumas fils, get confused about the
Johann Bachs and have the odd spot of bother with the Pieter Breughels
and others of that genre, this is nothing compared with our difficulties
with theBernoullis, who comprise, at least, three Johns, threeNicholases,
two Daniels and two Jameses, not to mention a Christopher and a John-
Gustave.9 A partial family tree is shown in Figure 2.3.

The familial involvement in mathematics followed a familiar pattern.
The father, who in most cases was himself one of the famous Bernoulli
mathematicians, would resolutely oppose his son’s interest in the sub-
ject, suggesting instead a career in business or one of the professions,

James 1
1654-1705

Nicholas II
1667-1759

Nicholas I
1662-1715

Nicholas III
1695-1726

Daniel I
1700-1782

John III
1746-1807

John-Gustave
1811-1863

Christopher
1782-1863

Daniel II
1751-1834

James II
1759-1789

John II
1710-1790

John 1
1667-1748

Nicholas Senior
1623-1708

Figure 2.3 Family tree of the Bernoullis (based on Boyer10).
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usually medicine or the Church. The son would duly take up some
non-mathematical occupation but then, reverting to ancestral type, as-
tonish the world with his mathematical brilliance and upset his father,
by usurping his place in the mathematical pantheon, like some god in a
Greek myth. In Men of Mathematics,11 E. T. Bell takes this as being a clear
demonstration of the importance of genetic inheritance in forming the
intellect. The Bernoullis, however, were Protestants of Calvinist stock and
may have seen it as a vindication of predestination.

The founder of this remarkable dynasty was Nicholas Bernoulli,12 a
drug merchant. Since he himself did not practise mathematics, he does
not figure in the list of famous mathematicians. However, by the same
token, he can also be absolved of all accusations of hypocrisy in advising
sons to avoiddealingwith anynumbers that didnot have a Franc attached
to them. My own experience in drug development has taught me how
sound his advice is. Marketing holds out greater prospects than statistics.
Thechallengeof sellingeffective remedies todesperatepatientswhodon’t
have to pay for them should never be overestimated. On the other hand,
nothing is quite as satisfying as mathematics, and statistics, its homely
cousin, shares a little in this glory.

A Daniel comes to judgement

Daniel I is the Bernoulli who interests us here. He was a very great math-
ematician but it is not quite right of me to have referred to him so far as
‘Bernoulli’ tout court. He is the greater of the two Daniels, so we can drop
the I, but he is not undisputedly the greatest of the dozenor soBernoullis,
so that we cannot refer to him simply as Bernoulli. That claim, at least
as far as statisticians are concerned, belongs to his uncle, James I (1654–

1705), whose great work on probability, Ars Conjectandi, was published in
1713, eight years after his death. Mathematicians might dispute the claim
that James was the greatest of the Bernoullis and assert his brother John
claims instead. Physicists might advance the claims of Daniel. If Daniel is
not the principal Bernoulli he is at least the author of ‘The Bernoulli prin-
ciple’, the basis of heavier-than-air flight.

Daniel’s father was James’s younger brother John and, true to family
tradition, he discouraged his son’s interest in mathematics, decrying
his talent and advising him to enter business. Instead Daniel studied
medicine, but soon showed dangerous mathematical tendencies. His
father relented and gave Daniel extra classes in mathematics. Daniel’s
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medical dissertation, De Respiratione, was really about mechanics and
described a new sort of spirometer. He later unwisely entered a competi-
tion for aprize inmathematics offeredby theFrenchAcademyof Sciences.
His father John then discovered that although the coveted prize had been
awarded to ‘Bernoulli’ it was not to him alone, as he had at first supposed,
and would have to be shared. Enraged, John then banned his presumptu-
ous son from the house.

In the meantime, Daniel had contributed to the eastward expansion
of the new mathematics (the Bernoullis were originally from Antwerp,
where Daniel’s great-grandparents had fled religious persecution to
settle in Basle) by following his brother Nicholas, also a mathematician,
to St. Petersburg. Daniel was later joined by his friend and fellow Basler
Leonhard Euler (1707–1783). Daniel did not stay in Russia long, how-
ever. He returned to Basle and contributed to many fields of mathemat-
ics and physics whilst continuing to attract his father’s ire. In fact, if the
Belgian feminist philosopher Luce Irigaray’s thesis on masculine and
feminine physics,13 so admirably discussed in Sokal and Bricmont’s
Impostures Intellectuelles,14 is correct, not only were father and son eminent
mathematicians, they must have been feminists before their time, since
the next thing they disagreed about was fluid dynamics. Apparently, this
is an example of ‘feminine physics’, being concerned with that which
is soft and hence by definition feminine and which has consequently
been sadly neglected by male physicists and mathematicians, with the
exception, of course, of the Bernoullis, Newton, Euler, D’Alembert, La-
grange, Stokes, Navier and all the others. We may also note that if only
the great 19th century female mathematician Sonja Kowal�ewski had had
the benefit of a post-modernist and structuralist education she would
have known that the mathematics of solid bodies is a male subject and
would not have wasted her time writing the paper on this topic that won
the Bordin Prize of the French Academy of Sciences.15 To return to the
Bernoullis, Daniel published a masterly work on this subject (fluid dy-
namics), Hydrodynamica, in 1738. John published a work entitled Hydrolica
on the same subject, in the same year, faking an earlier publication date,
and each claimed the other was a plagiarist.

From significant stars to stars for significance

However, this is not the reason we are interested in Daniel here. That has
to do instead with a treatise of his on astronomy, which includes a section
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applyingprobability to the problemof planetary orbits. The ecliptic is the
plane of the Earth as it journeys around the Sun. The other planets have
orbits whose planes are closely aligned to the ecliptic, with the possible
exception of Pluto, whose angle of inclination is 17◦. However, Pluto was
undiscovered in Daniel’s day as was Neptune. Uranus was discovered by
Herschel in 1781, the year before Daniel’s death, but this was long after
Daniel’s treatise, which dates from 1734 and is yet another prize-winner
in the Paris competition.

The inclinations of the orbits of the planets known to Daniel are as
follows,16

Mercury 7.0◦

Venus 3.4◦

Mars 1.9◦

Jupiter 1.3◦

Saturn 2.5◦

from which we may discover that if men are from Mars and women are
from Venus, eccentrics come from Mercury, which at 7◦ has the largest
angle. Since the maximum possible angle a planet’s orbit could have to
the ecliptic would be 90◦, this pattern is obviously far from ‘random’.
The question that Daniel sought to answer was, ‘can we prove it is not
random?’.17

In fact, Daniel seeks to answer this in a number of ways.18 For example,
he actually considers the difference between all pairs of planetary orbits
(not just taking the Earth as the reference point) and discovers that the
biggest difference is between the Earth and Mercury. The solution to this
problem is too difficult for us to consider here. However, he also compares
all the planetary orbits to the Sun’s own equator obtaining the following
results:

Mercury 2◦56′

Venus 4◦10′

Earth 7◦30′

Mars 5◦49′

Jupiter 6◦21′

Saturn 5◦58′

Here we have the Earth’s orbit as providing the most extreme value. We
shall consider Daniel’s analysis of these data. This problem raises rather
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different issues from Arbuthnot’s. To see why, return to Arbuthnot’s
example and suppose (ignoring the problem with weekly series of chris-
tenings) that we postulate an alternative hypothesis: ‘divine providence
will always intervene to ensure that in a given year, more males than
females will be born’. What is the probability of the observed data under
this hypothesis? The answer is clearly 1 and this means that Arbuthnot’s
probability of (1/2)82 is not only the probability of the observed event given
that the null hypothesis is true, it is also the ratio of that probability to the
probability of the observed event under the alternative hypothesis.

Probabilities of events (or the collectionof eventswe record indata sets)
given hypotheses are called likelihood, by statisticians, which is used by
them to have this technical meaning only. The concept and term are due
the great British statistician and geneticist R. A. Fisher (1890–1962), as we
explained in the last chapter. Arbuthnot’s probability can also be inter-
preted as a ratio of likelihoods. Such ratios are commonly used by statis-
ticians to express the extent to which the data support one hypothesis
compared to the other.

But now suppose that we try and apply this concept to Daniel
Bernoulli’s question. We immediately have a difficulty. If our alternative
hypothesis is, ‘the planetary orbits have been arranged to be perfectly
coplanar with the sun’s equator’, then this produces a likelihood of zero,
since the data flatly contradict this hypothesis. The ratio of likelihoods
in favour of the ‘distributed at random’ hypothesis is thus infinite (or
undefined, to be mathematically nice). However, our intuition tells us that
this random hypothesis is incompatible with the observed results. Per-
haps we should consider an alternative ‘alternative’, namely, ‘the plane-
tary orbits have been arranged to be nearly coplanar’. The problem with
this is that it is too vague and will not allow us to calculate a probability.

Perhaps we can return to our first interpretation of Arbuthnot’s calcu-
lation: as a probability under the null hypothesis with no reference to the
alternative. We can try to apply this to Daniel Bernoulli’s problem. Sup-
pose, in fact, that we can only measure the angles to the nearest degree.
We could then argue that any value between 1 and 90 is equally likely.
There being five planets, the probability of the results exactly observed is
thus (1/90)5, a gratifyingly small value. There is, however, something obvi-
ously inappropriate about this.Whatever the resultshadbeen,by calculat-
ing in this particular way, we would always obtain a value of (1/90)5, since
under the null hypothesis of random distribution, each angle is equally
likely.
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An alternative argument then forms the basis of the significance test
and goes something like this.

Q. What feature of the data particularly strikes us?

A. The fact that the largest angle is equal to 7◦30′.
Q. Would we not find it even more striking if the maximum angle

were 6◦?
A. Of course. And it would be even more striking if it were 5◦, and yet

more striking if it were 4◦ and so forth.

Q. In that case, what is the probability of any of these cases?

A. That is the probability that the maximum angle is less than or equal

to 7◦30′.

Assuming that all angles are equally likely the probability that any given
angle is less than or equal to 7◦30′ = 7◦30′/90◦ = 1/12. Hence the prob-
ability that they are all less than 7◦30′ if distributed randomly is 1/12

6=
1/12 985 984. This is, in fact, the figure that Daniel obtains. Nowadays we
would regard this result as ‘highly significant’ and award it several stars.

The smallness of this probability is then taken as being an indica-
tion of the degree to which the data (fail to) support the null hypothe-
sis. Such a probability, the probability of observing a result as extreme or
more extreme19 than the result observed is what statisticians call a ‘P-value’.
Both Arbuthnot’s and Daniel Bernoulli’s probabilities can be regarded as
P-values. In Arbuthnot’s case however, the ‘more extreme’ part is irrele-
vant since he has the most extreme result.

Modern significance tests are particularly associated with R. A. Fisher
(see below), who contributed considerably to their development, and have
the following features.

1. We establish a null hypothesis.

2. We choose a statistic (e.g. the largest angle of inclination).

3. Thenullhypothesisdefines theprobabilitydistributionof that statistic.

4. We have a means of defining what constitutes more extreme values of

this statistic.

5. We calculate theprobability of observing a result as extremeormore ex-

treme than that observed.

This probability is then either reported as a P-value or compared to some
probabilistic yardstick, most typically 5%. In the latter case a decision is
made to reject (the probability is less than or equal to the yardstick) or
not reject (the probability is greater that the yardstick) the null hypoth-
esis. Usually it is considered important to have defined steps 1, 2 and 4 in
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advance of examining the data. This is possible in the context of drug de-
velopment, for example, but not in many other cases and not, in particu-
lar, in those considered by Arbuthnot and Bernoulli.

The Reverend Bayes and his irreverent followers

‘Life’, the statistician Maurice Kendall once remarked, ‘would be much
simpler if the Bayesians followed the example of their master and pub-
lished posthumously’. He was referring to the fact that the chief claim
to fame of Thomas Bayes (1701–1761) is a work, entitled, An Essay Towards
Solving a Problem in the Doctrine of Chance and communicated to the Royal
Society in 1763 by his friend Richard Price.

The place of Thomas Bayes’s birth is a subject fit for Bayesian specu-
lation. Some bet on London and others Hertfordshire.20 It has been dis-
covered only relatively recently that he studied theology in Edinburgh.21

In 1694, his father Joshua was the first non-conformist minister to be or-
dainedpublicly after theactofUniformitywaspassed.22 Hebecameamin-
ister at Leather Lane in London in 1723 andThomas served as his assistant.
By 1731, Thomas was himself a Presbyterian minister in Tunbridge Wells.
As regards the flame of scientific fame, Bayes is a slow burner. Although
elected as Fellow of the Royal Society in 1742, there is no evidence of his
ever havingpublishedduringhis lifetime anyworkofmathematics under
his own name. He was originally omitted from the Dictionary of National
Biography and when R. A. Fisher wrote to the editors trying to get him in-
cluded: he was informed that such errors of omission were not rectified.23

He would have completely disappeared from our historical consciousness
but for the posthumous publication arranged by his friend Price.

Thomas Bayes would be astonished at his scientific afterlife. There is a
large andvigorousmovement ‘Bayesian statistics’ namedafterhim.Every
year hundreds if not thousands of scientific articles are published using
the adjective Bayesian in their titles. The Bayesians themselves meet every
four years in Valencia (or nearby24) where, in addition to presenting each
other papers on their favourite topic, they have social evenings in which
they all join in singing anthems such as, There’s no Business like Bayes Busi-
ness, Bayesian Boy, Bayesians in the Night (‘Something in your prior \ was so
exciting \ Something in your data \ was so inviting . . .’) and other ditties
of mind-numbing puerility.

However, if Bayesians at play are a nauseating sight, Bayesians at work
are most impressive and the Bayesian œuvre as a whole is a magnificent
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contribution to the philosophy of knowledge. In order to explain exactly
what they are up to, it will be necessary to take a slight diversion to cover
more fully a matter we touched on briefly in Chapter 1: the difference be-
tween probability and statistics.

This book is about the contribution that the science of statistics has
made and ismaking to the life sciences, inparticularmedicine. It is not di-
rectly concernedwith the subject ofprobability,which is really abranchof
mathematics. This may seem rather surprising, as the statistician appears
to be continually involved in the business of calculatingprobabilities. The
difference is really thedifferencebetweenthedivineandthehuman.Prob-
ability is a divine subject, whereas statistics is human.

What Imeanby this is that probability, unlike statistics, needsno start-
ingpoint in experience. Indeed,manydonot consider that the subjectwas
fully developed until axiomised in 1933 by the great Russian mathemati-
cian A. N. Kolmogorov (1903–1987).25 Nowadays any serious treatment of
probabilitywill startwith the axiomsandproceed toworkingout the con-
sequences. To the extent that they ever actually involve numbers, the nu-
merical problems always begin with a ‘given’. ‘Given that we have a fair
coin, what is the probability of obtaining six heads in ten tosses?’ is an ex-
ample of the species, albeit far too simple tobe interesting to aprobabilist.
The point about the ‘given’ is that it is never found. It must always be sup-
plied. In practice, it could only ever be supplied by the Almighty. Hence
thedivineor religiousnatureofprobability.Aprobability argument starts
with a fiat: ‘let there be theta’.26

Statistics on the other hand is human. It deals with the reverse
problem. It treats the data as known and the probability as to be found. It
answers problems of this sort, ‘Given the number of times in which an un-
known event has happened and failed: Required the chance that the proba-
bility of its happening in a single trial lies somewhere between any two
degrees of probability that that can be named.’ The quotation is from
Bayes’s famous essay. Statistics needs mathematics to answer this ques-
tionbut cannot relyonmathematics alone. It is thus, fromthemathemati-
cian’s point of view, a far dirtier and less respectable subject than proba-
bility. Thus, to put it simply, probability is the business of arguing from
presumed model to potential data whereas statistics is the business of in-
ferringmodels fromknowndata. It dealswithwhathas come tobeknown
as ‘the problem of inverse probability’.

The various schools of statistics deal with this in different ways. The
majority frequentist approach is to postpone the moment at which the
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Table 2.2. An example from screening to
illustrate Bayes theorem.

Sign

Status − + Total

Well 800 100 900
Ill 25 75 100
Total 825 175 1000

divine becomes human as long as possible (the method of the awaited
avatar). An attempt is made to continue in the general framework of prob-
ability as long as possible. The significance tests of Arbuthnot and Daniel
Bernoulli illustrate this approach. It is assumed that a particular state of
nature applies. A contingent probability calculation follows. This con-
tingent calculation appears to be able to proceed objectively. Only at the
very end is the business of judging whether the hypothesis is reasonable
attempted.

The Bayesian approach is different. The calculation requires as initial
input a probability that the hypothesis is true (the approach of the im-
mediate incarnation). It thus starts with what is usually referred to as a
prior probability. But this probability has, of necessity, to be subjective. This
subjective prior is then combined with the likelihood (the probability of
the data given a hypothesis) to form a posterior distribution, using Bayes
theorem, the posthumous contribution of Thomas Bayes to statistics.

Screen test∗

Bayes’s original argument is too technical for us to follow here. Instead, to
illustrate ‘Bayes theorem’, we shall consider a simple (fictitious) example
from screening. Consider a small closed population consisting of 1000 in-
dividuals. Suppose that we can classify these individuals as either well or
ill and also according to the presence or absence of some ‘sign’ as positive
or negative. Table 2.2 represents the situation.

We shall now use this table to define three kinds of probability: joint,
marginal and conditional. Suppose that we select an individual at random
from the population, what is the probability that this individual will be
ill with a positive sign? This is an example of a joint probability since it in-
volves the jointoccurrenceof twoevents: ill andpositive.There are75 such
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individuals out of a total population of 1000 so that the requiredprobabil-
ity is 75/1000 = 0.075.

Nowconsider instead an example of a marginalprobability.What is the
probability that an individual chosen at random is ill? This probability
can be obtained by using the marginal total of ill patients, which is 100,
and dividing it by the overall number of 1000. We thus have a probability
of 100/1000 = 0.1. Note also that the marginal probability is the sum of
joint probabilities. It is the sum of the joint probability of being ‘positive’
and ill, which we have already seen is 0.075, and of being ‘negative’ and ill
which may be seen to be 0.025.

Finally consider a conditionalprobability: theprobability that an indi-
vidual chosen at random is ‘positive’ given that the individual is ill. There
are 100 ill individuals, 75 of whom are positive so that the requisite prob-
ability is 75/100 = 0.75.

Now, note that the joint probability can be expressed as the product
of a marginal probability and a conditional probability: 0.075 = 0.1 ×
0.75. This is, in fact, a general rule of probability and may be expressed
thus. Given two events A & B, the joint probability of their occurrence is
theproduct of themarginal probability ofA and the conditional probabil-
ity of B given A. Symbolically we have P(A ∩ B) = P(A)P(B | A). The so-called
intersection symbol ∩ is used to denote ‘and’ and the vertical division | to
denote ‘given’, with brackets signifying ‘of’ and P standing for probabil-
ity. However, it turns out that this formula can equally well be expressed
in terms of marginal probabilities of B and conditional probabilities of A
as P(A ∩ B) = P(B)P(A | B). For example, the marginal probability that an
individual is positive is 175/1000 = 0.175 and the probability that the indi-
vidual is ill given that the individual is positive is 75/175= 3/7. Theproduct
of the two is 0.175 × 3/7 = 0.075 as before.

It is worth stressing, as an aside at this point, that to assume that the
probability of A given B is the same as that of B given A is to make an egre-
gious error in logic, of the sort one does not expect to encounter, except
daily in the news media and our courts of law. It is comparable to assum-
ing that ‘“I see what I eat” is the same thing as “I eat what I see”’, a point
of view that youwouldhave to bemadder than aMarchHare tohold.27 We
can illustrate this with our example. Most ill members of the population
are positive, and the conditional probability of the latter in the popula-
tion defined by the former is 0.75. However, it does not follow that most
positive people are ill and, indeed, the requisite probability is only 3/7.
To give another more forceful example, most women do not die of breast
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cancer; however, the overwhelmingmajority of breast cancer deaths are to
women.

Returning to our examination of probabilities, we may thus also write
P(B ∩ A) = P(B)P(AB). It therefore follows that we can equate the two right-
hand sides of these equations to obtain,

P(B)P(A | B) = P(A)P(B | A)

from which, dividing through by P(B) we have,

P(A | B) = P(A)P(B | A)/P(B)

This is Bayes theorem.
To see the utility of this theorem to a system of statistical inference,

consider that we wish to discover the probability of a particular hypoth-
esis given some data. If we have H standing for hypothesis and D standing
for data, we can then, substituting H for A and D for B, re-write Bayes the-
orem as:

P(H | D) = P(H)P(D | H)/P(D)

A linguistic statement to parallel this algebraic one would be as follows.
‘The probability of a hypothesis given some data that has been observed
is equal to the probability of the hypothesis multiplied by the probabil-
ity of the data given the hypothesis and divided by the probability of the
data.’ One begins to appreciate the value of symbols! Whether expressed
in words or symbols, Bayes theorem would thus appear to give us a means
of calculating the probability of a hypothesis given the data.

However, inpractice there are two formidabledifficulties.Thefirst is to
do with the term P(H). This is the marginal probability of the hypothesis.
Which is to say it is the probability of the hypothesis without specifying
any particular data. In other words, it is the probability of the hypothesis
in ignorance of the data. Hence it can be regarded as a prior probability:
the probability that would apply to the hypothesis before data have been
collected.The seconddifficulty is the termP(D). This is themarginal prob-
ability of the data. That is to say it is the probability of the data without
specifying any particular hypothesis. It is thus a form of marginal proba-
bility. As we have already seen, a marginal probability can be obtained as
the sum of relevant joint probabilities. The relevant joint probabilities in
this case are those applying to all possible hypotheses and the data observed.
If these are summed over all possible hypotheses, we obtain the marginal
probability of the data. These hypotheses, let alone their joint probability
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with the data, are often extremely difficult to establish. The reader who
doubts this might like to have a go at Daniel Bernoulli’s problem.

If, however, we are just interested in the relative probability of two hy-
potheses, the second of the two difficulties in applying Bayesian think-
ing can be finessed. Suppose that we have two hypotheses, let us call them
HA, and HB, for both of which we can establish probabilities of the data
observed. (Recall that such probabilities are referred to as likelihoods.) By
Bayes theorem we have

P(HA | D) = P(HA)P(D | HA)/P(D) and also

P(HB | D) = P(HB)P(D | HB)/P(D),

the most difficult term in each expression being P(D). Suppose, however,
that we are interested in the ratios of the probabilities (the ‘odds’) on the
left-hand side of each expression. We can express these as the ratio of the
terms on the right-hand side. The common term P(D) cancels out and we
are left with

P(HA | D)
P(HB | D)

= P(HA)
P(HB)

× P(D | HA)
P(D | HB)

.

The ratio on the left-hand side of this expression is the posterior odds of hy-
pothesis A relative to B. (How many times more probable A is compared
to B as a result of seeing the data we have obtained.) The first term on the
right-hand side is the prior odds. The second term on the right-hand side is
the ratio of likelihoods that we already encountered in our discussion of
Arbuthnot. Thus, in this form, Bayes theorem becomes:

posterior odds = prior odds × ratio of likelihoods.

Of the two terms on the right, the second is, in a sense, objective. It is the
ratio of two likelihoods, each of which is established as a more or less for-
mal consequence of the hypothesis in question. This may, of course, in-
volve some complex calculation but the result is at least to some degree
inherent in the problem rather than a function of the calculator’s beliefs.
The first term, however, must be produced from thin air. It represents be-
lief. It is this in particular that makes Bayesian statistics controversial.

Laplace transforms probability

As we have seen, a principal objection to the use of Bayesian methods
concerns prior distributions. Schematically the Bayesian argument can be
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represented as:

Prior Opinion + Likelihood → Posterior Opinion.

Since likelihood is the mathematical embodiment of the data, its prob-
abilistic essence, it is hard to see what is objectionable in this. We have
opinions, we make observations, we change our opinions. This is surely a
description of the way that humans think (bigots excepted, of course!).

However, scientists are uncomfortable with the subjective. The most
important of Bayes’s immediate successors, Simon Pierre de Laplace, was
to promote an influential way of banishing the subjective,28 or at least
appearing to do so. We divert briefly to consider his career.

Unlike Bayes, Laplace (1749–1827)29 is a major mathematician whose
importance far exceeds his contribution to statistics. In addition to his
work on probability theory, he is principally remembered for his contri-
butions to the solutions of differential equations and also to celestial me-
chanics. As regards the latter he famously proved the stability of the so-
lar system, which proof, in the light of modern chaos theory, no one takes
seriously any more. However, Carlyle may have had Laplace in mind in
Sartor Resartus: ‘Is there no God then; but at best an absentee God, sitting
idle, ever since the first Sabbath, at the outside of his Universe, and seeing
it go?’30

On the personal and social level Laplace amply demonstrated the
Bayesian necessity of maintaining enough flexibility in one’s prior to
permit judicious updating in the light of emerging evidence. He lived
through several political changes in France, monarchy, revolution, direc-
tory, empire andback tomonarchy, andprospered throughall of them.He
was made a member of the Academy before the revolution and was briefly
Minister of the Interior under Napoleon. Napoleon dismissed him, jok-
ing that he, ‘carried the spirit of the infinitely small into the management
of affairs’31 but he also awarded Laplace the Grand Cross of the Legion of
Honour, the Order of the Réunion and made him a Count of the Empire.
Laplace repaid these honours by being a signatory to the order that ban-
ished Bonaparte, and Louis XVIII made him a marquis.32

Laplace had another rather unpleasant habit that we have already en-
countered with some of the Bernoullis. He was not always careful to give
priority. Opinion is thus divided as to whether or not he discovered Bayes
theorem independently in 1774 some ten years after Bayes’s posthumous
paper. It is quite possible that he is guiltless of plagiarism in this, as it
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may be that the French mathematicians were not conversant with Bayes’s
essay.33

‘If an urn contains an infinite number of white and black tickets in un-
known proportion and we draw p + q tickets of which p are white and q
are black; one requires the probability that in drawing a new ticket from
this urn it will be white’.34 Thus writes Laplace in his Theorie analytique de
probabilités. In modern terms, Laplace seeks to estimate an unknown prob-
ability, θ , on the basis of data obtained to date. There are at least two ways
in which we would now think of this unknown probability. One is as a
parameter, the unknown proportion of tickets in the urn, the other is more
directly as the probability that applies to the next ticket to be drawn. This
latter is what is known to modern Bayesians as a predictive probability and
appears to be closer to Laplace’s intention. In this particular example it
turns out that an appropriate estimate of the unknown parameter is the
same as the predictive probability.

Laplace’s solution is that the required probability is (p + 1)/(p + q + 2).
It can be seen that if no tickets have yet been drawn so that p = q = 0, the
required probability is 1/2. One way of looking at this formula is as fol-
lows. Imagine that as youdrawyour tickets you are going to build up your
white and black tickets in two piles. To start the whole thing going before
youdrawany tickets you contribute oneof appropriate colour to eachpile.
At any stage, your estimate as to the probability that the next one will be
white is then the ratio of white tickets, including the one you originally
contributed, to all tickets, including the two you originally contributed.

It may seem that this formula of Laplace’s is absurd. Consider, for ex-
ample, that we start out with the probability of one-half that the first
ticketwill bewhite.We alsoknow in advance that havingdrawnone ticket
our next estimate must either be 2/3 if the ticket drawn was white or 1/3 if it
was black. But surely the true proportion of white tickets in the urn could
be anything at all. Is it not ridiculous that we are limited to only two pos-
sible answers?Not necessarily.We are in danger of confusing anunknown
probabilitywith anestimate of thatprobability.Return to thepositionbe-
fore any tickets are drawn. Suppose we now allow that the proportion of
white tickets in the urn could be anything at all between 0 and 1. If we
regard all of these values as equally likely, our average of these probabil-
ities is simply 1/2. Thus in saying that the proportion of white tickets in
the urn is 1/2 we are not saying that it is definitely 1/2 but simply that this
is our average feeling about the value and hence our best bet as to the true
probability.
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But what entitles us to regard all the probabilities as equally likely?
This is Laplace’s famous (or infamous) principle of insufficient reason. ‘When
one has no a priori information of an event, one must consider all possibil-
ities, from zero to one, equally likely’.35 Unfortunately, in general, there
is insufficient reason for the principle of insufficient reason. Consider the
example of tossing a coin. Having tossed it once and having seen it come
up heads would you regard the probability of its showing a head a second
time as being 2/3? Most people would want a value closer to 1/2. This is be-
cause they would not regard each value between 0 and 1 as being equally
likely in the first place. Of course, one could argue that this is because we
have a priori information, if not on this coin then on the tossing of similar
coins. But this is simply to admit that the principle of insufficient reason
will rarely apply to anything and leavesuswith theproblemofwhat touse
instead.

To cut a long story short

In Frederick C. Crews’s wonderful pastiche anthology of literary criti-
cism, ThePoohPerplex,36 MurphyA. Sweat summarises ‘TomMann’s’ Magic
Mountain thus. ‘It’s about this bunch of birds who sit around an old health
resort wondering if they’re going to croak. Some do, some don’t and then
thebook is over.’ Inwhat follows,we shall attemptanequivalent compres-
sion of some developments since Laplace.

As we have already mentioned, modern statistics is split between two
major schools, the frequentist (sometimes referred to as classical) and the
Bayesian or more properly the neo-Bayesian. A third school, the likeli-
hood school, has a position that has some features of both schools. The
reason that we should more properly refer to neo-Bayesian rather than
Bayesian statistics is that when Bayesian methods re-emerged from the
long dark winter to which R. A. Fisher’s advances in statistics had con-
demned them, a radical shift in emphasis accompanied their use.

Ronald Aylmer Fisher was born on 17 February 1890, one of two twins,
the other stillborn.37 His early interest was in biology but he later claimed
that it was the sight of a codfish skull and its labelled bones in a mu-
seum that dissuaded him from taking up a subject that seemed to involve
rote memorisation.38 Instead he elected to study mathematics and grad-
uated from Cambridge as a wrangler in 1912,39 staying on for a further
year of postgraduate work in statistical mechanics, quantum theory and
the theory of errors. He was, however, to retain his interest in biology all
his life, in particular genetics and evolution, and the chairs that he held at
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University College London (UCL), Cambridge and Adelaide were in ge-
netics rather than statistics. He was also an enthusiastic member of the
Eugenics Education Society of London.

Fisher has been described by Richard Dawkins as the greatest of
Darwin’s successors40 and shares with J. B. S. Haldane, also of UCL, and
the American Sewall Wright the credit for reconciling Mendelian genet-
ics and Darwinian evolution. However, he was an even greater statistician
contributing to many theoretical and applied fields. He was the first to
fully elucidate the concept of likelihood, made extensive contributions to
the theory of estimation and significance testing, coined and developed
analysis of variance and founded multivariate analysis.

He was also an opponent of Bayesian thinking. Fisher fell out early in
his career with the leading statistician of the day (until Fisher supplanted
him) Karl Pearson (1857–1936)ProfessorofAppliedMathematics and later
Eugenics at UCL.41 Pearson was a Bayesian and this may have influenced
Fisher against that theory. Later, by which time Fisher himself was mo-
mentarily eclipsed by the Pole Jerzy Neyman42 (1894–1981), who had de-
veloped an even more extreme alternative to Bayesian statistics during his
time at UCL, Fisher’s position on Bayesian approaches mellowed.

At the time that Fisher was developing his theories of statistical
inference, the general mechanism that Laplace had bequeathed was still
being employed in statistics. Many other fields had been opened up, in
particular Francis Galton’s discovery of correlation was being vigorously
exploited by Karl Pearson and his colleagues, but the principle of insuffi-
cient reason together with Bayes theorem was what was being employed
to generate statistical inferences.

An example can be given by considering Student’s famous paper, On
the Probable Error of a Mean.43 Student (1876–1937), whose real name
was William Sealy Gosset, was an employee of the Guinness Company in
Dublin and obtained leave to study with Karl Pearson at UCL.44 (All the
characters in this drama were at UCL at one time or another.) Student’s
practical work led him to make statistical inferences based on small sam-
ples but the methods then being used by Karl Pearson required large sam-
ples.Howlarge is a large sample?Howlong is apieceof string? In factuntil
Student’sworkwedidn’t really knowhow large ‘large’ was.Nowadayswe
might place it at about 60 observations but possibly even as low as 20. Karl
Pearson would have used 150 observations or so at least in his approaches.

Student did not illustrate the method he developed using data from
his work as a brewer but from an early clinical trial which had been run
at the Insane Asylum in Kalamazoo Michigan and organised by Arthur
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Table 2.3. The Cushny and Peebles data (as
quoted by Fisher quoting Student).

Patient A B Difference (B–A)

1 +0.7 +1.9 +1.2
2 −1.6 +0.8 +2.4
3 −0.2 +1.1 +1.3
4 −1.2 +0.1 +1.3
5 −0.1 −0.1 0.0
6 +3.4 +4.4 +1.0
7 +3.7 +5.5 +1.8
8 +0.8 +1.6 +0.8
9 0.0 +4.6 +4.6
10 +2.0 +3.4 +1.4

Mean +0.75 +2.33 +1.58

Cushny, then professor at Michigan (later at UCL, of course) and his stu-
dent Alvin Peebles.45 Some of these data are reproduced in Table 2.3, as
subsequently presented by R. A. Fisher46 and represent the average hours
of sleep gained by the use of two drugs for ten patients.

The effect of the drugs is measured with respect to a common base-
line period and interest centres on the difference between the two which
is given in the last column. This appears to suggest that B is the more ef-
fective hypnotic since, with the exception of patient number 5, for which
there is nodifference, the difference is always positive. The questionnatu-
rally arises however, ‘is this effect genuine or simply due to chance?’ This
question could in fact be answered using the method of John Arbuthnot.
We could argue that under the null hypothesis of no difference, a positive
or a negative difference is equally likely. If we then exclude those patients
that shownodifference then theprobability of apositivedifference onany
patient that remains is 1/2. There arenine suchpatients, patient 5being ex-
cluded and so the probability we require is (1/2)9 = 1/512. In the logic of the
significance test we now have a fairly small probability and we either ac-
cept that an unusual event has occurred or reject the null hypothesis. We
could also use Laplace’s approach, setting p = 9 and q = 1, and estimate
that the probability that a new patient, for whom a difference in hours
sleep was obtained, would show a better effect with drug B. This would be
(9 + 1)/(9 + 1 + 2) = 10/12 = 0.83.

In fact, Student does not reduce thedata to signs only (positive or nega-
tive) but makes use of their magnitude also. The details of his calculations



To cut a long story short 49

will not be covered but one aspect of them is worth noting. His object is
to produce directly a Bayesian probability that B is better than A. Karl
Pearson could have done this using 200 patients. Student’s innovation
consists in finding a method to do it for ten but this is not what interests
us here. Both Pearson and Student would have agreed that the purpose of
the calculation was to deliver directly a probability that B was better than
A. Student calculates this probability to be0.9985. Equivalentlywe can re-
gard the probability that A is better than B as being 1−0.9985 = 0.0015.

Implicitly Student’s result relies on Bayes theorem together with an
assumption of insufficient reason, that any possible true difference be-
tween the drugs is equally likely a priori. Indeed, this particular Bayesian
approach to estimation was later extensively developed by the Cambridge
astronomerHarold Jeffreys47 (1891–1989). It is, however,whatFishermade
of Student’s paper that interests us. Fisher recognised the importance of
Student’s innovation inusing small samples but gave the resultingproba-
bility a completely different interpretation. He pointed out that the prob-
ability of 0.0015 is not only the probability of A being superior to B given
the joint use of Bayes theorem and the principle of insufficient reason,
but that it is also the probability of observing a result as extreme or more
extreme than that observed given that there is no difference between the
drugs.This is, in fact, the P-value thatwehave encountered already in this
chapter. Its calculation does not require a prior probability.

Although previous authors, notably Karl Pearson,48 had given ‘tail
area’ probabilities this P-value interpretation, it was Fisher who stressed
this approach at the expense of others. Fisher popularised Student’s test
of 1908 and also his own interpretation of it in his influential book, Statis-
ticalMethods forResearchWorkers (1925) that eventually ran to 14 editions.His
influence, together with a growing realisation that the principle of insuf-
ficient reason was unsatisfactory or at the very least impractical and the
attractions of what appeared to be an objective alternative, may explain
why Bayesian statistics went into a sharp decline from which it did not
start to recover until the late 1950s. The ongoing story of that decline and
its recovery, however, must wait until Chapter 4. Instead we now divert to
have a look at one of the most important and controversial devices of the
medical statistician, the clinical trial.
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Trials of life

Everybody knows that the dice are loaded

Everybody rolls with their fingers crossed

Leonard Cohen

TB or notTB?

On 28 October 1948 a paper describing the outcome of the Medical
Research Council trial of streptomycin in tuberculosis (TB) appeared
in the British Medical Journal. The results were striking. Out of 55 pa-
tient treated with streptomycin only four died. On the other hand, of
52 control patients 14 died. Looked at in terms of patients who showed
‘considerable improvement’ the results were even more impressive: 28
in the streptomycin group and only 4 in the control group. Strepto-
mycin had been shown to be an effective remedy against one of mankind’s
biggest killers and was, in due course, enrolled in the fight against the
disease.

However, it is not for its successful conclusion that this trial is now
chiefly remembered but for various innovations in design, including the
application of randomisation. This trial is regarded as the first modern
randomised clinical trial (RCT). As the paper put it, ‘Determination of
whether a patient would be treated by streptomycin and bed-rest (S case)
or by bed-rest alone (C case) was made by reference to a statistical series
based on random sampling numbers drawn up for each sex at each cen-
tre by Professor Bradford Hill; the details of the series were unknown to
any of the investigators or to the co-ordinator and were contained in a set
of sealed envelopes, each bearing on the outside only the name of the
hospital and a number.’

[50]
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Medecin manqué

Austin Bradford Hill (1897–1991) was born in Hampstead London, the son
of Sir Leonard Erskine Hill, FRS, a famous physiologist.1 A family legend
had it that the Hills had given thought only to girls’ names and were un-
prepared for the arrival of a boy. (Had they not read their Arbuthnot?) An
alphabetical search for a boy’s name got no further than Austin, a name
that was never used anyway. The boy was always called Tony and the later
added use of Bradford was to avoid confusion with the famous physiolo-
gist A. V. Hill.2

Bradford Hill contracted pulmonary TB when serving with the Royal
Naval Air Service in the Aegean during the First World War. The strep-
tomycin trial can be regarded as his revenge on the disease that thwarted
his intention to pursue a medical career. He took a London Univer-
sity correspondence degree in economics instead. However, he was still
interested in medicine and in 1922 he started work for the Industrial
Fatigue Research Board. He worked with Major Greenwood3 at the
Medical Research Council Laboratories in Hampstead, but also attended
Karl Pearson’s lectures at University College London and gained a PhD
for a dietary study.4 Greenwood was appointed to the new Chair of Epi-
demiology and Vital Statistics at the London School of Hygiene and
Tropical Medicine in 1927 and Bradford Hill moved with him. In 1933,
Hill was appointed a reader and succeeded Greenwood as professor when
he retired in 1945. He was made an FRS in 1954 and was knighted
in 1961.

Bradford Hill was an extremely influential medical statistician but
slightlyunusual in someways.Manywhoappear in this bookhada foot in
both camps: medicine and statistics. But in most cases, Daniel Bernoulli
is a good example, it seems clear that their daemon drives them towards
mathematics andaway frommedicine and this is, indeed, theway their ca-
reers move. Arbuthnot is, perhaps, an exception. Hill seems to have been
another. He was always extremely interested in the medical applications
of statistics and always took a special care to make his lectures clear and
entertaining to a medical audience. A series of papers on statistics which
he wrote for The Lancet were collected together in a book, which was pub-
lished in 1937, and which ran to 11 editions in his lifetime.5 He was famous
forhiswit and iconoclasticmanner andwas a superb after-dinner speaker.
Despite his early brush with disease, Hill lived to enjoy a retirement of
30 years and did not die until 1991.
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Square roots and diced vegetables

Hill would have been familiar with the idea of randomly allocating treat-
ments fromanother context: thework ofR. A. Fisher in the design of agri-
cultural experiments. Graduating in 1912, Fisher stayed on at Cambridge
for further postgraduate study in statistical mechanics, quantum theory
and the theory of errors.6 After leaving Cambridge in 1913 Fisher drifted
through half a dozen jobs in as many years7: first in the City and then as
a teacher of mathematics and physics at Rugby, Haileybury, HM Training
Ship Worcester and at Bradfield College. (His poor eyesight prevented his
enlisting in the war.) He found the experience of teaching miserable and
contemplated setting up as a subsistence farmer. However, in October
1919, aged 29, he joined the agricultural research station at Rothamsted
in Harpenden as its first statistician and there began for him a re-
markable period of fertile development of his statistical ideas. However,
Fisher did not abandon his personal farming interests completely while
at Rothamsted. He kept a goat, for example, and used to tether it on
Harpenden Common on his way to work!

During the 14 years he stayed at Rothamsted,8 he not only carried out
thepractical statistical investigations forwhichhehadbeenhired,worked
extensively on the theory of statistics and continued his researches in evo-
lutionary genetics but also had the temerity to interfere in the design
of the experiments being carried out by his colleagues. This irritating
habit is, above all others, thehallmark of themodern statistician. AsM.G.
Kendall put it inHiawathaDesigns anExperiment,Hiawatha,whoat college/
Majored in applied statistics/Consequently felt entitled/To instruct his
fellow man/In any subject whatsoever.

It had become the practice to run experiments with concurrent con-
trols rather than by making historical comparisons. That is to say it was
the practice to establish, for example, the effect of the application of a
fertiliser on the yield of a crop by comparison to plots in the same field
planted at the same time but to which no fertiliser had been applied.
Fisher had good reason to know how important this was. One of his first
tasks at Rothamsted had been to investigate the effect of the weather on
the yield of 13 plots of the ‘Broadbalk’ wheat field that had had roughly
uniform treatment from 1852 until 1918. Fisher was able to discern a num-
ber of factors affecting yield but puzzling peaks in the late 1850s and dur-
ing the 1890s remained. He identified these periods as ones in which par-
ticular efforts hadbeenmade toweed the plots byhand. This sort of factor
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could very easily be overlooked and would bias conclusions if different
years were compared with each other.

In deciding to assign treatments to various plots in a field, various re-
strictions might be observed. For example, it might be known that there
was a fertility gradient in the field. One way of dealing with this was to
allocate the treatments in a so-called Latin square. The field was divided
into a given number of rows and columns. Experimental allocation was
performed in such a way that a treatment appeared once in each row and
once each column. For example, five treatments, A, B, C, D, E could be
compared in an arrangement thus:

B A E D C

C E B A D

A C D E B

D B A C E

E D C B A

In fact, exactly this design was used in an early experiment in Bettgelert
forest, each row corresponding to a different altitude of planting, the
columns running (roughly) from west to east and possibly reflecting dif-
ferent degrees of exposure to the prevailing wind. The letters correspond
to five different varieties of conifer.9

However, this is not the only possible arrangement subject to the re-
striction that a treatment shall appear once in each column and once in
each row. The question then was how should one choose the particular
arrangement?

The solution that Fisher published in a paper in 1926 was that one
should choose the arrangement at random from amongst those satisfying
the particular restrictions one wanted to apply.10 Fisher did much more
than this, however; he also showed how to analyse such experiments. In
particular with his ‘analysis of variance’ he showed how the total varia-
tion in results in such a field could be divided into four sources: due to
rows, due to columns, due to treatments and due to error. It was the com-
parison of the last two that permitted one to judge whether the result of
an experiment was ‘significant’.

Fisher’s point of view as regards experiments in general was that you
could (and should if practical) balance for any factors that you were going
to take account of in analysis. However, once this aim had been achieved,
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then you should let chance decide how the treatments should be allocated
to the units. An application of this philosophy to clinical trials might be
as follows. Suppose that we have a placebo-controlled clinical trial of an
active treatment in asthma in which forced expiratory volume in one sec-
ond (FEV1) is our outcome measure. We believe that males have higher
FEV1 values, other things being equal, than females and we would like
to balance the trial by sex. We might then run two randomisation lists,
one for females and one for males. (Indeed, this is what Bradford Hill
did in his streptomycin trial.) In each list males and females would be
allocated in equal numbers to placebo and treatment but otherwise at
random. (Actually, this would require agreeing a number of each sex to
be recruited onto the trial and is not always desirable, as we shall see in
Chapter 5.) Fisher’s philosophy would then require us to split the sources
of variation into three: due to sex, due to treatment and ‘random’ vari-
ation. The significance of the treatment would be judged by comparing
the last two sources of variation and randomisation would ensure that if
there was no treatment effect, these last two sources would be expected to
be comparable (once appropriately scaled).

Fisher’ s tea test

To illustrate another virtue of randomisation we divert to a famous exper-
iment that Fisher described in his book of 1935, The Design of Experiments.
‘A lady declares that by tasting a cup of tea made with milk she can dis-
criminate whether the milk or the tea was first added to the cup.’ Fisher
considers an experiment in which four cups of each kind, milk in first (M)
or tea in first (T) are presented to the lady in random fashion and, without
knowingwhich iswhich, shehas to identify themcorrectly. Fisher also in-
sists that the lady shall be told that there will be four cups of each kind, a
point that has been overlooked in some commentaries.

The experiment described is based upon a real incident.11 The lady in
question was Dr. Muriel Bristol, an algologist at Rothamsted. Fisher is
supposed to have drawn a cup from the urn at teatime and offered it to
her. She refused, saying that she preferred milk in first.12 Fisher claimed
that it made no difference but she insisted it did. William Roach, who
was present and was later to marry Dr. Bristol, proposed testing her and a
trial was arranged, although probably not exactly as described by Fisher a
dozen years later.

Suppose that the lady guesses all the cups correctly. This is the most
extreme result in support of her claim. We thus have a situation that is
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very similar to Arbuthnot’s test of significance. However, the probability
calculation has to proceed rather differently. The lady knows that there
will be four cups of each sort. Under the null hypothesis that the lady is
guessing at random, therefore, she simply needs to guess the correct se-
quence in which the cups are presented. How many such sequences are
there?

The infernal triangle

This sort of problem is a very old one and of the kind which the math-
ematicians of the seventeenth century studied extensively. Blaise Pascal,
whose correspondence with Nicholas Fermat in 1654 regarding problems
posed by the Chevalier de Méré is often taken as the year zero for the his-
tory of probability,wrote a famous treatise on it in that year. Inhis honour
we now refer to ‘Pascal’s Triangle’, which is an arithmetic and geometric
construction that gives the requisite answer. As dictated by Stigler’s Law
of Eponymy,13 which states that if a discovery is named after someone he
did not discover it, Pascal, is not, of course, the discoverer of Pascal’s tri-
angle. It was certainly known to several European mathematicians of the
sixteenth century, Arab scholars knew the binomial theorem, to which it
is linked, as early as the thirteenth century,14 and the Hindu mathemati-
cians knew the general rule by the middle of the twelth century, whereas
Pascal’s Traité du triangle arithmétique was written in 1654.15

Nevertheless, Edwards, in his scholarly book on the subject, shows
that Pascal was the first to provide a serious mathematical treatment of
the properties of the triangle and to show its relevance to various im-
portant mathematical questions, including problems in probability and
claims, ‘That the Arithmetical Triangle should bear Pascal’s name cannot
be disputed’.16 ‘Pascal’s’ triangle is reproduced below.

1

1 1

1 2 1

1 3 3 1

1 4 6 4 1

1 5 10 10 5 1

1 6 15 20 15 6 1

1 7 21 35 35 21 7 1
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The triangle’s construction is that each entry is the sum of those two el-
ements that are the closest diagonally above it. This construction can be
continued forever. The triangle’s utility is that each row describes a num-
ber of trials of a ‘binary’ outcome, such asheads or tails, alive ordead,milk
in first or tea in first. If we number the rows of the triangle starting at zero
then the row number indicates the number of trials being performed. If
we count in from the beginning of the row, allowing that the first element
again corresponds to zero, then thenumber of the element gives thenum-
ber of ways that you can obtain the requisite number of ‘successes’ in the
requisite number of trials. For example, the row corresponding to 4 trials
is the row

1 4 6 4 1

there is only one way that you can obtain no successes, there are four ways
that you can obtain one success, there are six ways that you can obtain two
successes and so forth. (These sequenceswere listed inChapter 2whendis-
cussing Arbuthnot’s test.)

In general, if we have n trials and r successes, the formula that gives the
requisite entry in Pascal’s triangle is

n!
r !(n − r )!

where n! (pronounced ‘n factorial’) is n × (n − 1) × (n − 2) × · · · 2 × 1, so
that, for example, 4! = 4 × 3 × 2 × 1 = 24 and, by special (and curious, but
mathematically consistent) convention, 0! = 1.

Now return to the Lady tasting tea. If there are four cups of each kind,
then the number of sequences is the same as the number of ways that you
can obtain four heads in eight tosses of a coin. That is to say that for every
sequence tea in first, milk in first and so forth, there is a corresponding
sequence head, tail, etc. Thus, Pascal’s triangle applies and we need to
substitute 8 for n and 4 for r. It turns out that 8! is 40 320 and dividing
this twice by 4! = 24 (one for r and once for n − r) we obtain 70 possible
sequences.

The reason that this formula works is as follows. Suppose that we la-
belled each of the cups uniquely on the base using one of the letters A, B,
C, D, E, F, G or H and mixed the cups up. What is the probability that the
lady could guess the sequence of cups correctly? She has eight chances of
getting the first cup right. Having got this right, she only has seven re-
maining choices for the second cup. If she gets this right there are only
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six choices remaining and so forth. She thus has one chance in 8 × 7 ×
6 × · · · 2 × 1 = 8! of getting the choice right. Now suppose, however, that
A, B, E and G are ‘milk in first cups’ and the rest are tea in first. As regards
guessing the type of cup, it makes no difference, for example, whether she
guesses A rather than B or E or G. Thus the way that the cups A, B, E and
G are arranged amongst themselves is irrelevant. Similarly the way that
C, D, F and H are arranged amongst themselves is irrelevant. There are
4 × 3 × 2 × 1 = 4! ways of arranging the first set of cups and 4! ways of
arranging the second set. There are 4! × 4! ways of arranging them alto-
gether whilst still making sure that the same order is always maintained
as regards simplywhether a cup ismilk infirst or tea infirst. Thusweneed
to divide the figure of 8! by the number 4! × 4! to obtain the number of
sequences that are relevantly different.

Since 8!/(4!4!) = 70, the lady has a 1 in 70 chance of guessing the se-
quence correctly. If she correctly identifies each cup, then either a rare
event has occurred or what she claims is true. We thus have the basis of
a significance test.

Random harvest

Here the value of randomisation is clear. It helps us in blinding the exper-
iment. It was possibly this particular advantage that Bradford Hill had in
mindwhenadopting theprocedure for the streptomycin trial. Previously,
it had been popular to use a method of alternate allocation for patients
whereby (say) every odd-numbered patient was given the experimental
treatment and every even-numbered patient was given control. The prob-
lem with this approach was that physicians could influence the allocation
by only entering a particular patient in the trial when the next free treat-
ment was the one desired. Choosing the sequence at random and conceal-
ing the allocation gets around this difficulty.

Randomisation also means that on average the groups in a clinical trial
are balanced as regards any prognostic factors (‘covariates’) that might
be influential. This latter property, however, is controversial and statisti-
cians disagree over its utility. To explain why we return to Fisher’s tea-
tasting.

Suppose thatwechoose a sequenceat randomfor the cupsand that that
sequence is M T T M T M M T. The lady guesses every cup correctly. We are
impressed with this result and congratulate her. She says in reply, that of
course she knew we would randomise in pairs, incidentally drawing our
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attention to a feature that we had not noticed, namely that, if we mark the
sequence off in pairs, MT/TM/TM/MT, then for any pair of cups one is al-
ways milk in first (M) and the other is always T in first (T). This is a chance
result. We did not plan things this way. However, of the 70 sequences, 16
have this property. (This is because if we arrange the cups in four pairs
we have two choices for the order of each pair and so 2 × 2 × 2 × 2 = 16
arrangements in total.) Thus we could argue that, given the lady’s false
assumption about how we would randomise and given that we did by
chance draw a sequence of this sort, she had a 1 in 16 chance of guessing
correctly. This conditional probability is of course less impressive than the 1
in 70 that we previously calculated.

However, we need not have drawn a sequence randomised in pairs.
In fact there are 70 − 16 = 54 sequences that do not satisfy this prop-
erty. We thus have a 54/70 chance of drawing such a ‘non-pair’ sequence.
Given the lady’s false assumption and such a draw, then, if all is guess-
work, she has zero chance of guessing the sequence correctly. Thus, be-
fore the trial starts, we have 16 chances out of 70 of drawing the sort of
sequence that will lead her to have a 1 in 16 chance of guessing correctly
and 54 chances out of 70 of drawing a sequence that leaves her with no
chance at all. (Given her false assumption.) Putting all this together her
unconditional probability of guessing correctly is (16/70 × 1/16) + (54/70 × 0) =
1/70 after all.

We now come to a controversial point in statistics. Is this unconditional
probability relevant? It is a probability that applies before seeing the re-
sult of the randomisation and before learning that the lady had made a
false assumption about the randomisation. That being so, surely it is yes-
terday’s dregs and not currently relevant. Nearly all Bayesians and many
frequentists would take the point of view that this unconditional proba-
bility is irrelevant and that we have to ‘condition’ on the evidence actually
obtained. However, some frequentists would not agree and would regard
the unconditional probability as being the relevant one.

This is where the value of Fisher’s procedure reveals itself. He makes
it quite explicit that the Lady must be told how the randomisation will
be performed. That being so, she knows that the randomisation is not re-
stricted to the 16possible sequencesof4pairsbut includesall 70 sequences
of 4 of each kind. Hence, there is no point in her guessing the randomisa-
tion process; it is known. It is only the allocation that is unknown.The conse-
quence of this is that the conditional and unconditional probabilities are
the same and an inferential problem is finessed.
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The consolation of the marathon experimenter

The physicist and the chemist may be able to perform experiments using
homogenousmaterial andeven thebiologist canusegeneticallypuremice
but the clinical scientist, like the agronomist, has to accept variability. Just
as plots of land differ in fertility, patients suffering from a given disease
may vary considerably in symptoms and eventual course of the disease.
The only guarantee that randomisation appears to offer when construct-
ing treatment groups is that of an irrelevant long run: ‘the consolation
of the marathon experimenter’. On average, over all possible randomisa-
tions, the groups will be equal.

Is this a comfort? Ifwe are 35000 ft abovemid-Atlantic, all four engines
are onfire and the captainhas had aheart-attack, canwe console ourselves
with the thought that on average air travel is very safe? No. Nor would
R. A. Fisher expect us to. We would be faced with what he referred to as
‘a recognisable subset’, a rather unpleasant one in this case. Fisher never
intended that randomisation should exclude your taking other precau-
tions as regards design. As already explained, he suggested, in fact, that
you should balance designs for what you believed to be relevant and then
randomise subject to these restrictions. Fisher also pioneered the use of
models that allowed you to adjust for any imbalance after the event.

Such models will be mentioned in subsequent chapters but a simple
illustration of the way they work can be given by considering the case of
sex. Suppose we have randomised but not balanced by sex and we notice
that the split is 80 males and 20 females in the active treatment group and
70 males and 30 females in the placebo group. Since, as we have already
noted, other things being equal, females tend to have a lower FEV1 than
males, if we do not take account of this, the results will be biased in favour
of the active treatment. We can deal with this quite simply, however, by
calculating the difference between the mean of the 80 males in the treat-
ment group and the mean of the 70 males in the placebo group, and the
corresponding difference for females. Each of these two differences is an
estimate of the treatment effect for the corresponding sex. It is oftenplau-
sible, given a suitable choice of measurement scale, to believe that this ef-
fect does not differ too much from one group to another. (This does not
require that males have similar FEV1 values to females but simply that the
difference that a drug makes to this measure will be similar for males and
females.) It thus becomesuseful to formanaverage of these two treatment
estimates.There is a further complicationwhosedetailswe cannotdiscuss
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but whose general sense can be understood. Since we have unequal num-
bers of males and females in the trial overall, in forming our overall aver-
age it is appropriate to give more weight to the male results. The precise
value of the relative weight of male and female results is covered by an ap-
propriate statistical theory.

However, not all relevant factors are known to us, and it is here that
randomisation reveals its value. If we haven’t observed a relevant factor,
we can neither balance for it nor adjust for it. What Fisher showed was
that randomisation meant that we could measure the variability that this
uncertainty would introduce into our estimates if we randomised. If a
prognostic factor varied amongst members of the trial, the results within
groups would tend to be variable. It turns out that a suitable function
of this variability within groups predicts how much the results between
groups ought to vary. Provided we have randomised, not only are the two
contributions (within and between groups) of the variable factor expected
tobe the same (over all randomisations)but a suitable theory,due toFisher
himself, predicts with what probability their ratio could differ by any
given amount. A ‘large’ ratio of between-group to within-group variabil-
ity then suggests that either a rare event has happened or that something
else (for example a treatment effect) is causing the results from the two
groups to be different. Again we have the basic argument of a significance
test.

Of course, we could argue, that once again we are relying on the prop-
erty of an average. However, here the property of the average is appro-
priate. Return to our example of air travel. Provided neither the person
seeking insurance nor the insurer knows of any way in which a particular
aircraft differs from any other, it is perfectly logical for the insurer to use
the (small) probability of a crash on an ‘average flight’ as the basis for set-
ting the premiums. This is true even though it is known that there is no
such thing as an average flight: most end safely and a very few do not.

Ration roulette

Many clinical scientists have come to adopt randomisation as a valuable
tool for clinical trials. The scientific argument is largely accepted. For
those who regarded unconditional probabilities (averaged over all possi-
ble randomisations) as relevant, there was never any difficulty with ran-
domisation. Those who consider that conditional probabilities are more
relevant have more cause for scepticism, but, given that other features of
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design and analysis can deal with the effect of covariates, they have ac-
cepted that at the very least randomisation is harmless and may also have
value in promoting ‘utmost good faith’. Consider, for example, a pharma-
ceutical sponsor running a clinical trial. The results will have to be pre-
sented to the regulator. Included will be information, patient by patient,
on relevant covariates; for example, in a trial of hypertension, we might
have sex, age andbaselinediastolic and systolic bloodpressure. Itmayalso
have been agreed beforehand that these will be included, in addition to
treatment given, in any analysis of the results. However, it would always
be conceivable that the sponsor might have manipulated allocation using
some further covariate measured, but not reported, in order to give the
experimental treatment an advantage. Randomisation reassures the reg-
ulator that this has not happened.

However, if there is little scientificobjectiontorandomisationamongst
clinical researchers, the same is not true regarding ethics. It is felt bymany
to be repugnant that patients should be entered onto a clinical trial and
have their treatment decided at random. A point of view that is often pro-
pounded is that a doctor entering a patient onto a randomised clinical
trial should be in ‘equipoise’: perfectly indifferent as to which treatment
is better. This view has led to a further Bayesian criticism of randomised
clinical trials on grounds of ethics.

The argument goes like this. Even if we accept that from the purely
scientific point of view it might be preferable to continue to randomise
patients concurrently to experimental and standard treatments, having
started in equipoise, it is highly likely that a point will be reached where
we have a hunch that one treatment is better than another. Once we have
reached this point, if we continue to randomise, we are sacrificing the
interests of current patients to those of future patients. This is to treat
patients as means and not ends and is unethical.17

Sometimes it is not possible for us to treat all patients. It has been
claimed of A. B. Hill’s streptomycin trial that there was not enough of the
drug to treat all potentially eligible patients. A limited supply had been
obtained fromtheUnitedStates. It thus seemedethically acceptable tode-
cide at randomwhoamongst agroupofotherwise eligible subjects should
receive the drug.

Nevertheless, these cases are rare. It might thus seem that clinical tri-
als as actually practised involve doctors acting against their patients’ best
interests. A common defence is to appeal to the so-called uncertainty
principle. This maintains that randomisation is acceptable so long as the
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doctor is ‘substantially uncertain’ as to which is the best treatment. How-
ever, it is difficult to see what numerical or practical interpretation could
ever be agreed for ‘substantially uncertain’.

Dealing the drugs

In the context of drug development an alternative defence is possible.
Since the experimental treatment being investigated is usually unli-
censed, the only hope a patient may have of getting the treatment is to
enter the trial. A physician who believes that the experimental treatment
is better may thus say to a would-be patient: ‘in this trial you will either
get the standard treatment you would get anyway by entering the trial or
be given a treatment that I myself expect will be superior, although I do
not know that this is the case, it being the purpose of the trial to discover
if this is so’.

Under these circumstances the trial may continue until one of two
things happens. Either the regulator becomes convinced that the new
treatment is, after all, efficacious and the treatment is granted a license,
or the investigators become convinced that the treatment does not, after
all, represent a therapeutic advance.

The question then arises, however, if it is only the regulator’s prohi-
bition that renders the physician’s experimentation ethical then by what
right does the regulator forbid? An answer to this may be found by us-
ing the device of ‘the original position’ employed by the philosopher
John Rawls (1921–2002) in his Theory of Justice.18 Rawls asks what is a just
society and answers that it is one we would be happy to join if in the ‘orig-
inal position’. In suchapositionweneitherknowwhatplace in the society
we will have nor what gifts and disabilities.

We can use the same device in judging whether clinical trials are
ethical. We must not make ethical judgements at the point of sickness
only. This condemns us to take a short-term view of matters that is false.
Consider a related ethical problem. How much of the general substance
of society should we spend on health? If we compare the needs of an
elderly person awaiting a hip replacement with those of a young fit per-
son who wants to go on holiday, it seems clear that the former is in greater
need than the latter. It is thus unethical to allow people to have holidays
as long as some are waiting for hip replacements. We should arrange taxa-
tion to make sure that these ethical problems are removed. Now, however,
consider the point in the original position. Which sort of a society do you
want to be born into? One in which you are allowed holidays when young
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but you may have to wait for a hip replacement when elderly, or one in
whichholidays are impossible buthip replacements are guaranteed for all
octogenarians?

Similarly, it is obvious that a patient awaiting a clinical trial would al-
most always prefer not to have the treatment drawn at random unless mo-
tivated by civic spirit. For suppose that A and B are being compared and
that A is the standard treatment whereas B is not generally available. The
patient is persuaded to enter the trial because the physician believes that
B is superior, the patient trusts the physician and the trial represents the
only chance of getting B. That being so, the patient would clearly prefer
the certainty of getting B to the chance. Thus the regulator appears to be
acting against the patient’s interest.

The point is, however, that the regulator is not necessarily acting
against the patient’s interest in the original position. A society in which
treatments are tried and rationally testedmaybe preferable to us all as po-
tential patients thanone inwhich the latest fadorhunch is triedout.After
all the current generation of patients will benefit from the trials that have
been performed on others.

A good red herring

But honest Doctor, wouldn’t the patients have gotten better anyway/ Wasn’t it

maybe a post-hoc, propter hoc? Have they experimented on a whole slew of

patients together, with controls?

Sinclair Lewis, Arrowsmith

This still appears to leave the placebo in limbo. We can justify the use
of randomised trials comparing experimental treatments to standard
control ones, on the grounds that no patient receives a treatment that is
believed inferior. Where the control group is given a placebo this appears
not to be the case.

In fact, the use of a placebo does not in itself imply that effective treat-
ment is being withheld. Many clinical trials are run as ‘add-ons’. That is
to say that where there is a (partially) effective remedy this is not withheld
from patients but they are randomised to receive either the experimental
treatment or its placebo as well. A placebo, being devised to match a treat-
ment in appearance, taste, feel and so forth, is always specific to that treat-
ment. The strategy of an add-on is very common in cancer therapy. If the
newtreatmentprovesparticularly effective and there is thenbelieved tobe
some potential advantage in removing the previous standard treatment,
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then the trial may be followed by an elimination trial. The first trial was
of the form experimental+ standardversus ‘placebo to experimental’ + standard.
The second will be of the form experimental + ‘placebo to standard’ versus
experimental+ standard. This second trialmay takeplace ethically provided
that the physicians running the trial believe that the new regime (with
previous standard therapy eliminated) will bring advantages.

The diceman and the ethicist

Consideration of ethics seems to be getting further and further away from
the role of statistics. In fact, no serious consideration of ethics can take
place without taking account of what statistics has to say about designs
as will now be explained with the help of an alternative to the randomised
trial that has been proposed as sometimes ethically superior.

It will often be the case that patients suffering from a disease will dif-
fer considerably as regards the severity of their medical condition. For
example, hypertension can be mild, moderate or severe. Under such cir-
cumstances it has been maintained that it may be unethical to consider
exposing all patients to the experimental treatment. It is argued that if
a partially effective treatment already exists, then this, if not ideal, will
at least be adequate for all but the severely ill. Since all untried treat-
ments carry with them a risk of side-effects, it will not be ethically ac-
ceptable to expose all patients to the risk of a side-effect as would be the
case in a randomised trial. Only those who are severely ill and currently
unsatisfactorily treated should be prepared to run the risk of the new
treatment.

Under such circumstances, a trial that has been proposed as an ethical
alternative is the so-called regression discontinuity design (RDD).19 Here the
mild cases serve as the control group, being given the standard treatment
and the severely ill are the experimental group, given the new treatment.
Obviously such a trial requires careful analysis. A randomised clinical trial
is an experiment that any damn fool can analyse and frequently does, but
to analyse an RDD you need a decent mathematical model. A common
assumption would be that, but for the intervention, the relationship be-
tween outcome and baseline measure would be linear. Parallel lines for
this relationship are then fitted for the two groups. These lines then show
a difference that is postulated to exist between patients given one treat-
ment or the other for any given values of the baseline and this is our
estimate of the effect of treatment.
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Figure 3.1 Diastolic blood pressure (mmHg) at baseline and outcome for a regression
discontinuity trial. Solid squares represent patients in the control group and open
circles those in the experimental group.

Figure 3.1 gives simulateddata for a trial inhypertensionusing this ap-
proach. Patients have been sorted at baseline according to whether their
diastolic blood pressure is in excess of 105 mmHg. If not they are given a
standard treatment; if it is, they are given an experimental treatment. The
figure plots values at outcome of the trial against values at baseline. The
control group values are represented by solid squares and the experimen-
tal groupvaluesbyopen circles. There is little to choosebetween these two
groups in terms of average value at outcome (vertical position). However,
the point is that given the general sort of relationship between outcome
and baseline illustrated by the two straight lines (which have been fitted
by ‘multiple regression’) the values in the experimental group are lower
at outcome than one would expect given how high they are at baseline.
If the treatments were identical, the two lines would meet in the middle.
The extent to which they do not is an estimate of the treatment effect.

Obviously the validity of the conclusion is heavily dependent on the
presumedmodel.There is a furtherdisadvantage,however. Statistical the-
ory shows that, even if the model is correct, at least 2.75 times as many pa-
tients are required to produce an answer which has the same precision as
that of a randomised clinical trial.20 This lowerbound is reachedwhen it is
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the case that the severely ill form half of all patients. In what follows, this
will be assumed to be the case.

Now suppose that we accept the argument that only the severely ill
patients should run the risk of trying the experimental treatment. This
ethical requirement does not prevent our allocating the standard treat-
ment to them. In fact, if we don’t run the trial this is what they will get
as, indeed will all patients in regions other than that in which the trial is
being run. We could thus run an RCT in which we only recruited severely
ill patients, allocating half the standard treatment and half the exper-
imental one. Suppose that we decide to make absolutely no use of the
results from the moderately ill patients in doing this, and suppose, for
argument’s sake, that we randomise 100 patients to each of the two treat-
ment groups making 200 in total. If the alternative to this approach is the
RDD, we shall have to have at least 275 severely ill patients given experi-
mental treatment with 275 moderately ill given the control. This means
that, other things being equal, we shall finish the randomised trial ear-
lier. If the experimental treatment is not proved superior we shall have
allocated 175 more severely ill patients inappropriately to experimental
treatment using the RDD. If the experimental treatment is proved supe-
rior after all, we shall of course have treated 100 severely ill patients with
the standard treatment using the RCT and this may be considered a po-
tential loss. On the other hand, if the experimental treatment is eventu-
ally to be used for the moderately ill, and it is hard to see how they can
be considered an adequate control group if this possibility is excluded,
then275moderately ill patientswill havebeengivenan inferior treatment
with the RDD. Although, during the time the RCT has been running only
200 moderately ill patients have been suffering this loss, a difference of 75
to the benefit of the RCT compared to the RDD. Thus, the net loss under
these circumstances in running anRCT compared to anRDD is 100− 75=
25. Hence, the RCT treats 25 patients sub-optimally compared to the RDD
if the experimental treatment is eventually proved superior. Then again,
if the control treatment is eventually proved superior the RDD treats 175
patients sub-optimally compared to the RCT. This disadvantage in terms
of potential losses of 175:25 or 7:1 makes it hard to claim the RDD as being
ethically superior.

Twomorals canbedrawn from this example. First, the relevance of sta-
tistical considerations to the ethics of clinical trials. Second, that although
the RCT may seem morally repugnant, it is more difficult to produce eth-
ically superior alternatives than may be supposed at first sight.
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Dynamic allocation

Thisdoesnotmean that statistics exonerates theRCTcompared to all pos-
sible alternatives. In fact, if we do not make an artificial distinction be-
tweenpatients in the trial and thosewhowill be treated in the future, then
a radically different approach to clinical trials suggests itself.

Suppose that we have a very rare disease and are aware that medical
progressmakes it highlyunlikely that anynew treatment thatwediscover
to be superior to a standard will remain the ‘best’ for very long. It is then
quite possible that the patients that we treat in a clinical trial will form
a large proportion of those who could ever be treated with the new treat-
ment. A randomised clinical trial does not then seem a very attractive op-
tion. To take the argument to extremes, suppose that we are faced with a
singlepatient only andbelieve thatnootherswill follow.There is nopoint
in deciding this patient’s treatment at random; we might as well back our
best hunch.

One way of proceeding might be as follows. We regard the treatment
of each patient as being determined by two, possibly conflicting, forces.
One is to do the best we can for him or her on the basis of existing knowl-
edge. The other is to treat the patient in such a way that the information
gained will be of greatest use in treating future patients. These two will
not always agree. Suppose that we are comparing two treatments A and B
and currently assess their ‘cure rates’ as being0.3 and0.4 respectively.Our
belief suggests that it is in the interest of the next patient to treat him or
her with B. But now suppose that B’s cure probability is fairly precisely es-
timated, being based on treatment with a large number of cases, but that
of A is not well estimated. The possibility then remains open that the true
cure rate with A is much higher than the value of 0.3 we currently assign
to it. It would be in the interest of future patients to have this doubt re-
solved just in case, contrary to current impressions, the true cure rate of A
is, in fact, higher than that of B. Thus, it would be best for this purpose to
assign the next patient to treatment A.

Using a Bayesian approach and applying functions that trade-off
the value of future against current cures, it is possible to develop
algorithms which assign patients dynamically in a way that is ‘opti-
mal’. These designs have been extensively investigated by the Bayesian
statistician Don Berry and his co-workers.21 The conclusions of their
research is that the RCT is not too bad in terms of this philosophy
provided that the disease is not rare and provided that the discount
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functionused for comparingshort-termagainst long-termgains isnot too
severe.

The RCT today

Despite being the subject of frequent criticism as being inhuman or ir-
rational, the RCT is thriving, at least if numbers are any judge. For ex-
ample, at the time of writing this chapter (May 2002) the Centerwatch
Clinical Trials Listing Service list 41 000 pharmaceutical industry and re-
searchcouncil sponsoredclinical trials in theUnitedStates alone. It is gen-
erally estimated that the number of randomised clinical trials that have
now been run must be measured in the hundreds of thousands. For ex-
ample, The Cochrane Collaboration, an organisation devoted to synthe-
sising evidence from clinical trials and whose work we shall encounter in
Chapter 8, lists more than 300 000 on its database. Indeed, in the context
of drug regulation, it is almost impossible to get any treatment accepted
unless it has been tested in randomised clinical trials. Drug regulation in
the United States, the European Union and Japan is conducted according
to a set of principles agreed by the International Conference on Harmoni-
sation. These principles are also used by many other countries. Guideline
E10 (E stands for efficacy) on Choice of Control Group and Related Issues
in Clinical Trials, although it does not rule out external controls, makes
it clear that in general only randomised clinical trials will be regarded as
providing acceptable evidence of efficacy.22

We shall return to clinical trials to look seriously at a potential problem
of interpretation in Chapter 5. For the moment, however, it is time that
we turned to considering some more fundamental difficulties facing the
medical statistician – some problems of statistical inference itself.
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Of dice and men∗

. . . reduced the theory and practice of human life to a caput mortuum of reason

and dull, plodding, technical calculation.

Hazlitt, Jeremy Bentham

Tossing and turning∗

Which is more likely in tossing a fair coin ten times, that you alternately
get head, tail, head, tail and so forth, or that you get ten heads in a row?
Let us calculate. For the alternating series we have half a chance of get-
ting a head and then half a chance of getting a tail and then half a chance
of getting a head and so forth. So the overall probability of this series is
(1/2)10 = 1/2

10 = 1/1024. On the other hand, the chance of getting ten heads
in a row is one-half times a half times a half, and so forth, and equals
(1/2)10 = 1/2

10 = 1/1024. In other words, the two events are equally likely, or,
as it turns out, unlikely.

Didyou think that the sequence corresponding tohead tail headand so
forth would be more likely? Perhaps you were thinking of a related prob-
lem? Which is more likely in tossing a fair coin ten times, that you get five heads
and five tails in any order or that you get ten heads in a row? Here the point is
that there aremanymore sequences that satisfy the conditionoffiveheads
and five tails than the alternating one originally defined. Pascal’s trian-
gle tells us how many, or alternatively the corresponding formula, which
gives 10!/(5!5!) = 252. So the probabilities are now 252/1024 and 1/1024.
Theprobability of gettingfiveheads andfive tails in any order is 252 times
as great as that of getting ten heads in a row.

So far so elementary, so far so obvious, you may say, nothing very sur-
prising in this. However, for what appears to be a very similar situation,

[69]
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this ratioofprobabilities is 252 times too large.Wecaneasilydefineaprob-
lem forwhich theprobability of gettingfiveheads andfive tails in any order
in ten tosses of a coin is the sameas theprobability of getting tenheads in a
row, despite the fact that there are 252 ways of obtaining the former result
and only one way of obtaining the latter.

Consider a very slight change to the original question. Which is more
likely in tossing a coin ten times, that you alternately get head, tail, head, tail and
so forth, or that you get ten heads in a row? This question is identical to the
first one except that the word fair has been removed. A frequentist faced
with this question will reply that it cannot be answered. There is a piece
of knowledge that is missing, namely the probability that the coin will
come up ‘heads’ in a single toss of a coin. The Bayesian also cannot an-
swer this question as put, because it implies that the probability is a prop-
erty of the coin and the event alone. As we have seen, for Bayesians prob-
ability is a matter of belief. It is personal, a property of the subject as well
as the object. However what we can ask is the sort of question a Bayesian
fundamentalist, a Calvinist of probability, a holder of theunswerving, the
pure, the true faith that salvation comes through belief alone, can always
answer. What odds would you offer, in tossing a coin, on getting ten heads in a row
rather than head tail head tail and so forth?

In the extreme subjective form of Bayesianism that is now fashionable,
this sort of question is always answerable. Given an assumption of inde-
pendence, it simply requires a prior belief in every possible degree of bias
in the coin being tossed. Suppose that we take the case that Laplace con-
siders: that of complete ignorance;we can then apply Laplace’s rule of suc-
cession. It turns out that that the following theorem applies.

Ifyourprobability that thenext timeyou tossa coin it comesupheadsobeys
Laplace’s law of succession, then your probability of obtaining any given
number of heads in n tosses of the coin is 1/(n + 1).

We are now going to prove this using an approach known as mathemat-
ical induction. That is to say we are going to do the following:

1. Prove that if it is true for n tosses of a coin it is true for n + 1 tosses.

2. Prove that it is true for one toss.

Nowifpoint 1 is true thengivenpoint 2 it alsoholds for two tosses of a coin
fromwhich it follows that itholds for three tosses andhence for four tosses
and so forth. Is the principle of this clear? Let us proceed to the proof.
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Suppose that the theorem is true and we have tossed a coin n times and
observed X heads, where X (obviously) is a number less than or equal to n.
The theorem says that the probability of obtaining X heads is 1/(n + 1).
For example, if X is any number between 0 and 7 and n is 7, the proba-
bility of X is 1/8. Now consider first a special case: that of obtaining n + 1
heads in n + 1 tosses. To obtain this we must have had n heads in the first
n tosses. Laplace’s law of succession says that the probability that the next
toss comes up heads is (n + 1)/(n + 2). However, we have just said that we
aregoing toassume thatour theoremholds, fromwhich it follows that the
probability of the first n tosses being heads is 1/(n + 1). If we multiply this
by (n + 1)/(n + 2), we obtain the probability that the first n tosses are heads
and so is toss n + 1. The answer is 1/(n + 2). But this is just the answer from
our theorem with n + 1 substituted for n. Hence, in this special case, if the
theorem holds for n it holds for n + 1. The case of no heads (n + 1 tails) can
be dealt with identically by replacing the word ‘heads’ with ‘tails’ in the
above and vice versa.

Now let us consider the more general case of how we can get X heads in
n + 1 tosses of a coin where X is greater than zero and less than n + 1. Well
clearlyweeitherhaveX− 1heads in thefirstn tosses andthenobtainahead
on toss n + 1 or we have X heads in the first n tosses and then obtain a tail.
Consider the second situation. Given that we have X heads in n tosses, we
clearly have (n−X) tails. Laplace’s law of succession says that the probabil-
ity of the next toss being a tail is [(n−X) + 1]/(n + 2). The probability of the
first n tosses showing X heads and the next toss showing a tail is thus the
product of this probability and the value of 1/(n + 1) that we are assuming
from the theorem. This product is thus [(n − X) + 1]/ [(n + 1)(n + 2)]. On the
other hand, if we have X − 1 heads so far, then Laplace’s law of succession
says that the probability of the next toss being a head is [(X −1) + 1]/(n + 2)
and when we multiply this by the assumed probability of 1/(n + 1) we get
X/[(n + 1)(n + 2)]. Adding the two probabilities together and noticing that
the X terms cancel we obtain (n + 1)/[(n + 1)(n + 2)] = 1/(n + 2). Note that
this answer does not depend on X. In other words it is the same however
many heads are specified to be obtained.

Wehavenowsecured thefirst part of ourproof, namely that if the theo-
rem holds for n tosses it holds for n + 1 tosses, for, starting with the proba-
bility of 1/(n+ 1) forn tosses,weobtain 1/(n+ 2) forn+ 1 tosseswhich is the
same formula with n + 1 substituted for n. The second part of the proof is
trivial. We prove it is true for n = 1. But Laplace’s law of succession simply
yields 1/2 for the probability of ‘heads’ on the first toss of a coin and also
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1/2 for ‘tails’. These are the only two possible sequences, each is equally
likely and, since n = 1, then according to our theorem, the probability of
each is equal to 1/(n + 1) = 1/2. Hence our theorem is proved.

Now return to the problem with ten tosses. The theorem says that your
probability of obtaining ten heads in a row is 1/11 and that your probability
of five heads in any order is also 1/11. But, there are 252 ways that we can ob-
tain five heads in any order, only one of which is the alternating sequence
head, tail,head, tail, etc. so thatyourprobabilityofobtainingthis sequence
is not the same as your probability of obtaining the sequence of ten heads,
the ratio of the latter to the former probability being 252.

The bliss of ignorance

This may seem rather surprising. If we know the coin is fair, the probabil-
ities of the two sequences arising are equal. If we know nothing about the
coin, Laplace says our probabilities vary by a ratio of 252 to 1. It is impor-
tant to appreciate, however, that this result relies on assuming that every
possible probability for the coin is equally likely. This was mentioned in
Chapter 2, although we did not prove it. However, we are now in a better
position to understand it.

Imagine that we toss the coin 999 998 times and we intend to apply
Laplace’s law of succession to the probability of obtaining a head. Now
consider the probabilities that we will issue for the result of tossing the
coin the 999 999th time. Remember that to apply Laplace’s law we imag-
ine we already have observed one head and one tail before we start, to
which we add the observed results using the ratio as our probability. Thus
the lowest possible probability we will issue will be 1/1 000 000 (if we have
had no heads) and the highest will be 999 999/1 000 000 (if we have had
999 998 heads). The other possible values are the 999 997 values that lie at
intervals of 1/1 000 000 between these two. Laplace’s rule also implies that
each of these 999 999 values has equal probability.

Nowsuppose thatwe are required tobet at thebeginning as towhether
our probability statement for the 999 999th toss once we have completed
999 998 will be less than or equal to some given value q, where q lies be-
tween 0 and 1. Laplace’s rule tells us that this probability must be very
close to q. In fact it can differ from q by no more than 1/1 000 000, this dif-
ference depending upon how close to one of the exact possible probability
values q is.
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If we are worried about this possible discrepancy of 1/1 000 000 we can
let the number of tosses grow to a billion, a thousand billion and so forth.
If we use Laplace’s rule, our forecast at the beginning of the series as to
whether we will issue a probability statement at the end that is less than
or equal to q will be extremely close to q, whatever the value of q is. How-
ever, we are Bayesians. We do not need Laplace’s rule to issue probability
forecasts; we can use introspection instead. The result of this introspec-
tion will be to assign a value of q to the probability that we will forecast q
or less for all possible q at the end of our 1000 billion tosses, only if we re-
gard every value of q as equally likely. Hence Laplace’s rule corresponds to
this equiprobable position, the position of prior ignorance.

With all this coin-tossing, the reader’s head will be spinning. It is time
for another historical diversion. We pause to look at David Hume and
his challenge to philosophy, science and statistics in order to consider
whether Laplace answered it.

The man who woke up Immanuel Kant

He said what Kant did, trying to answer Hume (to whom I say there is no

answer), was to invent more and more sophisticated stuff, till he could no longer

see through it and could believe it to be an answer.

J. E. Littlewood1

Whereas James Bernoulli and Thomas Bayes were unfortunate enough
to die before their masterpieces were published, the Scottish philosopher
David Hume (1711–1776) managed the unhappy trick of seeing his mas-
terpiece die as it was born. ‘Never literary attempt was more unfortunate
than my Treatise of human Nature. It fell dead-born from the press . . .’.2

However, the thump of his baby as it landed in its coffin was heard some
years later in Königsberg, where it woke Immanuel Kant from his dog-
matic slumbers. No doubt, many a student since has wished that Hume
had let sleeping fogs lie.

Hume’s masterpiece was published in 1739–1740. Considering that
Hume confessed that love of literary fame was his main motivation in
writing, its reception must have been particularly galling. Worse was to
follow. Hume applied for the Chair of Ethics and Pneumatical Philosophy
inEdinburgh.Theblowof this failedapplicationappears tohave takenthe
wind out of his sails and he abandoned writing for a while, becoming in
turn a tutor to a mad nobleman, the Marquess of Annandale and secretary
to General St Claire.3
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Hume eventually re-worked his masterpiece, in a slimmer form as An
EnquiryConcerningHumanUnderstanding, 1748, thathewas later to regardas
being the superior expression of his thought. Modern philosophers have
not always agreed. However, it was in this latter form that Kant came to
readhim.Hume is now regarded as one of the greatest philosophers of the
eighteenth century so that he has achieved a posthumous, or even post-
Humes, fame of the sort he desired.

The other form of induction

Mathematical induction, which we used to prove our theorem, is a form
of reasoning which makes many uneasy but which is generally accepted
by mathematicians as being sound. The reason we are uneasy is that it in-
volves a form of arguing from the particular to the general. The reason it
is sound is that we provide a rule that we can see will enable us to produce
any particular case amongst the infinity that we call general.

Consider another example. The formula for the sum of the first n
integers is n(n + 1)/2. Assume it is true. Add the next integer, n + 1. The
combined sum is now n(n + 1)/2 + (n + 1) = {n(n + 1) + 2(n + 1)}/2 =
(n2 + 3n + 2)/2 = (n + 2)(n + 1)/2, which is the same formula as before but
with n + 1 substituted for n. Hence if the formula is true for the first n in-
tegers it is true for the first n + 1, in which case it would hold for the first
n + 2 and so ad infinitum. But substituting n = 1 we obtain 1(1 + 1)/2 = 1,
so the formula is true for this case and hence for all the others. What we
have done is to show that we can always construct a higher step in a ladder
of logic and that we can also take the first one; hence, we can climb to any
desired height.

Of course, the readerwill no doubt remember that there is amuch sim-
pler proof of this formula. Take the first n numbers and write them in as-
cending order. Now write them in descending order in a line below and
add them together thus:

Ascending 1 2 3 4 5 6 7 . . . n

Descending n n − 1 n − 2 n − 3 n − 4 n − 5 n − 6 . . . 1

Total n + 1 n + 1 n + 1 n + 1 n + 1 n + 1 n + 1 n + 1

There are n such sums equal to n + 1, so that the total of these sums is
n(n+ 1). But sincewehavewrittendown thenumbers twice, the answerwe
seek ishalf of this and isn(n+ 1)/2,which is the formulawehadpreviously.
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However, reassuring as this may be, it is not the point. If our proof by
induction were the only proof we had, it would suffice.

Suppose, however, that instead I had offered you the following ‘proof’.
Applying the formula when n = 1, I obtain 1, which is the right answer.
Applying it to n = 2, I obtain 3, which, since 1 + 2 = 3, is the right answer.
Again, applying it to n = 3, I obtain 6, which, since 1 + 2 + 3 = 6, is the
right answer and so forth. I carry on for a long while in this vein obtaining
answers that always confirm the formula. Eventually we all get exhausted
and agree that the formula is correct.

This is clearly not good enough by the standards of mathematical
proof. On the other hand, to the extent that we regard scientific laws as
having been proved, they seem to have been proved in this sort of way. We
propose a law and find that when applied under all sorts of circumstances
it predicts the phenomena we observe and it doesn’t make any false pre-
dictions so we assume that it is true. This is called scientific induction.

It is Hume’s realisation that induction is problematic that is responsi-
ble for his own induction into the philosopher’s pantheon. As Hume puts
it, ‘The idea of cause and effect is deriv’d from experience, which present-
ing us with certain objects constantly conjoin’d with each other, produces
such a habit of surveying them in that relation, that we cannot without
a sensible violence survey them in any other.’4 But, as Hume shows, this
habit of association is not logical. Hume’s paradox of induction can be
expressed like this.

1. Scientific knowledge is acquired by rational means only.

2. Induction is necessary for acquiring scientific knowledge.

3. Induction is not rational.

Each of these statements appears plausible taken alone. However, they are
an incompatible set. This is the paradox of scientific induction.

Baron reasoning

Does Baron Laplace have the answer? Perhaps his law of succession can
come to the rescue. In fact, Laplace famously, and perhaps not entirely se-
riously, calculated theprobability that theSunwould rise tomorrowbased
on it having risen so far for a number of years.5

Return to our formula for the sum of the first n numbers. Clearly the
formula applies in some cases and we have found none in which it does
not apply. Suppose we have tried it out for 100 different values of n and
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suppose that we consider that before having tried any values whatsoever,
the probability that the law would hold in any one case could be described
by the principle of insufficient reason. Laplace’s law of succession says
that the probability that it applies to the next case we shall encounter is
101/102. This seems fairly large, and although it is less than satisfactory in
theparticular context ofmathematics, perhaps in the context of empirical
science it will do. We can never be absolutely certain but we can be pretty
certain given a large case of positive instances of the law applying and no
counter-examples.

Thereare twoseriousproblemswith thispointofview.Toexplainwhat
the first is, we divert to consider a famous Bayesian.

Sir Harold Jeffreys (1891–1989)

Harold Jeffreys was born in Fatfield County Durham, a village that is as-
sociatedwith themedieval legendof the LambtonWorm.6 Having already
obtained an ordinary degree from a college of Durham University he went
to Cambridge in 1910 to read mathematics where he attended St. John’s.
He graduated a Wrangler in 1913, the year after R. A. Fisher.7 Apart from
a brief rainy spell at the Meteorological Office, 1917–1922, he spent all of
his very long and sunny career at Cambridge. His interests covered geo-
physics, astronomy and hydrodynamics but also probability theory and
scientific inference, andwere thusvery similar,makingdueallowances for
a difference of nearly two centuries, to those of Daniel Bernoulli.

Jeffreys’s considerable reputation depends not only on his contribu-
tion to statistics but also on his work as a geophysicist, although in this
context, he is often unfortunately remembered for his opposition to the
theory of continental drift. (R. A. Fisher, who knew Jeffreys well and was
on cordial terms with him despite differing in his views on statistical in-
ference, was an early believer in continental drift.8) Jeffreys’s importance
to statistics rests on his book, Theory of Probability, first published in 1939.

In statistical matters, Jeffreys was a Bayesian, and at a time when this
was very unpopular due to the spectacular advances that R. A. Fisher and
subsequently Jerzy Neyman and Egon Pearson had made in the 1920s and
1930s in developing the frequentist theory. Jeffreys’s statistical reputa-
tion has grown rapidly since the 1960s as Bayesian methods have become
more popular and this despite the fact that his own particular approach,
although technically very interesting and on occasion useful, is increas-
ingly regarded as philosophically unsound, even by Bayesians.
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Jeffreys tried to develop the Laplacian form of Bayesianism. That is to
say that although he regarded probability as a degree of belief and con-
sidered that such belief should be updated in the light of evidence using
Bayes theorem, he nevertheless felt that scientists ought to agree on their
beliefs. Thus his subjective probabilities were close to being objective.

The Jeffreys objection∗

Nothing comes of nothing

Shakespeare, King Lear

In an article entitled, In praise of Bayes, that appeared in The Economist
in September 2000, the unnamed author tried to show how a newborn
baby could, through successively observed sunrises and the application
of Laplace’s law of succession, acquire increasing certainty that the Sun
would always rise. AsTheEconomistput it, ‘Gradually, the initial belief that
the Sun is just as likely as not to rise each morning is modified to become
a near-certainty that the Sun will always rise’.9 This is false: not so much
praise ashype.TheEconomisthadconfused theprobability that theSunwill
rise tomorrow with the probability that it will always rise. One can only
hope this astronomical confusion at that journal does not also attach to
beliefs about share prices.

The importance of this distinction and a difficulty with Laplace’s law
of succession that it raises were pointed to by Jeffreys and is why we are
interested in him here. Return to the value of 101/102 that we obtained for
the probability, having had 100 successful instances and no failures, that
the next time we tried to apply the law for the sum of the first n integers
it will work. This, however, is the probability that it works once (that is to
say next time), not the probability that it will always work. How can we
calculate the probability that it will always work?

If Laplace’s law of succession applies the answer is, ‘very simply’. Take
the problem of coin tossing and consider, for example, the probability be-
fore undertaking the first toss, that the first n tosses of a coin will come up
heads and then thenextmwill comeupheads.This is simply theprobabil-
ity that thefirstn+m tosseswill shown+mheads and,usingour theorem
from earlier in the chapter, must be 1/(n + m + 1). However, this event is of
course a joint event, the two constituent events being, ‘the first n tosses
are heads,’ and ‘the next m tosses are heads’. Call the first of these events,
A and the second, B.Wehave thus established that P(A&B)= 1/(n+m+ 1).
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But P(A) is the probability that the first n tosses are heads and, using
our theorem again, equals 1/(n + 1). Now we can use Bayes theorem10

to calculate the probability of B given A as P(B | A) = P(B & A)/P(A) =
[1/(n + m + 1)]/[1/(n + 1)] = (n + 1)/(n + m + 1).

What we have calculated is the probability that the next m tosses will
be heads given that the first n were. Note that if m = 1, the probability is
(n + 1)/(n + 2), which is, of course, Laplace’s law of succession, as it should
be. The problem, however, which Jeffreys noted is this. Suppose that we
have observed a large number of heads and no tails. This formula now ap-
plies and n is large. Although the probability that the next toss will be
a head is close to one, to find the probability that all future tosses will
show a head we have to let m grow to infinity and this makes (n + 1)/
(n + m + 1) approach zero. In other words the probability of this event is
effectively zero. This may seem not unreasonable when tossing a coin but
whenapplied to a scientific law itmeans thathowevermany timeswehave
seen it verified, the probability of its being true is zero.

It thus seems that Laplace does not answer Hume. Jeffreys has a
‘solution’ to the problem. This is that we have to abandon the uninforma-
tive prior that led to the law of succession. This is the origin of the prob-
lem. If this applies, each probability a priori of the coin showing heads
is equally likely. This means that the probability that this probability is
greater than 9/10 is 1/10. The probability that it is greater than 999 in a thou-
sand is 1 in a thousand, than 999 999 in a million is 1 in a million and so
on. Obviously this implies that the probability that the probability is ex-
actly 1 is (effectively) zero. In the contextof science, touse this formofprior
implies that every scientific law has probability zero a priori. No amount
of evidence can overcome this degree of scepticism. Jeffreys’s solution (in
the context of coin tossing) is that we have to take some of the probability
we would otherwise have smeared evenly over the interval 0 to 1 and place
lumps of it at each end (and possibly in the middle).

As Jeffreys puts it, ‘Any clearly stated law has a positive prior proba-
bility, and therefore an appreciative posterior probability until there is
definite evidence against it’.11 With the dual devices of assigning positive
prior probability to simple prior statements such as ‘this coin is fair’, ‘this
coin always showsheads’, ‘this coin always shows tails’ anduninformative
priors for remaining cases, Jeffreys hoped to rescue Laplace’s programme
from its difficulties. However, Bayesians with a greater enthusiasm for a
more radically subjective view of probability were pointing to a problem,
the second of the two difficulties to which we earlier alluded.
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The subjectivists

A foolish consistency is the hobgoblin of little minds

Emerson

Jeffreys’s programme was to develop a calculus of probability which,
whilst recognising that probability was a measure of belief, showed how
increasing evidence would force a consensus of belief that was effec-
tively objective. However, others were working on a more radical form of
Bayesianism that denied even this necessary degree of convergence. Some
very brief sketches are included here of some of the main figures.

Frank Ramsey (1903–1930) whose father became President of Mag-
dalene College and whose younger brother was to become Archbishop
of Canterbury was educated at Winchester and Cambridge.12 Although
he died aged only 26 (of jaundice) he had already been making impor-
tant contributions to mathematics, philosophy and economics when an
undergraduate and had helped to translate Wittgenstein into English.
In his essay Truth and Probability (1923), Ramsey demonstrates a rela-
tionship between utility and probability. A key concept he develops is
that which he calls consistency and which modern Bayesians, following de
Finetti, call coherence. What Ramsey shows is that although there may be
no particular reason why two persons should agree in assessing the prob-
ability of events, nevertheless their assessments of sets of eventsmust obey
certain axioms. As he put it, ‘If anyone’s mental condition violated these
laws . . . He could have a book made against him by a cunning better and
would then stand to lose in any event’.13

This particular argument is sometimes referred to as the ‘Dutch
book argument’. The American mathematician and statistician Jimmy
Savage (1917–1971) later developed similar approaches. Savage was at
Chicago, a university with an extremely powerful school of economics
and which has been very influential in promoting exchanges of ideas be-
tween economists and statisticians. Savage himself collaborated on vari-
ous papers with Milton Friedman, who was a statistician at one time, and
his subsequent statistical thinking was strongly influenced by economic
theories of utility. What Savage succeeded in doing was to relate probabil-
ity to utility and vice versa by grounding them both in a theory of rational
decision-makingbasedupon the idea of coherence.14 In Savage’s approach
an individual will (or ought to) act so as to maximise his or her expected
utility. This requires personal probability and utility assessments. These
may differ from individual to individual but must be coherent. Although
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he started out in the frequentist tradition, Savage was later to develop the
extreme form of Bayesianism that only subjective probabilities existed,
which he shared with de Finetti.

An important collaborator of Savage’s was the British mathematician
and statistician Dennis Lindley. Lindley was born in south London in
1923 and read mathematics at Cambridge where he eventually headed the
statistical laboratory before taking up a chair at Aberystwyth. He sub-
sequently held the Chair of Statistics at University College London in
Karl Pearson’s old department before taking early retirement in 1977.15

Lindley started out in the frequentist tradition but, in an influential and
productive statistical life, has had two dramatic conversions. First, to a
general adoption of the Bayesian paradigm. Second, to a renunciation of
the semi-objective approach of Jeffreys when logical difficulties with this
were revealed inan importantpaperbyDawid, StoneandZidek.16 Lindley
hadbeen a relentless critic of frequentist procedures, pointing out bizarre
features of this school of inference.

A more moderate position was held by I. Jack Good (1916–), born
Isidore Jakob Gudak, son of an immigrant London shopkeeper.17 Good
was at Jesus College Cambridge before the War, completed a Ph.D. un-
der the famous mathematician G. H. Hardy and later worked for Alan
Turing in thecode-breakingunit atBletchleyPark.Goodwasoneof thepi-
oneers in the field of computing but has also claimed that he was the only
Bayesian attending Royal Statistical Society meetings during the 1950s.
Good accepts that objective probabilitiesmay exist butholds that they can
only be measured with the aid of subjective probabilities.

Fascism and probability

The most extreme subjectivist view of statistical inference, however, was
proposed by the Italian actuary and mathematician Bruno de Finetti
(1906–1985). According to de Finetti, a serious cause of error in our think-
ing is the ‘inveterate tendency of savages to objectivize and mythologize
everything’.18 (Not to be confusedwith the inveterate tendency of Savage’s
to subjectivise and psychologise everything.)

de Finetti was born in Innsbruck of Italian parents. He studied math-
ematics in Milan, graduating in 1927. After work at the National Insti-
tute of Statistics in Rome he moved to Trieste where he worked for an in-
surance company from 1931 to 1946, subsequently moving back to Rome
where he held Chairs in economics and then probability at the University.
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In a bizarre paper of 1931 entitled ‘Probabilismo’, he expresses not only
his hatred of ‘objective’ probability but also of realists in general and the
thrill he felt inOctober 1922 at the Fascist triumph.As heputs it in ending
his paper, ‘Those delicious absolute truths that stuffed the demo-liberal
brains! That impeccable rational mechanics of the perfect civilian regime
of the peoples, conforming to the rights of man and various other immor-
talprinciples! It seemedtomeI couldsee them, these ImmortalPrinciples,
asfilthy corpses in thedust.Andwithwhat conscious and ferociousvolup-
tuousness I felt myself trampling them, marching to hymns of triumph,
obscure but faithful Blackshirt’.19

Although he spoke German and French in addition to Italian, de
Finetti’s knowledge of English was poor. He was really ‘discovered’ for
the Anglo-Saxon world by Savage (who would have been horrified by
his politics), who made de Finetti’s important paper on probability20 (in
French) of 1937known to awider audience. A student of Dennis Lindley’s,
Adrian Smith, collaborated to translate de Finetti’s book, Theory of Proba-
bility (1970), into English.

de Finetti and the divergence from convergence

deFinetti’s objection to any theory ofnecessary convergence ofBayesians in
the light of evidence can be simply illustrated with help of a brilliant con-
crete illustration of his which we will modify slightly.21 Suppose that we
consider inspecting a batch of 1000 specimens for quality.We examine 100
items at randomandfind that 15 of themdonotworkbut the specification
says that for a batch of 1000 to be acceptable nomore than 50 shouldbede-
fective.Whatmayweexpect about thenumberofdefectives in the remain-
ing 900? In particular, for example, what can we say about the probability
that the remaining 900 will contain 36 or more defectives, a number that
renders the batch unacceptable?

If we attempt to apply Laplacian reasoning to this problem we might
imagine that we start with some prior probability regarding the number
ofdefectives in thebatchwhichwecanexpress in termsof twovalues a and
b. The ratio of a to (a + b) governs our prior belief in the proportion that is
defective and the total of (a + b) the extent to which our belief is modified
by the evidence. For example, Jones might have a = 0.1, b = 1.9, a + b = 2,
Smith might have a = 1, b = 19, a + b = 20, and Green might have a = 0.5,
b = 19.5, a + b = 20. Their probability assessments that the first item
drawn will be defective are 0.1/2 = 0.05, 1/20 = 0.05, and 0.5/20 = 0.025.
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Applying a Laplacian-type algorithm we add the number defective, 15,
to the numerator and the number examined, 100, to the denominator
of our probability forecasts. Thus as regards the next item examined,
Smith issues 15.1/102 = 0.148, Jones has 16/120 = 0.134 and Green has
15.5/120 = 0.129.

What we can see from this example is that the three Bayesians have
moved close to the observed proportion of 0.15. Admittedly, Smith and
Jones originally agreed perfectly as regards the probability for the next
item examined and now only agree approximately but this is simply be-
cause the facts disagree with their prior opinions and Jones, having held
these more strongly than Smith, has not moved as far away from them.
Ontheotherhand,Green,whodisagreedoriginallywithSmithand Jones,
hasnowmovedmuchcloser to them.As theobservations increase theywill
move closer together.

However, as de Finetti points out there is absolutely no obligation to
use rules of this form. Consider three different cases. Case 1: we believe
that batches are packed from very large production runs that have been
mixed together. Case 2: batches are packed from given runs of particular
machines and these tend to drift badly from their settings from time to
time. Case 3: we think that the product is inspected prior to packing to en-
sure that no more than 50 per batch are defective. This might be the case
where production costs are high, the average proportion defective is close
to that which customers will tolerate and the manufacturer has a ruthless
attitude to its customers.

Suppose that for all three cases we have very strong evidence that the
average proportion defective is 4 per 100. In case 1, the fact that the first 100
had 15 defectives will be regarded as being no more informative about this
batch than about production in general, about which we already have a
firm opinion. Hence it is irrelevant for the remaining 900 and our prob-
ability assessment is unaffected. In case 2, we think that the high rate of
defectives encountered to date is an indication that this is a bad batch.
Hence the probability of any one of the remaining 900 being defective
is increased. In case 3, we think that the fact that there are 15 defectives
in the 100 reduces the probability of any given item of the remaining 900
being defective compared with the prior assessment.

What de Finetti’s example shows is that convergence of opinion is not
necessary for the simple reason that divergence can be perfectly logical. In
other words, de Finetti accepts Hume’s criticism wholeheartedly. There
is no guarantee that we will iterate towards to truth. We simply have to
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issue bets in a way that is coherent. For example if, in tossing a coin, you
believe that the probability that the next toss will show a head is 1/2 and
that thenext two tosseswill showahead is 1/3, thenhavingobtainedahead
on the next toss your probability that the second toss will be a head is 2/3.
This follows simply from the rule required for coherent betting. The joint
probability is the product of the marginal probability and the conditional
so that 1/3 = 1/2 × 2/3. It may be that the world is so constructed that such
coherent betting also resonates with the way that laws of nature unfold.
This would, indeed, be regarded as a reasonable belief by de Finetti but
nothing requires it.

We now leave the Bayesians, to consider two non-Bayesians: first the
statistician Jerzy Neyman and then the philosopher Karl Popper.

The man who was not interested in inferences

JerzyNeyman (1894–1981)wasbornofPolishparents inBendery, thenpart
of the Russian Empire and now in Moldova. In 1912 he entered the Uni-
versity of Kharkov to study Physics and Mathematics. During a period
of post-war hostility between the newly established Poland and Russia,
Neyman was interned. It seems that one of his professors had a beauti-
ful ballet dancer for a daughter who got involved with a Polish spy22 and
Neymanwasdamnedbyassociation. In 1921 anexchangeofprisoners took
place and Neyman went to Poland for the first time.23 In 1923 he obtained
a Ph.D. from the University of Warsaw on probabilistic problems in agri-
culture: the field (it seems the most appropriate word in the context) that
was also claiming the attention of R. A. Fisher.

Neymanobtained apostdoctoral fellowship to studywithKarl Pearson
inUniversity College London in 1924. From 1925 onwards,Neymanbegan
an important collaboration with Egon Pearson (1895–1980), son of Karl.
Theirwork togetherbegan inaperiod inwhichKarlPearson’sdomination
of the biometrics world was being increasingly challenged by the rapid
advances in statistics that R. A. Fisher had been making at Rothamsted.
Fisher had vastly extended the application of tests of significance and had
also, as was discussed in Chapter 2, proposed the concept of likelihood.
Neyman and Pearson were to discover an important connection between
the two that will be discussed below in due course.

In 1934 Karl Pearson retired and his inheritance at UCL was divided be-
tween Egon and R. A. Fisher, the former taking over biometrics and the
latter genetics. Neyman, who had been in Poland between 1928 and1934,
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returned to UCL to join Egon. There was soon to be a falling out with
Fisher. In 1935 Neyman read a paper on ‘Statistical Problems in Agri-
cultural Experimentation’ to the Royal Statistical Society which cor-
rected certain supposed errors of Fisher in dealing with the analysis of
Latin squares. It was not obvious at the time but in fact Neyman was
using a different (and less realistic) model to Fisher. The relationship of
these two giants of twentieth century statistics never recovered from this
disagreement.

In 1938,NeymanmovedtoBerkeley inCaliforniawherehewas to spend
the rest of his life. Mathematical statistics as practised in the USA in its
frequentist form can be largely regarded as being the school of Neyman.

Of lemmas and dilemmas∗

Which of your Philosophical Systems is any more than a dream-theorem; a net

quotient, confidently given out, where divisor and dividend are both unknown.

Carlyle, Sartor Resartus

In a series of papers starting in 1928, Neyman and Pearson (NP hereafter)
considered the followingproblem: given that therewere anumber of tests
of significance that might be applied to a given problem how could one
choose between them? The answer turned out to be related to Fisher’s
likelihood.

NP considered the extension of significance testing from being that of
deciding whether or not to reject a null hypothesis to being that of choos-
ing between a null and an alternative hypothesis. In a medical context the
null hypothesis might be that a drug had no effect of blood pressure and
the alternative that mean blood pressure was lowered, the distribution of
blood pressure being otherwise unaffected. NP considered two types of
error. An error of the first kind, committed by falsely rejecting the null
hypothesis, and an error of the second kind committed by falsely reject-
ing the alternative hypothesis. In general, as the probability of one sort of
error decreases the probability of the other increases.

Using this framework the following operational interpretation of sig-
nificance tests could be given. If you have the habit of carrying out signifi-
cance tests at (say) the 5% level, youwillmakea type I error in5%of all cases
when the null hypothesis is true. (You will obviously never make such an
error when the null hypothesis is false.) NP then considered what would
happen if, accepting a given type I error rate such as 0.05, one attempted
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to minimise the type II error rate or equivalently attempted to maximise
one minus this rate, which they called the power of the test.

What NP showed in a famous ‘lemma’, was that an ‘optimal’ test (that
is to say, most powerful for a given type I error rate) would satisfy a partic-
ular condition in terms of the likelihood.24 One must consider all possible
samples that might arise. A statistical test is a calculation based on such
samples. The result of the calculation is either to accept or reject the null
hypothesis. Hence, any given test can be characterised by saying which
samples would lead to rejection and which to acceptance. For each pos-
sible sample the ratio of the likelihood under the alternative to the like-
lihood under the null should be calculated. This ratio provides a means
of ranking the possible samples. Those with high values of the ratio give
more support to the alternative hypothesis; those with low ratios give less
support. What NP showed was that an optimal test is then one that satis-
fies the following condition: all the samples that would lead to rejection
must have a higher ratio of the likelihood than all those which would lead
to acceptance. The precise value of the ratio that defines the demarcation
between acceptance and rejection must be chosen so that the type I error
rate is of the requisite size that is to say less than or equal to the tolerated type I
error rate.

Consider a coin tossing example. We wish to test the null hypothesis
that the coin is fair against the alternative that the coin has a 0.2 prob-
ability of showing ‘heads’ and we are to toss the coin eight times and
use a 5% level of significance. Consider a particular sequence of results,
HTTTTHTT, where H = head and T = tail. The likelihood under the al-
ternative hypothesis is obtained by multiplying the probability of a head
(0.2) by that under a tail (0.8) by 0.8 again and so forth to obtain

0.2 × 0.8 × 0.8 × 0.8 × 0.8 × 0.2 × 0.8 × 0.8 = 0.22 × 0.86 = 0.0105.

A little thought makes it clear that this likelihood is the same for all se-
quenceshaving the samenumber of heads and, if k is this number, is equal
in general to 0.2k0.8(8−k). On the other hand, the likelihood under the null
hypothesis is 0.58 = (1/2)8 = 1/256 = 0.0039 for every sequence. The ratio of
these two likelihoods is 2.68. Inotherwords, theobserved sequence is 2.68
times as likelyunder the alternative asunder thenull hypothesis. Table 4.1
calculates for every possible value of the number of heads k, the number of
sequences s (obtained using Pascal’s triangle or the formula), the proba-
bility under H0 of obtaining that number of heads p(k), the probability of
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Table 4.1. Probabilities and ratios of
likelihoods for a coin-tossing example.

k s p(k) p(≤k) λ

0 1 0.0039 0.0039 42.950
1 8 0.0312 0.0352 10.737
2 28 0.1094 0.1445 2.684
3 56 0.2188 0.3633 0.671
4 70 0.2734 0.6367 0.168
5 56 0.2188 0.8555 0.042
6 28 0.1094 0.9648 0.010
7 8 0.0312 0.9951 0.003
8 1 0.0039 1 0.001

Total 256 1.000

obtaining that number or fewer of heads, p(≤k) and the ratio of
likelihoods, λ.

What the NP lemma says is that if we want a test with a type I er-
ror rate of 0.0312 that is as powerful as possible, then we should reject
the null hypothesis whenever one of the nine sequences corresponding
to k = 0 or k = 1 is observed. If instead, for example, we rejected the null
hypothesis whenever k = 0 or k = 7, we would have a test with the same
type I error rate but this would not be as powerful against the given alter-
native. Equivalently, the test can be based upon the statistic which corre-
sponds to the number of heads and if (in this case) this statistic has a value
of 1 or less, the null hypothesis should be rejected. The NP lemma thus
provides a way of choosing statistics, associated tests and rules of rejec-
tion based upon requirements of size and power. This seems to remove an
unwelcome arbitrary element.

However, a number of problems remain. For example, we originally
stated that we want a test of size 5%, not 3.12%. Then common sense seems
to dictate that we should probably stick with the test we already have and
accept the fact that it is conservative; that is to say accept that the type I
error rate will be less than 5%. However, suppose that I adopt the follow-
ing strategy. If k = 1 or less I reject the null hypothesis; if k is 3 or more I
accept it. However if k = 2, I get my computer to generate a random num-
ber between nought and one.25 If this random number is less than 0.135,
I reject the null hypothesis. If the null hypothesis is true, the probability
that we will reject it is now the probability that k = 1 or less plus the prob-
ability that it will equal 1 and that the random number will be less than
0.135. This total probability is 0.0352 + 0.135 × 0.1094 = 0.05 as required.
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This manoeuvre seems absurd but the test now has the requisite type I
error rate and greater power than it did before. If these are the only
two requirements that drive the logic of the test this modification seems
unobjectionable.

A further difficulty is that our unmodified test corresponds to accept-
ing anything with a ratio of likelihoods of less than 10.74 in favour of
the alternative hypothesis as being inadequate to support rejection of the
null. However, if we increase the sample size whilst retaining the type I
error rate it then turns out that the critical ratio gets smaller and smaller.
Eventually, a situation can be reached where the null hypothesis will be
rejected even though the ratio is less than unity (that is to say against the
alternative).

Finally, consider the behaviour of a statistician who intends to carry
out a series of hypothesis tests on similar questions and wishes to control
the average type I error rate over the series (rather than for each test)whilst
maximising the power. How should (s)he behave? It turns out that (s)he
should carry out tests in such a way that the same critical ratio of likeli-
hoods is maintained in the series of tests.26

These considerations tend to suggest that the common interpretation
of the NP lemma, namely that the size and power requirements are fun-
damental and that the likelihood is the means of optimising power for a
given size, are back to front. It is the likelihood requirement that is funda-
mental, and thepowerproperty is an incidental bonus.This subtle change
inviewpoint requiresnoalteration to theNP lemma,which,beingamath-
ematical object, is indeed ‘correct’. It does, however, lead to a quite dif-
ferent attitude to hypothesis testing: one which places likelihood at the
centre.

This is not a view, however, that Neyman himself would endorse.
Neyman regarded the problem of inference as misstated. You could never
know anything was true; you couldn’t even have a belief in its truth. Its
truth, or otherwise, was independent of you. All you could do was de-
cide to behave as if it were true or false. The theory of hypothesis testing
controlled your errors in so doing.

Karl Popper (1902–1994)

Karl Popper was born in Vienna of Jewish parents who had converted
to Lutheranism before his birth.27 His father was a Doctor of Law at
the University of Vienna. After studying mathematics and physics at the
University, during which time he was also apprenticed to a carpenter,
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Popper worked as a secondary school teacher. In 1937 Popper, escaping
Nazi persecution, emigrated to New Zealand where he had accepted a
lectureship in Canterbury University College, Christchurch.

In 1945, after a helpful intervention by Hayek, Popper published his
brilliant critical analysis of totalitarianism, TheOpen Society and its Enemies.
This is one of the great books of the twentieth century and was to at-
tract considerable criticism, not only for its attack on a then fashionable
Marxism but for its even more hostile examination of Plato’s Republic.

In 1946, again after the helpful intervention of Hayek, Popper was ap-
pointed a reader at the London School of Economics where he was to re-
main until his retirement. Popper is of interest to us here, however, for
two reasons. First his propensity theory of probability and secondhis pro-
posed falsificationist solution to Hume’s theory of induction. The former
theory claimed that probability was not a long-run relative frequency as
(say)Neymanwouldmaintain, nor adegree of belief as (say) Jeffreyswould
maintain, nor non-existent (as de Finetti would sometimes claim) but a
tendency inherent in the properties of the system being studied: radioac-
tive sources, dice, turbulent flow, and so forth. Whatever difficulties there
may be with this theory, many statisticians behave as if this were true,
especially when building statistical models.

Popper’s approach to Hume’s problem of induction was more radical.
It was to point out that universal laws could not be proved but they could
be disproved. Instead he suggested that the body of statements that made
up scientific theories were precisely those that led to predictions that (if
they did not occur) could prove the theories false. Science was thus a body
of theories that were in principle falsifiable and it was the scientist’s task
to submit his/her theories to stringent tests in order that those that were
false could be exposed as such.

Popper’s approach is thus a philosophical system that appears super-
ficially compatible with the NP system of hypothesis testing. In fact the
NP approach as commonly applied is incompatible with Popper’s system.
The reason is that within the NP system the choice of null and alterna-
tive hypotheses is largely arbitrary. Consider bioequivalence testing. This
is a field in which we try to show that two formulations of a pharmaceu-
tical are the same by comparing their concentration time profiles in the
blood, having given them to healthy volunteers who are then sampled
frequently. It is usual to adopt the null hypothesis that the two formula-
tions are different to a given degree (an amount that is just ‘relevant’) and
‘disprove’ this hypothesis in order to be able to assert the alternative
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hypothesis that they differ by no more than an irrelevant amount. The
analogy would be to attempt to deal with Hume’s problem of induction
by declaring a scientific theory was false and then proving by contradic-
tion that it was true. However, by this device all we could ever hope to do
would be prove that it was not false in a given circumstance or set of cir-
cumstances, not that it was always true.

In fact, Popper’s philosophical system is more like that of Fisher, who
only allowed certain types of statement to fill the role of null hypothesis.
However, there is another surprising and curious parallel and that is to
de Finetti. Popper was a believer in objective and de Finetti in subjective
knowledge but they had many views in common. (Politics excepted!) For
example both admired Hume and both were critical of Plato (de Finetti
much more so than Popper). Which of the two wrote this, ‘The acquisi-
tionof a furtherpiece of information,H – in otherwords experience, since
experience is nothing more than the acquisition of further information –

acts always and only in the way we have just described: suppressing the al-
ternatives that turn out to be no longer possible . . .’?28 This piece of pure
falsificationism is in fact de Finetti and not Popper.

Where does this leave us?

If I knewtheanswer to this Iwouldbe inaposition to issue a theory to rival
those of de Finetti, Jeffreys, Neyman or Fisher. I am not. I finish instead
with some personal remarks.

1. I consider that of all the various statistical theories of inference the sin-

glemost impressive in the senseof apparently formingacoherentwhole

is de Finetti’s.

2. However, I believe that de Finetti’s theory is not enough. In particular it

seems impossible to apply for any length of time and the scientist will

notwant togiveup thepossibility of saying ‘back to thedrawingboard’,

a statement that the theory forbids.

3. I speculate that a fuller theory will have to incorporate elements of both

the falsificationist view of Popper and the subjective probability system

of de Finetti.29

4. In the meantime the practising statistician can do no better than fol-

low George Barnard’s injunction to be familiar with the four major sys-

tems of statistical inference; namely; Fisher’s, Neyman’s and Pearson’s,

Jeffreys’s and de Finetti’s.30
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Finally I offer this koan by way of encouraging insight which, if it is not
quite Zen, is at least pure Senn.

The jealous husband’ s dilemma

The jealoushusband fears that hiswife is unfaithful anddetermines to try
to set his mind at ease. He hires a private detective to investigate her. Sev-
eral weeks and large sums of money later, the detective issues his report.
He has followed the wife for weeks, investigated her phone calls and ob-
served her every movement. In an extensive report he explains that there
is no evidence whatsoever that she is having an affair.

The husband is much relieved. His prior doubt has been changed into
posterior belief. He goes to bed with a light heart for the first time in
months. At three o’ clock in the morning he wakes with a frightening
thought . . . suppose his wife is having an affair with the detective?
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Sex and the single patient

He wanted a record of the effect of race, occupation, and a dozen other factors upon

the disease rate.

Sinclair Lewis, Arrowsmith

Splitters and poolers

The world can be divided into those who split and those who pool. For
the former, the devil is in the detail. There is no point in talking about the
effect of a given treatment on patients in general. Patients do not arrive
‘in general’ at the surgery door, they arrive in particular and it is personal
treatment they seek (or at least, this is generally the case). For the latter,
what is applicable to one is applicable to one and all. The world is awash
with chance and contingency. Only by repeated study and by averaging
can we hope to make any sense of it at all.

On the whole, physicians are splitters and statisticians are poolers. Be-
ing a statistician I can make that sort of statement. If I were a physician, I
would have difficulty in saying anything about it at all.

In fact, intermediate positions are possible, and certain statistical ap-
proaches, most notably the Bayesian one, address this explicitly. The
Bayesian approach would be to use one’s prior belief that apparently sim-
ilar things often behave in fairly similar ways. It is a matter of reasonable
belief, for example, that the effect of a treatment is unlikely to be very dif-
ferent when applied to Roman Catholics then when applied to Anglicans.
It may differ rather more in its effects on men and women, although even
here similaritymaybeexpected.Forexample,weshouldbeextremely sur-
prised to find that a treatment that cured athlete’s foot in men would kill
women similarly afflicted.

[91]
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Nevertheless, we know that there can be important differences. For
example, isoniazid, a drug used to treat tuberculosis, is acetylised slowly
by some individuals, a condition that could lead to overdosing and tox-
icity. The distribution of slow acetylisers is different among different
ethnic groups, being more common amongst Caucasians than amongst
Orientals.1 Furthermore, such differences do not need to be genetic.
Grapefruit juice interferes with the elimination of several drugs includ-
ingciclosporin,used in transplantationsurgery, andcarbamazapine,used
in epilepsy. With some drugs the grapefruit effect can lead to a three-fold
increase in the concentration of the drug in the blood with obvious po-
tential for side-effects.2 Since consumption of grapefruit juice is likely to
vary from culture to culture, we here have a possible apparent justifica-
tion for looking at our trial results cross-classified by social class, country,
ethnicity, sex and so forth.

With such potential variety, how are we to make progress at all in dis-
covering the effects of treatment? This is one of the sore puzzles facing the
medical statistician and in this chapter we consider the issues. But before
considering the statistics we consider the politics, because if this has be-
come a hot topic, it is politicians who have provided the heat.

Doctors become patients

The Physicians’ Health Study was bold and imaginative. The originators
wished to investigate the effect of aspirin in a dose of 325 milligrams per
day on cardiovascular mortality and of β-carotene 50 milligrams per day
on cancer. To do this they employed a so-called factorial design. Subjects
were split into four groups as shown in Table 5.1.

Table 5.1. Groups in the Physicians’ Health Study.

β-Carotene

No Yes

No Placebo to aspirin Placebo to aspirin
plus placebo to plus β-carotene
β-carotene

Aspirin

Yes Aspirin plus placebo Aspirin plus
to β-carotene β-carotene
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Factorial designs are a type of studypioneered in connectionwith agri-
cultural experiments by the Rothamsted school of statistics founded by
R. A. Fisher but are perhaps now more closely associated with the name of
his chief disciple Frank Yates than with the master himself. In the statis-
tician’s argot, aspirin and β-carotene are factors and presence (‘yes’) and
absence (‘no’) are levels. Here each of the two factors has two levels and
the study is then referred to as a 2 × 2 factorial experiment. (Had the trial
used ‘no’, ‘low’ and ‘high’ doses of aspirin, this factorwould thenhavehad
three levels.)

The beauty of a factorial experiment is that not only do you get two
or more (depending on the number of factors) experiments for the price
of one, but you can also look at interactions between factors. In this ex-
ample you could study whether the effect of aspirin and β-carotene to-
gether is more or less than the sum of their effects taken alone. How-
ever, this experiment is not quite a factorial experiment in the classical
sense since that would study the effect of the factors on the same outcome
variable. (Typically, in the agricultural context one would study the effect
on yield.) In the Physicians’ Health Study, however, the effects of aspirin
and β-carotene are being studied on different outcomes, cardiovascular
mortality and cancer, and their interaction was not really of interest.

Factorial designs are rarely used in clinical trials, but this relatively
unusual feature was not the main interest of the study. The principal in-
terest of this trial was that the subjects were, ‘22 071 U.S. male physi-
cians between the ages of 40–84 years’.3 The treatmentswereprophylactic
so that the subjects were healthy individuals rather than patients. Using
physicians as the subjects made it possible to achieve high compliance.
The trial was conducted entirely by post and was extremely cost-effective.
Although initiated in the mid 1980s, the subjects in the trial are still
being followed up. However, results to date suggest that that although
β-carotene does not prevent cancer, aspirin is effective in preventing
heart disease.

The raucous caucus

Or is it? That was spoken like a pooler. What would the splitters say?
After all, the subjects in the study were all men. Can the results be ap-
plied to women? This was indeed the question that was posed by various
femalepoliticians in theUS.Outragedby the fact thewomenhadnotbeen
included in the Physicians’ Health Study, the ‘Women’s Congressional
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Caucus’, headed by Patricia Schroeder, a Democrat Representative for
Colorado, and Barbara Mikulski, a Democrat Senator for Maryland, in-
sisted that trials funded by the National Institutes of Health (NIH) had to
beorganised insuchawayas toensureadequate representationofwomen.
As SenatorMikulski laterput itwhenaddressing theUSSenate inOctober
1992, ‘Men and women stood by the congressional women 2 years ago. On
the day when we women marched up the steps of the NIH asking to be in-
cluded in medical studies and cures for repugnant diseases . . . We knew
what the statistics were for men – but no one had ever bothered to look at
the fact that women get heart disease too.’4

As it turned out the claimed neglect was not true but it was widely be-
lieved at the time. In a very careful examination of the literature on clin-
ical trials, Curtis Meinert and co-workers, in a paper published in 2000,
were able to show that women were not being ignored by trialists.5 In
100 455 trials published inUS journals 55% involvedmen andwomen, 12%
involved men only, 11% involved women only and in 21% the policy could
not be determined from the description. For 724 trials published in five
leading journals, the numbers of men and women included were 355 624
and 550 734 respectively. Meinert et al. found no evidence that prior to the
action from the ‘Women’s Caucus’, women had been under-represented
in clinical trials.

But what about the dollar picture? The NIH Advisory Committee on
Women’s Health Issues had prepared a report in 1989. This showed that
expenditure on diseases or condition specifically related to women as a
percentage of total NIH expenditure was 12% and 14% for the fiscal years
1986 and 1987.Thiswasmisunderstoodby some to imply that the88%and
86% was spent on men. In fact, much of the rest of the money was being
spent on issues relevant to both males and females and very little of it was
spent onmen alone. AsMeinert et al. showed, from 1988 to 1998 the yearly
ratio of expenditure females to men was never less than 1.8 (1991) and was
as high as 2.8 (1996).

And finally, what about health itself? Do women do worse than men?
Figure 5.1 shows life-expectancy for both sexes averaged over all races
for the USA from 1940 to 1990. It shows a fact that was known to John
Arbuthnot at the beginning of the eighteenth century. Whatever the
vicissitudes either sex faces from ‘repugnant diseases’, to use Senator
Mikulski’s phrase, women live longer on average than men. It seems that
in terms of one rather important outcome of health, life, women are not
anunderprivilegedunderclass.This isnot say thatunderprivilegedclasses
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Figure 5.1 Life expectancy 1940, 1950, 1960, 1970 and 1975–1998 by sex for all races in
the USA. Source: National Vital Statistics Reports, 2000; 48 (11): 24 July.

do not exist. For example the life-expectancy of whites in the USA is
considerably more than that of blacks. In fact so strong is this dispar-
ity that the life expectancy of black women is scarcely more than that of
white men.

So concerned were the US politicians, however, about the supposed
bias against women that the 103rd Congress devoted valuable time to de-
bate and pass legislation to require the director of NIH to ensure that
trials be ‘designed and carried out in a manner sufficient to provide for
a valid analysis of whether the variables being studied in the trial affect
women or members of minority subgroups, as the case may be differently
than other subjects in the trial’.6 As we shall see however, this require-
ment, if fulfilled, would be disastrous for the conduct of clinical trials.

Power to the people

In designing a clinical trial some attention is usually paid to ensure that
the trial has adequate ‘power’. This is a technical termassociated inpartic-
ularwith theNeyman–Pearson theory of testing forhypotheses and itwas
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covered inChapter4.Theway itworks in thepharmaceutical industry is as
follows. The medical statistician assigned to help design the trial is given
a licence to drive the physician crazy by pestering him or her for ‘the clin-
ically relevant difference’. This mysterious quantity is needed to decide
how many patients to assign to the trial. The more patients that are as-
signed, the greater theprobability that the ‘signal’ fromagiven treatment
effect, to use an analogy from engineering, will be detectable against the
background ‘noise’ of random variation and will allow one to conclude
that the treatment works. This does not happen because increasing the
number of patients increases the signal. It is rather that it reduces the level
of background noise. As our old friend the Marquis de Laplace put it, ‘The
phenomena of nature are most often enveloped by so many strange cir-
cumstances, and so great a number of disturbing causes mix their influ-
ence, that it is very difficult to recognise them. We may arrive at them only
by multiplying the observations or the experiences, so that the strange
effects finally destroy reciprocally each other.’7

This reciprocal destruction of strange effects obeys an inverse square
root law so that, other things being equal, to reduce the noise by a half
youhave toquadruple the sample size.What youare aiming for in the trial
is a given signal-to-noise ratio, to use the engineering analogy again. The
problem, however, is that you do not know what the strength of the signal
is, this being the unknown treatment effect. This is where the clinically
relevantdifference comes into its own. It is sometimesdescribedas thedif-
ference you would not like to miss. When I worked in the pharmaceutical
industry I used to encourage my colleagues to think about it as follows. ‘If
the trial isnegative, it is quite likely that thisprojectwill be cancelled.This
means that this drug will never be studied again. It will be lost to Mankind
forever. Bearing in mind that there are other drugs waiting to be studied,
what is the maximum level of effect at which we would be able to tolerate
the loss of such a drug?’

Once the clinically relevant difference has been determined and a type
I error rate of the test to be used for comparing treatment groups has been
established, a target power is used to determine the size of the trial. The
type I error rate is the probability with which the null hypothesis that the
treatment effect (comparing experimental treatment to control) is zero
will be rejected if it is true. The power of the test is then the probability
with which the null hypothesis will be rejected if it is false and if the clin-
ically relevant difference obtains. The type I error rate and the power to-
gether determine the signal-to-noise ratio that it is necessary to achieve.
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For example, using the common standard of a type I error rate of 2.5% and
a power of 80%, it is necessary to achieve a signal-to-noise ratio of 2.8.

Nowconsider a concrete example. Suppose thatwehavedetermined in
a placebo-controlled trial in asthma that the clinically relevant difference
in terms of forced expiratory volume in one second (FEV1) is 280 ml. That
is to say, we should not like to miss any drug that produced more than
280 ml bronchodilation compared to placebo. The statistician’s ‘noise’
measure, the measurement of variability used, is called the standard error.
We thus require to design a trial for which the ratio of clinically relevant
difference to standard error is 2.8. In otherwordsweneed a standard error
of 280 ml/2.8 = 100 ml. Note that the standard error is measured in the
same units as the clinically relevant difference.

It turns out that the standard error depends on four things: first, the
design of the experiment; second, the type of analysis employed; third,
the number of patients studied; and finally the variability of the raw data.
Statisticians commonly use two measures to describe such variability in
the data. The first, the standard deviation for which the symbol σ (a lower
case Greek sigma) is commonly used, is measured on the same scale as the
data themselves. (Inml of FEV1 in this example.) The second, the variance,
is simply the square of the standard deviation, σ 2. This squared scale is
often useful for performing calculations.

On the assumption that a little maths, if occasionally exhausting, is
nevertheless good exercise, we shall try to justify some formulae that we
are going to use in discussing the representation of women in clinical
trials. The reader who disagrees should ‘fast-forward’ three sections.

The mental traveller∗

I traveld thro’ a Land of Men

A Land of Men & Women too

William Blake, The Mental Traveller

We divert for a while to consider the statistician’s measures of variabil-
ity, the variance and standard deviation. To help us understand this, con-
sider a simple question in geography and geometry. An explorer in a flat
desert walks three miles west and then four miles north. How far away
is she from her starting point? We shall ignore any nice problems to do
with the Earth’s curvature in answering this and assume, instead, that we
can treat this as a straightforward problem in two-dimensional Euclidean
geometry.
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Start

Finish N
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a

To solve this problem we can use one of the most famous theorems in
all mathematics, that of Pythagoras. The imaginary line joining the point
of arrival to the point of departure of our explorer completes a triangle.
Because she walked north, having first walked west this is a right triangle
and the distance we seek is that of the hypotenuse, the other two being
given. Pythagoras’s theorem says that the square on the hypotenuse is
equal to the sum of the squares on the other two sides. We thus calculate 3
miles2 + 4 miles2 = 9 square miles plus 16 square miles = 25 square miles.
The square on the hypotenuse is thus 25 square miles, from which it fol-
lows that the hypotenuse is 5 miles. Our explorer is five miles from her
starting point.

The general algebraic rule that reflects Pythagoras’s theorem, and
which we can use, is as follows. If someone walks a distance a and then
turns at right angles andwalks a further distance b they are nowadistance
c from their starting point, where c satisfies the equation

c 2 = a2 + b2. (5.1)

Now suppose that although our explorer had walked three miles west as
before, she had then continued on her journey by walking 4 miles north-
west. The generalisation of Pythagoras’s theorem to cover cases where the
triangle is not a right angle can be expressed algebraically in terms of the
so-called cosine law, as

c 2 = a2 + b2 − 2ab cosC , (5.2)

where C is the angle opposite to side c and cos C is the cosine of this angle.
In the case of our original example, we had a right-angled triangle so that
Cwas90◦. Cos 90◦ is 0 so that Pythagoras’s theoremcanbe seen as a special
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case of the cosine law corresponding to the angle between the two sides
being 90◦.

c

C

b

a

In the case of our explorer, the angle C is 90◦ + 45◦ = 135◦ and cosC =
cos135◦ which equals −1/

√
2 ≈ −0.707. Thus we calculate

c 2 = 3 miles2 + 4miles2 − 2 × 3 miles × 4miles × −0.707

c 2 = (9 + 16 + 17.0) miles2 = 41.968 miles2

c = 6.5miles.

By this time the reader will be asking what the point is of this diversion.
The answer is that variability in statistics obeys analogous rules to these
distance rules. Suppose thatwehave twomeasurements (whichwedenote
using symbolsX1 andX2 respectively).Wedonot take thesemeasurements
perfectly but suppose that they may have some error attached to them so
that theywould vary fromoccasion tooccasion.Assume, further, that they
can vary randomly and independently, which is to say that what happens
in measuring the one has no influence on the measurement of the other.
The unknown true value of the first measurement is µ1 and the unknown
true value of the second is µ2 and the observed values X1 and X2 will be
eithergreateror less than these truevalueswithnobias ineitherdirection.
The variability with which the observed measurements will differ from
these true values is described by standard deviations σ 1 and σ 2 respec-
tively. Now suppose that we decide to add some multiple of the one, say
a, to some multiple of the other, say b. In general we may say we calculate
Y= aX1 + bX2.What, using the vocabularyof statistics,wouldwe expect this
value to be, which is to say, what should it be on average? The answer is,
quite trivially, that we expect it to be aµ1 + bµ2.

Now suppose that we ask a more difficult question. Since X1 and X2

are measurements that can vary randomly and Y is calculated from these
quantities, Y must also vary randomly. What is its standard deviation? If
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we call the standard deviation of Y, σY, so that its variance is σY
2, it turns

out that we have the following Pythagorean rule for its variance

σ
2
Y = a2σ

2
1 + b2σ

2
2 . (5.3)

In the special case where the variance of X1 is the same as the variance of
X2 and is equal to σ 2 (say), we can write

σ
2
Y = a2σ 2 + b2σ 2

σ
2
Y /σ 2 = a2 + b2

c 2 = a2 + b2,

where c is the ratio of the standarddeviation ofY to the standarddeviation
of an original measurement. But this is of the same form as Pythagoras’s
formula (5.1).

Just as we required a more general formula when our explorer did not
move at right angles, so a more general formula is needed for the variance
of Y when X1 and X2 are not independent as might be the case say if some
common cause was effecting our two measurements. Just as we needed a
further trigonometric concept, that of the cosine for this case, so we need
a further statistical concept, that of the covariance to cover the case where
the measurements are not independent. Our formula now becomes

σ
2
Y = a2σ

2
1 + b2σ

2
2 + 2ab cov12 (5.4)

where cov12 is the covariance of X1 and X2.
When we take again the case where X1 and X2 have the same variance,

σ 2, then we may write

σ
2
Y /σ 2 = a2 + b2 − 2ab cov12/σ

2

c 2 = a2 + b2 − 2abρ,
(5.5)

whereρ = cov12/σ
2 (in this case) is a quantity called the correlation coefficient,

first named by Francis Galton and developed extensively by Karl Pearson.
Just like the cosine of an angle, the correlation coefficient lies between −1
and +1.

If (5.5) is compared to (5.2) it will be seen to be the same if cosC is re-
placed by −ρ. In fact, the correlation coefficient is positive if X1 and X2

tend to vary sympathetically, that is to say, if X2 tends to be above its true
value when X1 is above its true value. On the other hand, the correlation is
negative if the variables vary antithetically, which is to say that when one
is higher than expected, the other tends to be lower than expected. The
analogy, however, to sympathetic variation for our desert traveller is that
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the second direction should be closer to the first than the neutral case of
walking at right angles. This was, indeed, the case in the second example
whenshewalkednorth-westhavingfirstwalkedwest.Thecosinewasneg-
ative and this is, of course, true for all angles in the range 90◦–270◦ which
means that we can regard the correlation coefficient as being analogous to
the negative of the cosine in which case (5.5) will be seen to be perfectly
analogous to (5.2).

Variation on a theme∗

Pythagoras’s theorem generalises to many dimensions. It is rather
difficult to imagine travel in more than three so let us consider a three-
dimensional example. Suppose, returning to our explorer’s original jour-
ney, that having travelled 3 miles west and 4 miles north she now levitates
vertically 12 miles into the air. How far will she be from her starting point?
To answer this we can use Pythagoras’s theorem again. She was 5 miles
away from her starting point when she levitated and she is now 12 miles
high.Theseare twosidesof a further right-angled triangle thehypotenuse
of which is the line whose length we seek. The square of this is equal to
(5 miles)2 + (12 miles)2 = 25 miles2 + 144 miles2 = 169 miles2 from which it
follows that the distance we seek is 13 miles. (Since the square of 13 is 169.)

Obviously the solution could also be obtained by adding the three
squares of the distances together. So, changing our notation slightly, and
considering travel in n dimensions we have,

h2 = d2
1 + d2

2 + · · · d2
n , (5.6)

where h is our generalised hypotenuse and d1, d2· · · dn, are the sides of our
n-dimensional triangle.

Now suppose, to return to statistics and variation, that we construct a
weighted sumof nmeasurements. That is to saywe take thefirstmeasure-
ment X1 (say) and multiply it by some constant k1 (say) and then take the
next measurement X2 and multiply that by k2 and so forth up to Xn and kn

and then add these n products together. Why we should choose to do such
a strange thing will become clear shortly. The analogous equation to (5.6)
for a variance of the sum of n independent measurements, each of which
has been multiplied by some known quantity, is

V = k2
1 σ

2
1 + k2

2σ
2
2 + · · · + k2

nσ
2
n . (5.7)
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If the variance of eachof thesemeasurements is the same, sayσ 2, then (5.7)
reduces to

V = k2
1 σ

2 + k2
2σ

2 + · · · + k2
nσ

2 = σ 2
(
k2

1 + k2
2 + · · · k2

n

)
. (5.8)

Now suppose that we have n patients in a particular treatment group in a
clinical trial and we measure the outcome, say FEV1, at the end of the trial
for each of these patients. Each measurement can be regarded as a mea-
surement on the effect of the treatment. Suppose we wish to calculate the
average FEV1 for the group as a whole. How reliable is this average?

Well, of course, that depends on many things. The patients we have
chosen may be a rather unrepresentative bunch and the measurements
may thereforebe ratherbiased.The clinical trialwill, in fact, dealwith this
bias element in a strikingly simple way and for the moment we shall not
consider it. Instead we shall consider what the random variation in our
result will be.

Suppose we calculate the mean result for these patients. (On average,
when statisticians say mean, they mean average.) We can calculate this by
dividing each of the n measurements and adding them. We can thus write

X = X1/n + X2/n + · · · Xn/n. (5.9)

The result for one patient should not (usually) affect that for another
so that we can reasonably regard the various X values as independent.
Making the further assumption that variability is constant, we can then
use (5.8) to obtain the variance of the mean, X. Note that the multiplier
for each X is 1/n, this means that the multiplier for the variance terms is
1/n2. We thus write:

var(X ) = σ 2(1/n2 + 1/n2 · · · 1/n2) = σ 2n/n2 = σ 2/n, (5.10)

where, because we have n terms 1/n2, we have been able to cancel a term in
n to obtain σ 2/n.

We have thus obtained a measure of the reliability of the mean of n ob-
servations. However, our measure is a variance and is in squared units. It
ismoreuseful, ultimately, to have ameasurement that is on the same scale
as the mean itself and so we take the square root of the variance. This is a
sort of standard deviation of the mean but the linguistic convention is to
refer to this as a standard error. Thus we have SE(X ) = σ/

√
n.
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Returning to trials (and tribulations)∗

When we wish to compare two treatments in a clinical trial then the pre-
cision with which we can measure each of them turns out to be impor-
tant. Take the simplest case, where we have a parallel group trial in which
patients are allocated at random to either the experimental treatment
or control, with nt and nc patients in the respective groups. Suppose we
perform the simplest of all analyses in which we subtract the mean re-
sult from one group from the mean in the other. Suppose that we call
this ‘statistic’, this difference in means, D. It has been calculated as D =
Xt − Xc . However both Xt, the mean in the treatment group, and Xc , the
mean in the control group, are random variables, which is to say their val-
ues may vary. Furthermore D is a statistic of the form Y = aX1 + bX2 with
X1 = Xt, X2 = Xc , a = 1 and b = −1. Furthermore, Xt and Xc are indepen-
dent and, ifwe assume that the original observations have a commonvari-
anceσ 2, have variancesσ 2/nt andσ 2/nc respectively.Hence since a2 = 1 and
b2 = 1, application of (5.3) yields var(D) = σ 2(1/nt + 1/nc ) from which we
obtain the following formula for the standard error, SE:

SE = σ

√
1
nt

+ 1
nc

. (5.11)

Herent is thenumberofpatients in the treatmentgroupandnc is thenum-
ber in the control group.

This apparently simple formula has a number of consequences. For ex-
ample, other things being equal, if we increase the number of patients in
either group, nt or nc, then the standard error will reduce. However, given
a total number of patients N, where N is therefore the sum of nt and nc,
then it will pay us to allocate patients as equally as possible. Under such
circumstances we have nt = nc = N/2 and substituting in (5.11) we obtain
the following formula for the minimum SE, SEmin:

SEmin = σ

√
4
N

. (5.12)

A bout de souffle

Return to our example. The clinically relevant difference was 280 ml and
we established that in order to have 80% power to detect this difference
given a type I error rate of 5% we had to achieve a standard error of 100 ml.
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Suppose that the standard deviation, σ , is 400 ml, then it will be seen if
this, together with the value for N of 64, is substituted in (5.12) a result of
100 ml obtains. Hence, we need 64 patients for the trial.

Or do we? This was before the Women’s Caucus struck their blow for
equality and against repugnant diseases. Let us remind ourselves of the
legislation. Trials must be ‘designed and carried out in a manner suffi-
cient to provide for a valid analysis of whether the variables being studied
in the trial affect women or members of minority subgroups, as the case
may be differently than other subjects in the trial’. How would we estab-
lish this? Up to now we have been considering designing the trial to show
that the treatmentworks at all.Nowwehave to showwhether itworksdif-
ferently inwomen, forexample, than inmen.Wecandothisbycalculating
a treatment effect for men, the difference between the two treatments for
men alone, and then doing the same for women and finally by comparing
these twodifferences. Let us call the first differenceDm and the secondDw,
and the difference between the two Dsex. This sort of double difference
is called the ‘interactive effect’ by statisticians. If it can be shown to be
‘significant’ then (putting aside any objections to significance tests as aids
to reasoning) there is a sex-by-treatment interaction.

Now suppose that we have N patients in general and that we use the
allocation of sexes and treatment for this trial, which for a given number
of patients will give the most precise answer. This requires N/4 patients
on each of the four groups: males on treatment and control and females
on treatment and control. If we now calculate the standard error for Dm,
the difference between treatment and control for males, we now have to
substitute N/4 for nt and nc in (5.11) to obtain, as an alternative to (5.12)

SEm = σ

√
8
N

. (5.13)

We thus now appear to need twice as many patients to achieve the same
precision. However, matters are worse than this. We now have to compare
Dm to Df and this requires us to calculate the standard error of the double
differenceDsex.Wethushave touseourPythagoreanruleagainof squaring
and adding. In other words we have to add two variances, each of which is
the square of (5.13), and then take the square root to obtain

SEsex = σ

√
16
N

. (5.14)

Thus, our trial that previously required 64 patients now requires 256.
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All this of course is on the assumption that the clinically relevant dif-
ference for the effect of treatment between the sexes is not smaller than
that for the treatment as a whole. It clearly cannot be larger. For example,
we said that 280 ml was the clinically relevant difference overall. We could
hardly accept (say) a clinically relevant difference for the interaction of
300ml, since this couldoccur if the treatment improvedFEV1 by280ml for
men and made it worse by 20 ml for women. In practice it could be argued
that the clinically relevant difference for the interactive effect ought to be
less than 280 ml and this, of course, would push the sample size up still
further.

But we are still not at an end with the difficulties. We have to do this
examination not just for women but also for other demographic sub-
groups many of which are minorities. In any case for many diseases men
and women are very unequally represented. For example, osteoporosis is
much more likely to affect women whereas lung cancer is more common
in men. The formulae that we have been using assume the optimal al-
location of patients from the point of view of minimising the standard
error for the total number of patients in the trial. As already explained,
this requires equal numbers in each subgroup. However, if the disease is
unequally represented in the demographic subgroups in the population,
this requires us to sample unequally from the various strata. In a trial in
lung cancer, we should have recruited our quota of male subjects long
before the quota of females was reached. This means that the effect on
recruitment time will be to more than quadruple it.

The alternative approach of accepting unequal numbers in each sub-
group means that to achieve the same precision the trial size will have to
more than quadruple. Either way, the quadrupling is an underestimate of
the effect on trial times. Although the budget for it will not have quadru-
pled, since there are some common overheads, it will have increased sub-
stantially and this will reduce the funding available elsewhere for fight-
ing those repugnant diseases. As the saying goes, ‘parallel trials meet at
infinity but this is more patients than you can afford’.

Bias binding

There is a side issue that needs to picked up here. We said earlier that clin-
ical trials do not (in general) succeed in recruiting representative patients.
This will be true, even if we take care to examine the differences between
subgroups in the way that the US Congress required. In fact, this will be
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especially true if we look at sex (or race) by treatment interaction since we
are likely, in order to have enough power, to over-recruit from minority
groups. In any case, simply because we have specified so many whites, so
many blacks, so many males, so many females, so many white males, and
so forth does not mean that the sample is representative. Take the case of
the Physicians’ Health Study; even if it had included women there would
have been no lawyers – and no politicians for that matter.

As regards one of the purposes of a clinical trial, which is to investi-
gate whether the treatment can work, this does not matter. This is because
we can still compare like with like. Again consider the Physicians’ Health
Study. Whatever explanations there might be for the finding that aspirin
has a beneficial effect on cardiovascular mortality, this result cannot be
explained away by saying that the trial recruited men only.

The situation is quite different if we run a trial in which men and
women are represented but all the women receive aspirin and all the
men receive placebo. A difference in mortality between the two treatment
groups would also be a difference in mortality between the sexes and we
would have difficulty deciding which was responsible.

This sort of bias is dealt with very effectively by the randomised clin-
ical trial. Like is compared with like and although this like may not be
typical it is at least fair. Blocking and statistical modelling (effectively a
form of matching) deals with the presence of known confounding vari-
ables. (Known to epidemiologists as ‘confounders’.) Randomisation deals
with hidden confounders.

Fair sex

So what have trialists done? Have they increased the size of their trials
by a factor of at least four and the time to recruit patients by the same?
No. Of course they haven’t. They have decided to act in the interests of all
women and men and blacks and whites, in short, of people. Attempts to
put into practice the letter of the law that Congress passed would have
been doomed to failure. The main problems with looking for effective
cures are first that there aren’t enough resources, second the cures usually
make modest gains in health and, therefore, third we want to keep on
looking. There is no point searching over the same piece of ground in yet
finer detail when there is so much to explore.

Nobodywants trials that take four times as long to complete. Life is too
short and all of us are dying. And we don’t want politicians to make these
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stupid decisions on our behalf. If the trialists have found a treatment that
increases survival in lung cancer but most of the patients have been men,
very few women with lung cancer want to see the trials continue.

So what is the net result? A very gratifying tokenism develops. Trialists
(quite sensibly) run trials the way they always have done, making if nec-
essary a few placatory noises to grant-making bodies. Politicians go about
their business, safe in the knowledge that they have struck a blow against
sexism in science. (Of course a cynic might say that they have simply made
it easier to use women’s bodies to develop drugs for men.) And sexual pol-
itics and the clinical trial? For some reason, I am reminded of Ambrose
Bierce’s definition of a platitude; ‘A jelly-fishwithering on the shore of the
sea of thought’.
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A hale view of pills (and other matters)

I only treat illnesses that don’t exist: that way if I can’t cure them, there’s no

harm done.

Norton Juster, The Phantom Tollbooth

The post hoc, passed hack fallacy

The institution in which I profess statistics is UCL.1 (Initially it was called
University College London but now it is called initially. This has some-
thing to with branding, apparently.) My department is Statistical Science,
the oldest such department in the world, and we are very proud of it. In-
deed, itwill not have escaped the attentionof the attentive reader, that the
typical founding father of statistics studied mathematics at Cambridge
and then went on to lecture in statistics at UCL. This combination can
easily be explained by observing that only Cambridge is good enough for
statistics but statistics is not quite good enough for Cambridge.2

Returning to UCL, like other departments of statistics throughout
Britain and indeed like departments in other disciplines, we have to doc-
ument our excellence every five years. This is an extremely embarrassing
business in which normally shy and retiring dons with no desire whatso-
ever for self-aggrandisement are forced by cruel and bitter economic and
political exigency to list all their publications and public lectures for the
‘ResearchAssessmentExercise’. Ah, cruel newworld.Whatever happened
to scholarship?

The statistics panel required us to submit our four best publications to
be assessed. It is this that helped the assessors to determine whether we
deserved the accolade of a five rating or the ignominy of a one. We were
also expected to submit a list of all relevant publications. I did not, for

[108]
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the last quinquennial review, include my letter on the subject of Viagra to
the street magazine, The Big Issue, despite the fact that it was the ‘Star
Letter’ that week. This is not because the point it makes is not true but
simply that it is so obvious that almost anyhumanbeingwho is not a jour-
nalist can understand it. The point is that just because one event some-
times follows another it does not follow that the following event is caused
by that by which it is preceded. That this fallacy does, in fact, regularly get
past your average journalist entitles it to a name: the post hoc, passed hack
fallacy.3

Hacks and facts

I said, ‘but I do know when I saw Guernsey beat Jersey in the Muratti, it was the

best side won.’ He said, ‘How about when Jersey beat Guernsey?’ ‘Oh, that was

just luck, I said.’

GB Edwards, The Book of Ebenezer Le Page

The letter I wrote was in response to the article: ‘Viagra special report.
Sex drug linked to 31 deaths in one year’. It turned out that a number
of people who have taken Viagra are now dead. ‘It was marketed as the
wonder cure for impotence. But a year after being licensed in Britain, 31
users have died.Who is to blame?’4 Who indeed? I blame it on the fact that
more and more people going into journalism seem to have graduated in
‘media studies’.

This is what I wrote.

Journalistic impotence

Viagra may be poison for all I know but your article ‘Viagra: one year

31 deaths’ (Big Issue 350) left me not one jot the wiser on this subject. It

would not surprise me to learn that several hundred former readers of

the Big Issue are now dead. The Reaper does have this way with humans

given enough of them and enough time to act. Perhaps you should

withdraw the Issue from the streets pending an investigation. What

was missing from your article was an estimate of the total exposure to

Viagra and whether the number of deaths in the population of Viagra

users was greater than expected given their numbers, their age and the

time they were taking the drug.

If only they could invent a drug that would cure journalistic

impotence and permit hacks to have some meaningful intercourse

with science. Now there would be a medical breakthrough.5
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Of course, they changed the title of my letter. It appeared as ‘Viagra is a
Big Flop’ but this is usual. Sub-editors will rarely improve your grammar
but will always change the titles of, ‘letters to the editor’. It is one of the
ways that they know they are needed. Nevertheless, to the credit of The Big
Issue, the letter was otherwise uncensored.

Doomsbury

As everybody knows, John Maynard Keynes famously remarked, ‘in the
long run we are all dead’.6 This is often the only thing that that some-
bodywill knowaboutKeynes except,perhaps, thathewasamemberof the
Bloomsbury Set and hence inherently interesting, important and almost
certainly sexually innovative and/or immoral depending on perspective.
Certainly the long run has long since overtaken the Bloomsbury Set, who
are all dead. Karl Marx famously spent a lot of time in Bloomsbury but
this was in the reading room of the British Museum and not in its salons.
In any case, his run ended in the year that JMK was born, which was far
too early to appreciate that history repeats itself not only as tragedy and
thenas farce7 but also, in the case ofBloomsbury, frequently in the Sunday
papers. When I was a student of economics and statistics in the early sev-
enties, an era before monetarism swept the world, Keynes was regarded
as the greatest of all economists by all those who were actually thinking
about economics rather than merely observing the inevitable historical
working-out of dialectic materialism. What was not mentioned to us stu-
dents was that he had also written an important treatise on probabil-
ity. In fact, it was really as a response to this treatise that Frank Ramsey
(whom we encountered in Chapter 4) wrote his own even more important
essay on probability, now regarded as a precocious precursor of the neo-
Bayesian era.

However, it is not for his revolutionary theories on general equilib-
rium and employment, nor even for his views on probability that Keynes
is important to us here. It is precisely his views on death and the long run
that are important. There would be a great improvement in the report-
ing of scientific and health matters in the newspapers if journalists could
not only quote Keynes’s most famous remark (as we all can) but actually
understood what it meant. It means quite simply that in the long run
we are all dead. Keynes’s purpose, of course, was to point to the folly of
allowing the long run to solve our economic problems. However, his great
axiom, when supported by another couple, namely ‘eventually the long
run arrives’, and ‘some of us have been running quite a while’, leads to
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the following very simple theorem. As the product of persons studied and
the timetheyare studied increases then,underanyconditionswhatsoever,
some of them will die almost surely.8 A corollary of this important theorem
is that when a large group of people have been studied for some time and
it is found that some of them have died it does not necessarily follow that
they have, as a group, been subject to unusually dangerous forces.

I apologise to the general reader for this unnecessarily laboured and
obviousdiscussion.Thisparticular sectionhasbeen for thebenefitof jour-
nalists and graduates of media studies, who may now skip the rest of this
chapter as being too demanding, albeit not as sensational as that which
famously dealt with the fall of the rupee.9

Comparisons after the fact

Sohowdoes onedecide if thenumberofdeaths, or adverse events, or other
outcomes is greater than one might expect for a given group of individu-
als? One approach we have already encountered is that of the randomised
controlled clinical trial. We study under identical conditions at the same
time a control group not given the ‘treatment’ under consideration. This
is not alwayspractical. Inparticular,when reacting tonewsof the sort that
made The Big Issue after it has broken, it is too late to do this. Instead we
may have to use a second-best approach of constructing a similar group
from other, perhaps historical, material.

We shall illustrate this approach with the help of one of the most curi-
ous figures in the statisco-historical menagerie.

Francis Galton (1822–1911)

Francis Galton10 and Charles Darwin shared, in Erasmus Darwin, a fa-
mous grandfather. However Charles’s father and Francis’s mother were
onlyhalf siblings, sinceCharles’s fatherwas thesonofErasmus’sfirstwife,
Mary Howard, whereas Francis’s mother was the daughter of his second
wife, Elizabeth Pole. Thus, these two famous Victorian scientists are not
quite cousinsgermane.The following ishardlygermane to the story,but it
concerns sex, and sex we will all agree is more interesting than statistics,
so we shall not skip it. When Mary Howard died, some 11 years were to
pass before Erasmus married Elizabeth Pole. The intervening years were
partly taken up by his fathering illegitimate children by another woman
andpartly inwaiting forMr. Pole,whowas thirty years Elizabeth’s senior,



112 A hale view of pills (and other matters)

to depart this life and clear the stage for a successor, Erasmus, who had
been writing passionate poetry to Elizabeth in the meantime.

Galton was to share his famous cousin’s interest in heredity. However,
whereas Charles was to make a name by considering precisely that aspect
of genetic inheritance that was not preserved in the offspring, evolution-
ary innovation, and the mechanism of natural selection by which such
innovation might be encouraged, Galton was to concentrate on that
which was preserved. Indeed, it was to become something of an obsession
to him.

But it was only one of his fixations. Galton was also obsessed with
statistics and, although a very poor mathematician, had a combination
of determination, instinct, flair and indefatigable enthusiasm for mea-
suring anything and everything that caused him to make discoveries that
others more able in analysis overlooked. We have already encountered his
investigations into the inheritance of stature. His investigations of the
height of parents and children, in leading to the discovery of regression
to the mean, were of a profound importance he could not possibly have
suspected when setting out to obtain his data. Another of his projects was
to produce a feminine beauty map of Britain. He wandered the streets of
Britain with a cross in his pocket and a pricker (no sniggering at the back
please) with which he made a mark at the top of the cross whenever he
passed a beauty, the longer bottom arm being reserved for ugly women
and the lateral arms for those of indifferent pulchritude. By this means he
discovered that for Britain London provided the zenith of beauty and Ab-
erdeen the nadir; one cannot but speculate as to whether the tendency of
some Scots to wear a kilt did not confuse his statistics.

Galton was independently wealthy. His grandfather Samuel Galton
had made a fortune from gun manufacture, which activity he improba-
bly combinedwithbeingadevoutQuaker.However,whatever elseFrancis
ultimately inherited from his grandfather, religion was not of the party.
Francis was a convinced atheist at a time when it was not fashionable and
given his obsessions it is hardly surprising that he brought statistics to
bear on his non beliefs. We now consider an investigation that he made
of the efficacy of prayer.

Praying for reign

In a paper that Francis eventually published, with some difficulty, in the
Fortnightly Review,11 he considered various forms of statistical evidence for
the efficacy of prayer. He writes, true statistician that he is, ‘There are two
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lines of research, by either of which we may pursue this inquiry. The one
that promises the most trustworthy results is to examine large classes of
cases, and to be guided by broad averages; the other, which I will not em-
ploy in these pages, is to deal with isolated instances.’12 He then adds, ‘An
inquiry . . . may be made into the longevity of persons whose lives are
prayed for; . . . . The public prayer for the sovereign of every state, Protes-
tant and Catholic’.

He then pulls a trick that is a continuing favourite of statisticians,
namely to analyse somebody else’s data. Many supposedly applied statis-
ticians have no interest whatsoever in collecting data and live a parasiti-
cal existence, appropriating for their uses sets that have already been col-
lected by others. For example, in the field of multiple regression, there
are dozens of papers providing yet another analysis of Brownlee’s famous
‘stack-loss’ data,13 which describe the operation of a chemical plant. (A re-
view article by Dodge14 written in 1997 identifies at least 90.) Anderson’s
Iris data were used by R. A. Fisher to illustrate discriminant functions15

and have been used by just about everybody else working in ‘multivariate
analysis’ since for the same purpose. The Canadian Lynx data, originally
analysed by Moran,16 have become a favourite in the subject known as
time-series. However, as we have already explained, Galton was no slouch
in collecting data. Here, however, he had a gift that was too good to pass
up. Data had been collected by Dr. William A. Guy and published in the
Journal of the Statistical Society of London.17 Guy (1810–1885), who was profes-
sor of forensic medicine at King’s College,18 was a founding fellow of what
later became the Royal Statistical Society, and an indefatigable collector
ofdata concerningmortality andother epidemiologicalmatters.TheSoci-
ety’s prestigious ‘Guymedals’ arenamedafter him.Anextract ofGalton’s
summary of Guy’s data, together with his heading for it, is given in
Table 6.1.19 Galton writes, ‘The sovereigns are literally the shortest lived
of all who have the advantage of affluence. The prayer has therefore no

Table 6.1. Mean age attained by males of various classes
who had survived their 30th year, from 1758 to 1843. Deaths
by accident are excluded.

In number Average

Members of Royal houses 97 64.04
English aristocracy 1179 67.31
Gentry 1632 70.22
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efficacy, unless the very questionable hypothesis be raised, that the con-
ditions of royal life may naturally be yet more fatal, and that their influ-
ence is partly, though incompletely, neutralised by the effects of public
prayers’.

Galton is using here a standard epidemiologist’s device. A group is
chosen who differ as regards the exposure in question but who are oth-
erwise as similar as possible. The exposure here is, ‘beingprayed for’. This
method is usually regarded as being second best to the randomised clini-
cal trial. In the RCT we ‘walk the talk’. Patients or subjects are first assem-
bled together. Whether or not the patients are homogenous as a group,
we are agreed on one thing. Any one of them can be given either of the two
treatments and we then proceed to demonstrate that this is so by deciding
completely at random who will receive what.

Where this cannot be done, there is always the possibility of hidden
bias. The problem of ‘confounding factors’ or ‘confounders’ is, in fact,
regarded as being the central difficulty of epidemiology. It is interesting
to see that Galton is aware of this. He comments on the possible objec-
tion to his conclusion, that the results are biased by the hidden confound-
ing effect of a more dangerous lifestyle that prayers partly counteract. Of
course his discussion does not really meet this objection and moreover he
is being slightly disingenuous, since Guy himself, based on his observa-
tions that agriculturalworkerswereparticularly long-lived,hadproposed
the theory that a sedentary life of luxury was unhealthy.

Blind faith

Itmightbe supposed that itwouldbe impossible to conduct a clinical trial
of the efficacy of prayer.However, Dick Joyce,whowas a colleagueofmine
for some years when I worked for CIBA-Geigy in Basle, once collaborated
indesigningaprospectiveblind trial ofprayer.20 Patientswerematched in
pairs andonemember of eachpairwas assigned to beprayed for, the other
acting as a control. Neither the patient nor the patient’s physician knew
which group the patient was assigned to. The ‘treatment’ was to receive
a total of 15 hours prayer over a 6-month period. The trial was run as a
sequential trial, results being updated as each pair reached the end of the
treatment period.

The study was stopped after 19 pairs had been treated, at which
point the results were just short of a boundary, which, had it been
crossed,wouldhave allowedone todeclare a ‘significant’ benefit of prayer.
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The results are thus perfectly consistent with all viewpoints and this, per-
haps more than anything, can be taken as evidence of Divine Providence.

Clearly, where such manipulation of treatment is not possible, we have
difficulty in convincing all critics of a causal relationship (or sometimes
a lack of it), whatever the exposure being investigated. This has been the
situation with smoking and lung cancer. For obvious practical and ethi-
cal reasons, it has been impossible to randomise schoolchildren either to
smokeornot to smokeandfollowthemover their lifetimes.Consequently,
it has been argued that the very strong association that has consistently
been found between smoking and lung cancer is not convincing evidence
that the former is a cause of the latter. Before we have a look at some of
the alternative explanations, we divert to consider a key study that helped
establish the association.

Smoke without fire?21

A custom loathsome to the eye, hateful to the nose, harmful to the brain,

dangerous to the lungs, and in the black, stinking fume thereof, nearest

resembling the horrible Stygian smoke of the pit that is bottomless.

James I & VI, A Counterblaste to Tobacco

No wonder King James disliked Sir Walter Raleigh. Perhaps we need
look no further for the reason he had him beheaded.22 However, excellent
though the many reasons are of ‘the wisest fool in Christendom’, for the
terrible effects of tobacco, they are not statistical and this, at least as far as
this book is concerned, is a sad deficiency.

Two landmark papers of the effects of smoking and lung cancer are
generally taken to be the study by Austin Bradford Hill and Richard
Doll,23 published in the British Medical Journal of 1950 and that of Wynder
and Graham, published in the Journal of the American Medical Association in
the same year.24 In fact, an earlier important study had been carried out
in Nazi Germany by Schairer and Schniger.25 This was overlooked for
many years for understandable political and sociological reasons but has
recently been rediscovered by George Davey Smith and Mathias Eggar. In
fact,warningsabout theeffects of smokingonhealthpre-datenotonly the
Hill and Doll study but also that by Schairer by decades. The case against
smoking has never been entirely forgotten since the time of King James.
We concentrate here, however, on the paper by Doll and Hill.

This was a case–control study. The key feature of a case–control study
is that sampling of data is by outcome. That is to saywe choose to examine
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cases and controls and compare them in terms of exposure. In their study
Doll and Hill sampled cases of lung cancer from four hospitals in the
United Kingdom and compared them to a similar number of controls,
who were patients admitted for other reasons. The common alternative
approach, a cohort study, would identify smokers and non-smokers and
count how many of each got lung cancer and how many did not. Concep-
tually, cohort studies follow subjects over time and are thus often referred
to as prospectivewhereas case–control studies are referred to as retrospective,
since observation of exposure takes place after determination of disease
status.

At odds with life

The data that Doll and Hill assembled were as follows.

Cases Controls Total

Smoker 1350 1296 2646
Non-smoker 7 61 68
Total 1357 1357 2714

The table suggests a rather different pattern as regards smoking status for
cases and controls. This is not so much evident from inspecting the num-
bers of smokers as by looking at the number of non-smokers, where the
figure of 7 is strikingly different from that of 61.

A problem with case–control data is that we have no idea as to how
many smokers one has to follow to get one case. However, by looking at
the problem in terms of odds rather than probabilities this difficulty is
overcome. Remember that odds are a ratio of probabilities. Now suppose
that we consider the population who contributed the lung-cancer cases.
That is we consider conceptually the population of persons who would be
admitted to the four hospitals studied by Doll and Hill if they were suffer-
ing from lung cancer during the time that the cases were collected. Sup-
pose that this population is of size P1. Treating proportions as probabil-
ities, the probability of a member of this population being a smoker and
having lungcancer is 1350/P1.Ontheotherhand, theprobabilityofbeinga
non-smoker and having lung cancer is 7/P1. If the ratio of one to the other
is calculated, the unknown divisor P1 cancels out and in this instance we
are left with odds of 1350/7 = 193. Similarly by considering the concep-
tual population of controls or non-cases, P2, we can estimate the odds of
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being a smoker in a way that eliminates the unknown P2 as 1296/61 = 21.
The ratio of one set of odds to the other is the odds-ratio and in this case
this equals 193/21 = 9. So that the odds of being a smoker amongst cases
is nine times as high as the odds amongst controls.

Now look at this in a slightly different way. Suppose that I wish to cal-
culate the odds of a smoker getting lung cancer, OddsS, compared to some
other illness. This is then (conceptually) given by the ratio of two propor-
tions involving the two unknown populations as follows,

Oddss = (1350/P1)
(1296/P2)

=
(

1350
1296

) (
P2

P1

)
.

Unfortunately the unknown population values do not disappear
from this. However, I can calculate a similar quantity, OddsN, for non-
smokers as

OddsN = (7/P1)
(61/P2)

=
(

7
61

) (
P2

P1

)
.

Nowif I calculate the ratio of the one set of odds to the other, theunknown
ratio of populations P2/P1 cancels out to leave me with

OR =
(

1350
1296

) (
61
7

)
= 9

as before. Thus the odds ratio (OR) can also be interpreted as the ratio
of the odds of a smoker getting lung cancer to the odds of a non-smoker
getting lung cancer.

Risky business

The odds scale, especially when log-transformed, is a favourite amongst
statisticians, whether or not its use is forced by the exigencies of the sam-
pling scheme, as with case–control studies. This is because of its useful
statisticalproperties.However, its interpretationmaybemoredifficult. In
fact, provided that the disease is rare, the odds ratio corresponds roughly
to a ratio of probabilities. Even amongst smokers lung cancer is a rare dis-
ease so that the odds ratio here is also approximately the relative risk. We
can thus say that theDoll andHill data suggest that a smoker is nine times
as likely to get lung cancer as a non-smoker.

There are of course several reasons for being cautious when faced with
such data. For example, a pretty strong assumption has to be made about
the way that cases and controls arise. Suppose that differences in social
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class, geographic distributionorpolicy led smokerswith lung cancer to be
treated in different hospitals to non-smokers with lung cancer, whereas
for the diseases represented by the controls no such differentiation
applies. Doll and Hill might have picked the wrong hospitals. Or suppose
lung cancer to be a disease with a very uncertain diagnosis but that the
knowledge that the putative sufferer is a smoker is much more likely
to produce a diagnosis of lung cancer. One very plausible source of bias
will, if anything, lead to an underestimate of risk. This is the possibility,
since suggested by many further studies, that smoking also predisposes
to other diseases apart from cancer. If this is true, patients suffering from
other diseases are a far from ideal control group. The business of finding
suitable controls remains a central difficulty of case–control studies.

The criticswere not slow in liningup to take pot-shots atDoll andHill.
In due course, they were to face some very big guns indeed. Amongst the
shells lobbed at them were several from R. A. Fisher.

Fisher’ s angle

Two of Fisher’s arguments posited alternative explanations for the asso-
ciation. First, he suggested that lung cancer could be a disease that devel-
oped early in adolescence and developed extremely slowly. This made it
possible that lungcancerwas the causeof smoking.The symptomsof lung
cancermight encourage persons to takeup smoking as a source of relief. A
second argument proposed that there could be some common factor pre-
disposing to both smoking and lung cancer. He suggested, for example,
that there could be a gene for wanting to smoke that was associated with
the gene for lung cancer.26

Of course theremayalsobeagene formaking statementsof this sort as-
sociated with accepting money from tobacco companies. Fisher certainly
accepted such money. However, I am convinced that this was not his mo-
tive in attacking Doll and Hill. Fisher had a cussed nature and a taste
for disputation. I believe he was attracted by the challenge of proving
Bradford Hill wrong.

He dismissed the observation that lung cancer had been rising rapidly
in a period that had seen a rapid increase in smoking, by pointing out that
the rapid increase in smoking amongst women was not accompanied by
a similar increase. In a subsequent paper Fisher made much of the fact
that in the Doll and Hill study the expected association between inhal-
ing and lung cancer did not appear (dividing smokers up between those
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who inhaled and those who did not). He also pointed out the limitations
of studies that were not randomised (whilst stressing that this was an
inherent limitation of the field, requiring circumspection in drawing
conclusions, and not an adverse comment on researchers in it).

This latter criticism, however valid and politely put, was pure
hypocrisy. Fisher himself was rarely involved in purely medical matters.
Most of his important work was theoretical and that which was not re-
lated primarily to agriculture or genetics. However, a rare foray of his into
medicine was described in a joint paper with W. R. B. Atkins, ‘the thera-
peutic use of vitamin C’,27 as follows. ‘Observations made upon two sec-
tions of R. A. M. C. men dosed with vitamin C gave differences far beyond
those that couldbeattributed tochance. Itwasascertained thatmenofone
section were dosed before breakfast, those of the other after it. The latter
became saturated and excreted vitamin sooner than the former.’

In fact, not only was this study not randomised, all the men given vi-
tamin C before breakfast being in one section and those given it after in
another, this was not even a study designed to answer the question Atkins
and Fisher were now asking. The original study had the purpose of exam-
ining the vitamin C reserves of troops. It was purely by chance and not by
design that vitamin C was given according to two different regimes. ‘The
same hospital was visited four months later and further inquiries elicited
that the section A men of the R. A. M. C. had paraded at 07.30 hrs., before
breakfast, having been busy attending to patients. Section B men, finding
they were not required immediately, had their food and received the dose
of vitamin C afterwards. The routine was followed on subsequent days. It
appears therefore that vitamin C is much better utilized after other foods
which is in keeping with the custom of having dessert after meals.’

In criticising Hill and Doll, Fisherwas throwing stones fromhis glass-
house.

Physician heal thyself

Interestingly, Fisher’s criticisms are not so much of the case–control
methodology itself, in the sense of stressing the biases of the case–control
approach compared to the prospective cohort approach time. His criti-
cismsareof the sort that apply toall observational studies,whether cohort
or case–control, compared to randomised interventions. This was, per-
haps, because he was covering his back for further results that were to
arrive. By the time Fisher wrote his criticisms a cohort study of British
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doctors, initiated by Doll and Hill, was well under way and prelimi-
nary reports had been obtained. This was a brilliant stroke of Hill’s, who
recognised that doctors might make a particularly good group to study.
In October 1951 a postal questionnaire was sent to all men and women
recorded on the British medical register, inquiring about their smoking
habits. Usable replies were received from 34 439 men and 6194 women.
Follow-up studies have been carried out at various intervals, although
these have concentrated on the men, due to the initial rarity of female
smokers.

This long-running cohort studyhasnotonly confirmed thefindingsof
the original case–control study but also made it clear that this biased the
estimate of the risk of lung–cancer downwards, as discussed above, due to
the adverse effect of smoking on health in other areas and hence its effect
on the hospital controls in the original study.28 Of course, this would not
disprove Fisher’s genetic hypothesis. Attempts have been made to answer
this in other ways. A Finnish study obtained, with what must have been
greatdifficulty, data on22monozygotic (that is to say identical) twins that
werediscordant for smokingstatus29 (that is to say,whereone smokedand
the other did not). In 17 out of the 22 pairs the smoker died first. Exclud-
ing the remote possibility of simultaneous death, the probability of the
smokerdyingfirstunder thenull hypothesis ofno effect of smoking is 0.5.
The probability of 17 or more such cases is found from the binomial dis-
tribution with n = 22 and p = 0.5 to be 0.0085, which if we double it gives
us a P-value of 0.017. In other words only about 2 in 100 collections of 22
such pairs of twins would be expected to show a discrepancy in favour or
againstnon-smokers asgreat as this.This ishighly suggestivebutnot con-
clusive. In fact, only two of the deaths were of lung cancer (both to smok-
ers), reflecting, no doubt, its rarity as a disease. There was a 9 (smokers)
to 0 (non-smokers) split in terms of death from heart disease and a 6 to 5
split from other causes. Research since the early fifties comparing smok-
ers with non-smokers has shown that although the odds ratio for getting
lung cancer is much higher than that for heart disease, the excess risk is
much greater for heart disease because the latter is much more common.

Since Fisher died, and perhaps because many have been more im-
pressed by Doll and Hill’s arguments than by his, a natural experiment
has been underway. In many developed countries there has been a falling
off in the proportion of male smokers and at long last a reduction in
cancer death rates for males has appeared. However, smoking rates in
women have been rising to meet the falling rates in men and the failure
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of lung cancer to increase in women, to which Fisher drew attention, is
a failure no more, although the phenomenon does represent a failure of
public health.

Ashes to ashes

Fisher was a genius, a brilliant and profound thinker, and an important
innovator, not just in statistics but also in genetics and evolutionary bi-
ology. Bradford Hill was a truly great epidemiologist and medical statis-
tician but neither as a scientist nor as a mathematician was he in Fisher’s
class. However, on the matter of smoking, in the years that have elapsed
since their dispute, Bradford Hill’s arguments look better and better and
Fisher’s more and more foolish. As the American biostatistician Jerome
Cornfield pointed out,30 to explain away the hypothesis that smoking
caused lung cancer you had to make appeal to hidden factors whose ac-
tionwas even stronger than theputative effect of smoking (since theywere
unlikely to split 100% smokers, 0% non-smokers). The more pieces of the
puzzle appeared, the less plausible the alternative explanations appeared.
In contributing to the debate, Fisher had chosen to be clever rather than
wise and this choice was neither.
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Time’s tables

I read the tables drawn wi’ care

For an Insurance Company,

Her chance o’ life was stated there,

Wi’ perfect perspicuity.

George Outram, The Annuity

Unhappy returns

The man in George Outram’s poem sells an old lady an annuity, relying
on an insurance company’s life-table to set the price. Unfortunately she
beats the mean and years later he is left bemoaning the fact that he still
has to pay her her annuity, the premium being long gone.

But tables here or tables there,

She’s lived ten years beyond her share,

An’s like to live a dozen mair,

To ca’ for her annuity.

In setting premiums for life insurance, annuities and so forth, one has
to be careful about two matters. The first is that the premiums should
be set at a level that will not leave the insurer out of pocket in the long
run. The second is that the fund is secure against a run of possible bad
luck. This latter issue is known as the problem of gambler’s ruin and is a
very old one in statistics, having formed one of the subjects of Pascal’s fa-
mous exchange of letters with Fermat.1 It was also treated by Christiaan
Huygens in the book John Arbuthnot translated into English, De Rati-
ociniis in Ludo Aleae (1657).2 Given a very large number of persons insured,
provided that life expectancies and other quantities related to them have
been calculated correctly, the contingency required inpercentage terms to

[122]
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cover a run against the fund is small. This fact is the justification for in-
surance.Themembers of an insurance fundprotect eachotherby virtueof
their number. Outram’s insurer was unlucky but he only appears to have
had one client and so the result is not so remarkable.

But how do we decide on expectation of life? This is, indeed, a matter
that has occupied a number of mathematicians, scientists, and actuaries
over the centuries. In this chapter we consider some early attempts at con-
structing life-tables as well as the way in which this particular topic has
been most remarkably extended and modified by statisticians in the last
thirty or forty years.

Time gentlemen, please

Thebasic ideabehindamodern life-table is to take some imaginary cohort
of individuals and follow their progress to the grave. Usually a convenient
number suchas 1000or 100000 isusedandthis is referred toas the radixof
the table. This is the root at which time and mortality will gnaw. The rate
ofattrition isdeterminedbyreference todata fromsomeconvenientor rel-
evant population. From these data death rates can be calculated and from
death rates probabilities of dying (the two are not quite the same aswill be
explained indue course). These probabilities are then applied year by year
(and usually separately for each sex) to the current survivors to determine
who will see their next birthday and who will have just seen their last.

The mortality experience thus constructed is usually theoretical and
not of direct relevance to any actual generation of persons, since the data
are almost always constructed from a given calendar period. Thus, for ex-
ample, if we construct a life-table for the USA using deaths and popula-
tionfigures for theyear2000, thedeath rates for90yearolds are calculated
from thosewhowere bornbefore theFirstWorldWar,whereas those from
30 years old are from a generation who weren’t in a position to remember
where they were when John F. Kennedy was shot.

In using such a life-table to calculate the expectation of life for a 30-
year-old male, say, one is thus using death rates that will have less and less
relevance the longer time goes on. To see the implications of this, imag-
ine determining for an individual who has reached the age of 60 what his
probability is of surviving to 65.Onewouldhardly use probabilities based
on data that were 30–40 years out of date, yet if his life was insured at age
30up to age65, these very same rates are amongst those thatwillhavebeen
used in writing that policy.
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This fact has important consequences for the insurance business. The
last century showed a dramatic increase in life-expectancy. This means
that life insurance policies were generally a better bet for the insurer than
annuities, since in the former case the returns live on with your client,
whereas in the latter case your obligations die with him.

Deceased, Tunbridge Wells3∗

Tunbridge Wells, as we saw in Chapter 2, was where Thomas Bayes was
a minister when he wrote his famous treatise. This has nothing to do
with its appearance here. Queen Anne – who, through her indefatigable
production of short-lived progeny, must have done more than any other
monarch to depress the expectation of life for royalty – complained about
the dangerous conditions underfoot in Tunbridge Wells on a Royal visit
to what was to become the Pantiles.4 John Arbuthnot was her physician.
None of this is of relevance either. What is relevant, however, is that it just
so happens that my first job was working for the Tunbridge Wells Health
District (1975–1978) andduringmy time there I constructed a life-table for
the District, which I now propose to discuss.

As is the modern practice, I produced a separate table for males and fe-
males. I hope that the good ladies of Tunbridge Wells will forgive me, but
for reasons of brevity I shall present the results for gentlemen only. These
are given in Table 7.1.

The values are at five-year intervals and each row is deemed to apply
to an individual male who has the exact age given by the first column.
The second column gives the probability that a given male will fail to see
five further birthdays. The radix of the table is the first entry in the third
column and is 100 000, so we can imagine that we follow 100 000 males
frombirth.Subsequententriesgive thenumbersof theoriginal ‘cohort’ of
100 000 who survive to the given age. By multiplying this number by the
corresponding value of qx we can calculate how many we expect to die be-
fore the next row of the table is reached and this gives us the number of
deaths, dx. Thus, for example, 77 115 survive to age 65, their probability of
dying before age 70 is 0.1571 so that 0.1571 × 77 115 = 12 115 are expected to
die in the five years between exact ages 65 and 70. Obviously, by subtract-
ing this number from the current entry in the lx column we get the next
entry. Thus, 77 115 − 12 115 = 65 000. In this way all the values in columns
three and four can be constructed starting with the first entry of column
three (100 000) and using the appropriate values of qx in column two.
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Table 7.1. Life expectancy for males, Tunbridge Wells Health
District, 1971.

Age X qx lx dx Lx Tx Ex

0 0.0160 100 000 1600 496 000 7 204 449 72.0
5 0.0012 98 400 118 491 705 6 708 449 68.2

10 0.0006 98 282 59 491 262 6 216 744 63.3
15 0.0029 98 223 285 490 403 5 725 482 58.3
20 0.0055 97 938 539 488 344 5 235 079 53.5
25 0.0043 97 399 419 485 950 4 746 735 48.7
30 0.0037 96 981 359 484 006 4 260 785 43.9
35 0.0052 96 622 502 481 853 3 776 779 39.1
40 0.0044 96 119 423 479 540 3 294 926 34.3
45 0.0186 95 696 1 780 474 032 2 815 386 29.4
50 0.0327 93 916 3 071 461 905 2 341 354 24.9
55 0.0611 90 845 5 551 440 350 1 879 449 20.7
60 0.0959 85 295 8 180 406 024 1 439 099 16.9
65 0.1571 77 115 12 115 355 288 1 033 075 13.4
70 0.2420 65 000 15 730 285 676 677 786 10.4
75 0.3773 49 270 18 590 199 877 392 110 8.0
80 0.4984 30 681 15 291 115 175 192 234 6.3
85 0.6075 15 389 9 349 53 574 77 059 5.0
90 0.7224 6 040 4 364 19 293 23 485 3.9
95 1 1 677 1 677 4 192 4 192 2.5

The fifth column, headed Lx, is the total number years of life lived in
thegivenfive-year interval, assuming an evendistributionof deaths in the
interval, which assumption is fairly appropriate for the early years of life,
with the exception of the first, but becomes progressively less so as age in-
creases. (Refinements are possible but are not illustrated here.) Thus we
argue as follows. There were 77 115 alive aged 65 and 65 000 aged 70. On
average there were (77 115 + 65 000)/2 = 71 057.5 persons and so the years
of life lived were 5 × 71057.5 = 355 288 (rounding up).

The sixth column, Tx, represents the total years of life lived beyond a
givenageby thecohort andso is calculatedbysummingtheLxvalues from
thebottomof the table. Finally the expectation of further life is calculated
at any age bydividing the expected total years of further life for the cohort
at age x, Tx, by the number still alive to live them, lx. So for example we
have that the expectation at 65 is 1 033 075/77 115 = 13.4.

Pretty deadly stuff∗

Of course, all of this follows pretty trivially from the values of qx, even if
their calculation in 1976, with the help of a desktop-calculator with a roll
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of paper to print out results, took a great deal more effort than I needed
to repeat the exercise some 25 years later with the help of a spreadsheet.
However, the real labour was in finding values of qx and this is the prob-
lem that all constructors of life-tables face.

First, the Tunbridge Wells Health District was a rather small unit of
population consisting of some 196 000 persons, a little over 92 000 of
whom were males. The average five-year age group thus had about 5000
males: rather more than this for some of the earlier age groups and rather
less than this for the latter. However, the earlier age groups have low mor-
tality so that the table is based on very few deaths at the lower end of the
scale and subject to considerable random variation. To minimise this I
combined deaths for 1970, 1971 and 1972.

For the calculation of national death rates, a mid-year population is es-
timated for a given year by the Office forNational Statistics. I donot know
whether this population is now estimated locally by age and sex (I suspect
not) but such estimates were not available to me in 1976. This is why the
year 1971, a census year, was chosen. The deaths over the three-year period
had to be referred to a population that was actually counted on the night
of 25/26 April 1971, which is not quite the middle of the three-year period
and a weighting of the three years was introduced to reflect this. By re-
ferring the weighted annual average to the population alive, it was then
possible to calculate death rates.

The death rate, however, is not quite the same as the probability of
dying, even allowing for the fact that relative frequencies are not quite the
same as probabilities. The death rate is the ratio of those who die during
a year to the mid-year population. There are then two issues. The first is
that the cohort of persons who contribute to the deaths is not exactly the
sameas the cohortwho contribute to thepopulation: thenumerator is not
perfectly coeval with the denominator. Consider the case of all males who
diedaged63 in 1971.Their exact ages atdeath range from63years tonearly
64 years. The first born among them could have died just short of his 64th
birthdayonJanuary 1, 1971. Suchan individualwasbornon2January 1907.
However, the lastbornamongst themcouldhavediedonhis63rdbirthday
onDecember 31, 1971.HewasbornonDecember 31, 1908.Thusweare talk-
ing of individuals who were born in a two-year period. However, suppose
we were to refer them to the mid-year population (as we might be able to
do when calculating a life-table at national level). These are all males aged
63 on 30 June, 1971. Clearly, they were born any time between 1 July, 1907
and 30 June, 1908. Thus we have a slightly different cohort. Provided the
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population is reasonably stable, however, in the sense that the number of
63 year olds is not changing much from one year to the next, this does not
matter.

The second reason, however, is more important. Any individual who
dies aged 63 before the mid-year date contributes to the numerator (the
deaths) but not the denominator (the population). Suppose we start with
100 individuals and that 10 die in the first half of the year and 10 in the
secondhalf, so that themid-year population is 90. Thedeath rate per 1000
is 1000× 20/90 = 222.On the other hand, the life-table probability of dying
is the ratio of the deaths in the period to those alive at the beginning of the
periodandwould thusbe20/100 = 0.2,or, 200 ifmultipliedby 1000.Thus
we see that death rates cannot be used directly for life-tables. Of course,
given an assumption of the way that deaths are distributed throughout
the age group inquestion, it is possible to estimate one fromthe other and
there are actuarial tables to do this.

This computational matter is pretty deadly stuff; it is time that we had
somelight relief, andwherebetter tofindlight thanby lookingat thesky?

Edmond Halley (1656–1742)

Halley was the son of a wealthy soap-boiler.5 He was already a keen ama-
teur astronomer as a schoolboy and when he went up to Oxford in 1673
he brought with him a collection of astronomical instruments. He left
Oxford without a degree and in November 1676, aged 20, embarked for
St. Helena where he stayed for nearly two years, producing an accurate
catalogue of the southern sky. On his return he was awarded a degree at
Oxford and made a Fellow of the Royal Society. Amongst his contempo-
raries his St. Helena trip made his reputation as an astronomer but this
was sealed for posterity with a prediction that was posthumously made
good. The great comet of 1682 inspired him to compute the orbits of 24
comets. The comets of 1456, 1531, 1607 and 1682 had very similar orbits.
Halley concluded they were the same and predicted a return in 1758. A
comet obligingly reappeared in 1758, bywhich time its heraldwas 16 years
dead, and it now bears Halley’s name.

Halley made important contributions to astronomy and physics in his
ownrightbut is also important for thehelphegave Newton in theproduc-
tion of the Principia.6 ‘He paid all the expenses, he corrected the proofs, he
laid aside all his own work in order to press forward to the utmost to the
printing.’7
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It will not be obvious to the reader, however, as to why we have taken
time off from the actuarial to discuss the astronomical. Patience! All will
be revealed shortly. However, for the moment, we shall recede on an el-
liptical peregrination, returning, comet-like, to our appointment with
Halley in due course.

Life, but not as we know it8

I have taken the pains, and been at the charge, of setting out those Tables, whereby

all men may both correct my Positions, and raise others of their own: For herein I

have, like a silly Scholeboy, coming to say my Lesson to the World (that Peevish,

and Tetchie Master) brought a bundle of Rods wherewith to be whipt, for every

mistake I have committed.

John Graunt9

Those who ordered the affairs of Breslau in Silesia at the end of the six-
teenth century were wise men, fully cognisant of the value of statistics,
for they commanded that a register be kept of births by sex and of deaths
by sex and age. When searching for evidence to combat superstitions, the
scientist and pastor Caspar Neumann (1648–1715) used these data to show
that the phases of the Moon had no influence on health and also that the
‘grand climacticum’ years of 49 and 63 were not particularly dangerous.
He sent his results to Leibniz who in turn communicated them to the
Royal Society in 1689.

The Society had itself been interested in the matter, due to the labours
of one of its fellows. But to understand these labours we need to know
something of the history of English vital statistics. In 1538, Thomas
Cromwell introduced a system of parish registers of weddings, christen-
ings and burials for members of the Church of England.10 He did not have
to wait long to contribute personally to the latter, since he was executed
by Henry VIII two years later. Perhaps he ought to have included divorces
in the vital statistics. From 1604 the Company of Parish Clerks published
weekly bills of mortality and annual summaries for London. From 1625
these were printed. Although age at death was not recorded untill 1728,
from 1629 onwards numbers of christenings and burials were recorded
separately formalesandfemalesandthisexplainswhytheseries that John
Arbuthnot used for his significance test started in that year. However, as
far as we are aware, no serious attempt was made to analyse these data be-
fore 1662, when John Graunt (1620–1674), the son of a draper, published
a remarkable book, Natural and Political Observations Made upon the Bills of
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Mortality. The book eventually ran to five editions and Graunt managed
therare trickofmakingabest-selleroutof statistics. (I cannotcontemplate
Graunt’s success without envy!). The book, together with a helpful rec-
ommendation from Charles II, secured his election to the newly founded
Royal Society.

Graunt’s statistical investigations are extremely wide-ranging. He
noted, for example, the sex ratio at birth and its stability that was to
formthebasis of Arbuthnot’s probabilistic treatment.He also established
that burials exceeded christenings in London, and that this excess had in-
creased, due to changing religious attitudes towards the value of christen-
ing. However, we are interested in him here because, with great difficulty,
he constructed a crude life-table.

The reason for his difficulty was that the ages at death were not
recorded. However as Graunt explains, ‘The Searchers hereupon (who are
antient Matrons, sworn to their office) repair to the place, where the dead
Corps lies, and by view of the same, and by other enquiries, they exam-
ine by what Disease, or Casualty the Corps died.’ Graunt used these causes
of death to estimate how many persons died in given age ranges. (For
example, he could identify certain causes as diseases of infancy.) Fromthis
he was able to construct a crude life-table.

Graunt’s book created considerable interest but it also raised the ques-
tion as to whether one might do better. To do this required better data,
in particular data on ages at death. Thesewere nowavailable thanks to the
foresightof thewisemenof Breslauandthe interestsof CasparNeumann.
The assistant secretary of the Royal Society and the editor of its journal,
Philosophical Transactions, took up the task of seeing what might be done.
His name was Edmond Halley.

From orbits to obits

This City of Breslaw is the Capital City of the Province of Silesia; or, as

the Germans call it, Schlesia, and is situated on the Western Bank of the

River Oder, anciently called Viadrus; near the Confines of Germany and

Poland, and very near the Latitude of London.

Edmond Halley11

Halley makes no distinction of sex but uses average deaths by age for the
dataNeumannhad collected.These are for thefive years 1687–1691. In this
period, ‘there were born 6193 Persons, and buried 5869’. He reduces these
to annual averagesof 1238and 1174. If he couldassume that thepopulation
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Figure 7.1 Population pyramid for the Tunbridge Wells Health District 1971 by age and
sex.

was stable, there would be no difficulty in constructing his life-table. The
average age of those who died would be the expectation of life at birth.12

However where the population is not stable such an approach is biased.
Suppose for example that the birth rate is higher than the death rate and
the population is growing year by year. The deaths of the young are a frac-
tion of a larger population than are the deaths of the old. Young deaths
will thus be over-represented and we will underestimate the expectation
of life.

The ‘population pyramid’ in Figure 7.1, which is for the Tunbridge
Wells Health district 1971, illustrates the sort of thing that happens in real
populations. (I never published this work and intend to get value out of it
now!) Note that there are actually more males and females alive between
ages 40 and 50 than between ages 30 and 40. This is a situation which
cannot arrive in a life-table population where each successive age group
must contain fewer individuals. (Thepyramidalso illustrates Arbuthnot’s
divineprovidence admirably.The closer thedashed line,which represents
themid-point, is to the solidvertical one, themoreevenly the sexes arebal-
anced. Note how wonderfully an excess of males is translated into just the
right number when women reach marriageable age.)
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However, Halley does not have population figures and thus, although
in a much better position than Graunt who did not even have age at death
but had to infer this, cannot proceed as I was able to do with the popula-
tion of Tunbridge Wells. He starts by assuming that he somehow has to
account for what will happen to the 1238 births using the deaths from the
1174. The difference between these two figures is 64. He states that from
the table available to him it seems that 348 die in the first year of life. This
leaves him with 890. He also states that in the next five years 198 will die
anddistributes theirnumber evenly amongst theperiod.Thiswould leave
him with 692 survivors at age 6. Now, however, he produces a distribu-
tion of deaths by age for the remaining years based on the actual deaths
observed and this only adds up to 628, the difference to 692 being the 64
already noted.

Nextby a less than transparentprocedurehe somehowreconciles these
figures and produces his life-table. Unlike the modern form this does not
use the imaginary device of a cohort, the radix, starting life together on
the same date, but gives the actual number alive in Breslau in the first
year. This is the equivalent of the Lx figure in a modern life-table rather
than the lx figure. (See the example of Tunbridge Wells, where however,
the age groups are of five years width rather than one as used by Halley.)
ThefigureHalley gives is 1000.This canbe interpreted in twoways. Either
as a convenient number to start with, or as pretty much the true figure for
Breslau given the fact that according to Halley’s estimate out of 1238 born
only ‘890 do arrive at a full Years Age’. The average of 1238 and 890 is 1064
but bearing in mind that more infants will die in the first weeks than to-
wards the end of the year, the number of years of life lived will be lower
than this and might plausibly be very close to 1000.

We shall not discuss Halley’s life-table further but give a graphical rep-
resentation inFigure 7.2. below. Insteadwe shall take a leap of some three
centuries. However, a leap of this length is not without its hazards and in-
deed the so-called hazard rate is what will have to discuss. We need to make
ourselves better acquainted with it first.

Time’ s winged chariot

A key epidemiological concept in understanding risk is ‘person-time at
risk’, sometimes loosely referred to as exposure. (Thiswas implicit, for ex-
ample, in the discussion of Viagra in Chapter 6.) It is often approximately
true, under conditionswe shall consider indue course, that thenumberof
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Figure 7.2 A graphical representation of Halley’s life-table.

deaths we expect to see in a population is proportional to the person-time
at risk. For example, in similar populations, we should expect to see ap-
proximately the same number of deaths if we studied 10 000 persons for
a year or 120 000 for a month. In each case the person-years of exposure
are 10 000.

Of course, if the observation time is increased considerably, this is not
true. In most populations the death rate increases with increasing age.
Hence if we follow a group of 10 000 individuals for 30 years we shall ex-
pect to see more deaths than if we follow an initially comparable group
of 300 000 individuals for one year. As we have already seen, such a group
is referred to by epidemiologists as a cohort, a collective noun that (singu-
lar) originally meant a tenth part of a Roman legion but now (plural) seems
to be used increasingly in the newspapers to mean persons accompany-
ing another, as in, ‘Madonna appeared at the party surrounded by her
cohorts’. Thus hacks have now added to their inability to understand the
basics of the statistics of cohorts an inability to understand the word: at
sea with both signifier and signified. What can it be a sign of?

The conditions to which we referred above, which make the expected
number of deaths proportional to exposure, are that the so-called hazard
rate should be both constant and small. The hazard rate is the probability
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of dyingwithin a small interval given that onehas survived so far. Tomake
this obscure statement clear, we shall have no choice but to play a simple
gameof chance. Since death is our subject andwewish to relieve someSty-
gian gloom, tossing a coin, Charon’s toll in this case, might be appropri-
ate. It was such a coin that the musician Jeremiah Clarke, disappointed in
love, tossed to decide whether to drown himself in a pond he was passing.
It fell with its side imbedded in the mud, so he went home and blew his
brains out. But edge-up coins are too fantastical for a work such as this,
where all is probability, and 50:50 is too symmetrical, too even, too bor-
ing. Let us increase the odds of survival and consider a game of Russian
roulette.

Revolver

I am the one in ten

A number on a list

I am the one in ten

Even though I don’t exist

Nobody knows me

Even though I’m always there

A statistic, a reminder

Of a world that doesn’t care

UB40, One in Ten13

Take a revolver with a chamber with space for six bullets, leave five spaces
empty but put a bullet in the other, spin the chamber, place the gun to
your head and pull the trigger. This brainless form of entertainment is a
good way of hurrying along John Maynard Keynes’s long run, which we
discussed in the last chapter, but we shall use it not so much to illustrate
the inevitability of death but the calculation of probabilities.

Suppose that you have a one in ten chance of propelling a live bullet
through your head on the first shot. ‘Wait a minute,’ I hear the reader say,
‘one in ten; don’t you mean one in six?’. Not necessarily. That would be to
use a vulgar argument of symmetry. Who said we were going to use classi-
cal probability? It is possible that the weight of the bullet is more likely to
bring the chamber to rest at the bottom, whereas egress to the barrel is at
the top. Of course, I have no empirical basis for my one in ten but I am in
charge here and I like these odds better. One in ten it is.

Clearly the probability that the player will die on the first game is 1/10.
On the other hand if we wish to consider the probability that the player
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will die on the second game this is (9/10) × (1/10) = 0.09 because we require
him to survive the first game, which he will do with probability 9/10 and
then expire on the second, which he will do with probability 1/10. Suppose,
now, that we wish to calculate the probability that a player playing Rus-
sian Roulette will die on the third game? We may proceed as follows. In
order to die on the third game he has to survive the first game and the sec-
ond. The probability that he survives the first is 9/10 and likewise for the
second given that he lives to play it. Thus the probability of his surviving
both games is (9/10) × (9/10). His probability of surviving both games and
dying on the third is (9/10) × (9/10) × (1/10) = 81/1000 = 0.081.

The reader will now be hoping that this game will not carry on indef-
initely and that our would-be suicide will soon achieve his desired end.
There are only so many probability calculations of this sort that one can
take before ennui sets is and one is tempted to seek dangerous distrac-
tions, possibly involving revolvers, who knows, as an alternative. How-
ever, algebra can come to our aid and it is not hard to find a general rule
that will give us the probability that the individual will expire on a given
number of attempts. Let us call that number n. In order to expire on the
nth attempt the individual has to have survived n − 1 attempts, each of
which he will do with probability (9/10), the probability of surviving these
being just (9/10) × (9/10) . . . (9/10), where n − 1 such numbers are written,
so that this probability is (9/10)n − 1. We now have to multiply this by the
probability of his expiring on the nth attempt having survived thus far,
which is just 1/10. Thus the overall probability of dying on attempt n is
(9/10)n−1 × (1/10) = 9n−1/10n.

What we have derived is the probability distribution of the number of
attempts it takes for the individual to kill himself. If we wish to be more
formalabout this andwrite p(n) for theprobability that the individualdies
at attempt n, then we may write

p(n) = 9n−1

10n , n = 0, 1, . . .

This handy formula now gives the probability of our dying on any occa-
sion. To find out what our probability is of dying on the fifth shot we have
to substituten=5 in the formula toobtain p(5) = 94

105 = 0.066.However, if
we are interested in a rather different question, namely what is the prob-
ability of dying on or before the nth attempt, then this requires a differ-
ent formula, one which represents the sum of the probabilities of dying
on the first, the second and so forth up to the nth pull of the trigger. We
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will represent this probability by F (n). The formula for this is simply de-
rived by considering that the probability of our surviving up to and in-
cluding the nth attempt, which we shall refer to as S (n), is given by the
product of our survival probabilities on each of the n occasions and so
we have S (n) = ( 9

10 )n. However, we must either die on or before the nth
attempt or survive up to and including the nth attempt. (We might refer
to this as, ‘the law of the excluded monster’: Russian roulette players are
either alive or dead but there are no undead.) Hence, F (n) + S (n) = 1 so
that F (n) = 1 − ( 9

10 )n. For instance, our probability of dying on or before
the fifth attempt is F (5) = 1 − ( 9

10 )5 = 0.41.
Now suppose we wish to calculate the probability of expiring on the

nth attempt given that we have survived the first n − 1 attempts, which we
shall refer to as H (n). It is intuitively obvious (at least I hope that it is obvi-
ous) that this is simply 1/10. However, we can be tedious and formal about
this and use Bayes theorem. This says that for any two events A and B the
probability of A given B is the probability of A and B divided by the prob-
ability of B. Or, to put it algebraically, in a form we have already encoun-
tered, P (A | B ) = P (A ∩ B )/P (B ) where the symbol ∩ stands for ‘and’ and
the symbol | stands for ‘given’. Now, the probability of surviving the first
n − 1 attempts and expiring on the nth attempt is simply the probability
of expiringon thenth attempt, since this implies survival for thefirstn − 1
and this, we have already calculated, is p(n) = 9n−1

10n . To calculate the proba-
bility of dying on the nth attempt given that we have survived n − 1, Bayes
theorem tells us we need to divide this probability by S (n − 1). However,
since S (n) = ( 9

10 )n, S (n − 1) = ( 9
10 )n−1 so that we have

H (n) = p(n)/S (n − 1) =
(

9n−1

10n

)
(

9
10

)n−1
= 1

10
.

This long journey back to square one may seem pointless but it illus-
trates the general rule. By the instantaneous hazard rate we mean the
probability of dying on a particular occasion (or in continuous time, at a
given moment) given that one has survived so far and this can in general
be calculated by dividing the probability of death on the occasion by the
probability of surviving so far. The nearest life-table equivalent of this is
qx. The equivalence is not perfect because the hazard rate is presumably
changing continuously over time, yet we average it by using whole years,
or in the case of my table five-year periods.
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Note that there isno contradictionbetweena constanthazardandade-
clining probability of death. The probability of death on the fifth attempt
is p(5) = 0.066. That of dying on the first is p(1) = 0.1. The former is lower
than the latter; not because Russian roulette gets safer the more you play
it. It does not. The appropriate measure of risk is the hazard rate and this
is constant. The probability of dying on a given occasion has to cover the
probability of having survived so far and this is lower for the 5th than for
the first attempt. In the long run, our Russian roulettist is almost surely
dead. His probability of dying on a particular occasion given that he has
survived so far is, however, constant. Of course hazard rates do not have
to be constant and it is a general feature of life that, although they tend to
reduce in the first few weeks of life, the general trend is for an increase as
we get older.

The lessons for interpreting probability where time is concerned are:
first, don’t forget exposure and, second, be very careful to say exactlywhat
sortofprobability youare talkingabout if you intend to convey something
meaningful.

Hazard a guess

If you go to the Web of Science (http://wos.mimas.ac.uk/) and do a cita-
tion search under Cox DR and the year 1972, you are offered a bewilder-
ing choice of articles. The list you get initially is not of papers that have
cited the reference being sought but of papers produced by DR Cox in
1972. But can one man have written so many papers in one year? The list
goes on for 10 pages with 20 papers per page. Once you are past the first
few, however, you begin to realise that these are all suspiciously similar.
A detail is changed here and there. Only once you get onto page 7 do you
really understand what is going on. A paper by D. R. Cox14 has been cited
a staggering number of times: 15 759 citations when I looked it up on the
13 April 2002. In fact, it has been cited so many times that it has attracted a
whole host of false citations. Many of these incorrect references have now
acquired a life of their own and survive on as less successful but still viable
mutations in this exploding population of references. I shall now attempt
the difficult task of trying to explain exactly what it was that this paper
achieved.

In order to do that we need to understand something about the differ-
ent concerns of actuaries and medical statisticians. The former are more
concerned to predict what will happen to those insured, since that affects
contingent payments and hence premiums and profits. The latter are less
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concerned with what will happen but rather with what affects that which
will happen. If patients are given beta-blockers do they live longer? Do
smokers die younger and can we therefore conclude that if we can per-
suade smokers to give up their habit they will live longer?

The secondpoint is that actuaries oftendealwith very largenumbers.15

Thiswasnot the case in the early days of the subjectwhen, aswehave seen,
Halley had to construct his tables from a relatively small town in a far-off
province. Now we have vital registration as part and parcel of the busi-
nessofgovernmentand life-tables canberegularlyproducedandbasedon
statistics collected from millions. In fact, as was pointed out in discussion
of the Cox paper, fluctuations in the rate of interest are a greater source of
uncertainty affecting actuarial calculations than mortality itself.16 How-
ever, medical statisticians are likely to be involved in relatively small trials
dealing with hundreds, occasionally thousands and rather rarely tens of
thousands of patients.

The third point is that trialists and their medical statisticians are often
not concernedwith representative inference. Theyknow that the groupof
patients theyhave recruited into a clinical trial are unlikely to be fully rep-
resentative of the target population. They may have, for example, a much
higher mortality. However, in the clinical trial, this does not matter. They
are split into two comparable groups and one is compared with the other.
It is comparative inference one is engaged in.

The fourth point is that especially where clinical trials are concerned,
prospective data have to be collected. As we have already seen, life-tables
tend to be constructed using retrospective data (those who have already
died) from different generations. In conducting a clinical trial we follow a
‘generation’ forward. Unless the prognosis is very poor it can take a while
for everybody to die. Indeed, the last patient could possibly die after the
medical statistician and quite probably, if it is a trial of a pharmaceutical,
after the patent has expired. This makes it practically unattractive to fol-
low all the patients in a trial until death and the problem then becomes
that of deciding on the effect of a treatment on mortality without having
studied everyone.

Out of all proportion

Nevertheless, without observing deaths you cannot decide on the effect of
treatments onmortality so that it is deaths youhave to collect. If, however,
noteverybodydies, andyour trial is inanycase small, youendupwitheven
less information than one might suppose is the case simply by looking at
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Figure 7.3 Probability of dying before next birthday by age and sex for the United
Kingdom 1998–2000. Source Government Actuary’s Department. Note vertical scale is
logarithmic.

the number of patients. Now suppose that you wish to study the effect of
a new treatment on survival of patients who have had a myocardial infarc-
tion. Patients are randomly assigned to the new treatment or the control
treatment. But how shall you summarise the difference between the two
groups? Figure 7.3 shows the problem. This is not of a clinical trial but
concerns the example of life expectancy in the United Kingdom based on
the Government Actuary’s Department for 1998–2000. The graph shows
qx (our life-table approximation of the hazard rate) for males and females
based on three years of data. A logarithmic scale has been used for the
probability of dying.

What is noticeable is that there is a huge variation in the probability of
dying over the various age-ranges. The situation seems difficult to sum-
marise. However, what is also striking is that the probability of dying is
higher at each age for males than for females. This is not so easily seen
on the graph, especially at the lower ages. However, we can remember a
lesson we learned when looking at Arbuthnot’s birth data. If you are in-
terested in differences and ratios, and ratios are what I am interested in
here, then you should plot these. Figure 7.4 gives the ratio of the life-table
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Figure 7.4 Hazard ratio for being male compared to female by age. United Kingdom
1998–2000. Note vertical scale is logarithmic.

probability of dying for males compared to females. As we have already
discussed, this probability is very nearly the hazard rate. What the dia-
gram plots is the hazard ratio.

As with the probabilities, the hazard ratio has been plotted on a loga-
rithmic scale. The horizontal line is at a ratio of 1, which has a logarithm
of zero. Since the logarithm of a ratio is the difference in logarithms, what
has been plotted is the difference between the two curves on the first plot.
We can now see quite clearly that the probability of dying is always higher
for males than for females. In addition, however, if we study the age range
40 to 75, we shall find that in this range the hazard ratio varies very little
and is close to 1.5. To emphasise this, Figure 7.5 plots the hazard ratio for
the age range in question.

Now suppose that we are asked to summarise the mortality of males.
This is very difficult since the picture is extremely complex. On the other
hand, if asked to summarise the difference it makes to mortality being
male rather than female in the age range 40 to 75, then this is very easy.
The effect is to multiply the hazard rate by about 1.5.

There is one particular circumstance under which this sort of sum-
mary is particularly useful and that is when you are reporting a clinical
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Figure 7.5 Hazard ratio for being male compared to female by age, age 40–75. United
Kingdom 1998–2000. Note vertical scale is logarithmic.

trial. There, survival time will not be measured from birth but from the
moment the treatment is given.However, unlikewhenconstructinga life-
table for the United Kingdom, we will have very few data available to esti-
mate the effect of treatment on each possible length of survival. If we can
assume, however, that the effect is approximately proportionate on the
hazard scale, which is to say that the hazard ratio will be constant, then
we can hope to use data from the whole trial to tell us what this ratio is.

Before Cox published his much-cited work, statisticians were already
able to deal with the fact that in a clinical trial not all of the patients will
have died. This phenomenon is called censoring. We have to replace an
exact value for the years survived with an inexact one; for example, this
patient survived at least five years (if still alive after five years at the end
of the trial). Statisticians could also include many variables. In a clinical
trial, you are measuring survival from the moment treatment is given, or
perhaps from the time of infarct, but not from birth, yet the age of the
patient, and quite possibly sex and probably some measure of baseline
risk andwhether thepatient is a smoker or notmight all plausibly have an
effect. You may feel you ought to take account of all these factors in your
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analysis. Such factors, which are not of direct interest, are usually referred
to as covariates and sometimes as nuisance variables. However, in allow-
ing for these factors, statisticians had to use a so-called parametric model.
That is to say theyhad topostulate aparticularmathematical formfor sur-
vival andseehowtreatment altered it.Thiswasproblematicbecause itwas
difficult to know what form was appropriate, there might not be a simple
form that would do the facts justice and you might have difficulty check-
ing from the data which form was best.

What Cox’s paper showed was that the inferences you made did not re-
quire precisemodellingof thebackgroundprobability of dying, as long as
it was the hazard ratio you were interested in; in fact this probability has
very little influence on inferences about the hazard ratio. In other words,
it was not necessary to establish accurately what the life-table was for each
group in order to make inferences about the differences in mortality on
the log-hazard scale. This was its principal innovation. Essentially what
Cox had done was bridge the gap between the mathematical modelling
approaches that statisticians were used to using in this and other fields
and the more empirical life-table approaches of the actuary.

Epilogue

As already indicated, the proportional hazards model has become a huge
hit, not only with the statistical community, but also with the medi-
cal community. There must be at least 40 books on the methodology
of survival analysis, many of whose pages will be devoted to explaining
and extending theproportional hazardsmodel and everymajor statistical
package permits you to fit it. However, there are also hundreds of medical
application papers published every year that cite it.

The author of the paper, Sir David Cox, has received many honours
for this and for his many other contributions to statistics but perhaps the
most remarkable and the most poignant testimony to the power of statis-
tics is the Charles F. Kettering prize for cancer. There, in amongst the
list of prize-winners since 1979, amongst the citations for the discovery
of treatments for testicular cancer and leukaemia, and for various cellular
mechanisms of cancer, you will find the following: 1990 Sir David Cox,
Ph.D., F.R.S. For the development of the Proportional Hazard Regression
Model.17
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A dip in the pool

Meta-analyst: one who thinks that if manure is piled high enough it will smell

like roses.

Guernsey McPearson, Drug Development Dictionary

Pearson père

Always an elaborately careful worker, a maker of long rows of variables, always

realizing the presence of uncontrollable variables, always a vicious assailant of

what he considered slackness or lie or pomposity, never too kindly to

well-intentioned stupidity, he worked in the laboratories of Koch, of Pasteur, he

followed the early statements of Pearson in biometrics . . .

Sinclair Lewis, Arrowsmith

It is time we had a closer look at Karl Pearson (1857–1936).1 He has already
appearedanumberof times in this bookbutwehave yet togivehimthe at-
tention he deserves. History has not been particularly kind to him. At the
height of his powers he was one of the most famous scientists of the day.
He seemed to be the biometrical messiah. Little did he know that he was
simplypreparing theway foronegreaterwhowas to comeafterhim.How-
ever, if it was the gospel of Fisher that was to spread, it was Pearson who
originally baptised scientists in the biometrical faith. There is no doubt
that, at one time, Pearson was the man.

Amongst the acolytes who owe their biometrical baptism to Pearson
are Major Greenwood, the first Professor of Epidemiology at the London
School of Hygiene, and Bradford Hill Greenwood’s successor. Both at-
tended his lectures. Student received permission from Guinness to have
leave for one year to study with him. When Neyman first came to England
it was to work in Pearson’s department and, of course, Egon Pearson,

[142]
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Neyman’s collaborator, also received his start in biometrics from his
famous father. Even Fisher received a start of sorts from him, since
Pearson’s idiosyncratic journal, Biometrika, was where Fisher’s famous
paper on the correlation coefficient appeared.

Pearson was a strong believer in heredity and the fact that his father
and mother were of pure Yorkshire stock was, in his opinion, sufficient
explanation for his character, the purely environmental circumstance of
Londonashis birthplace being largely irrelevant. A capacity for hardwork
and a capacity for roving into other people’s preserves,2 are what he found
in himself. Others would have assigned him obduracy and a tendency to
gravitate towards controversy and disputation.

Pearson was actually born Charles but as a young man he fell in love
with Germany and changed his name to Karl and this also explains why
his sonwas given thenameEgon. Pearson’s fatherwas a barrister, Queen’s
Counsel,3 and Karl was educated first at University College School and
thenatCambridge,whichheenteredas a scholar in 1875, graduating third
wrangler in 1879. Already at Cambridge he displayed the predilection for
disputes that was to characterise his scientific life. At his college of King’s
he succeeded in getting compulsory attendance at chapel abolished, then
appeared the following Sunday in his usual place explaining it was the
compulsion and not the worship he was rebelling against. However, let
the man speak for himself.

In Cambridge I studied mathematics under Routh, Stokes, Cayley and

Clerk Maxwell – but wrote papers on Spinoza. In Heidelberg I studied

physics under Quincke, but also metaphysics under Kuno Fischer. In

Berlin I studied Roman Law under Bruns and Mommsen but attended

the lectures of Du Bois Reymond on Darwinism. Back at Cambridge I

worked in the engineering shops but drew up the schedule in Mittel-

and Althochdeutsch for the Medieval Languages Tripos. Coming to

London, I read in chambers in Lincoln’s Inn, drawing up Bills of Sale,

and was called to the Bar but varied legal studies by lecturing on Heat

at Barnes, on Martin Luther at Hampstead, and on Lasalle and Marx on

Sundays at revolutionary clubs round Soho.4

Indeed, Pearson was a lifelong socialist who contributed hymns to the
Socialist Song Book and stuck to his principles by refusing all public hon-
ours, including a knighthood when it was offered to him. His interests
were extraordinarilywide andvaried.The abovepassage, althoughclearly
aboast, isno idleboast, forPearsonneverdidanythingbyhalves.His statis-
tical contributions included work on frequency distributions, correlation
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and the theory of sampling. His non-statistical (or at least not exclusively
statistical) contributions include work on heredity and eugenics and his-
tory, including art history. Although Pearson became an atheist, he wrote
a passion play in 1882 and a work of 1887 in German, Die Fronica: ein Beitrag
zur Geschichte des Christusbildes im Mittelalter, which is an art-historical de-
scription of the growth of the Veronica legend in the middle-ages. His
works on philosophy and religion include articles on free-thought, on
Spinoza,Maimonides,MartinLuther andMeisterEckehart.Healsowrote
abookonthephilosophyof science,TheGrammarofScience, 1892,whichwas
extremely influential in its day.

As a lifelong socialist, Germanophile and eugenicist the following
sentiments are perhaps not entirely surprising.

The Royal Society Council having passed a resolution that

mathematics and biology should not be mixed, Biometrika was founded

with Galton as consultant and Weldon and myself as joint editors.

Buccaneer expeditions in too many fields followed; fights took place

on many seas, but whether we had right or wrong, whether we lost or

won, we did produce some effect. The climax culminated in Galton’s

preaching of Eugenics and his foundation of the Eugenics

Professorship. Did I say ‘culmination’? No, that lies rather in the

future, perhaps with Reichskanzler Hitler and his proposals to

regenerate the German people. In Germany a vast experiment is in

hand, and some of you may live to see its results. If it fails it will not be

for want of enthusiasm, but rather because the Germans are only just

starting the study of mathematical statistics in the modern sense!5

Gut feeling

Moving swiftly on, we come to the reason that Pearson is of interest in
this chapter.6 This is not for any of his important contributions to sta-
tistical theory, amongst which one would have to cite his development of
Galton’s theory of correlation and the eponymous Pearson system of fre-
quency curves, still less for his ill-advised observations on the regenera-
tionof theGermanpeopleandthepotential roleofmathematical statistics
in that task. Our interest lies in what he would have undoubtedly consid-
ered a minor contribution to statistics, a paper that appeared in the British
Medical Journal in 1904 and which described the application of statistical
method to the examination of the value of prophylactic inoculation for
enteric fever.7
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Pearson wastes no time in discussing enteric fever and inoculation
but launches straight into the important stuff beginning, ‘The statistics
in question were of two classes: (A) Incidence (B) Mortality Statistics.
Under each of these headings the data belonged to two groups: (i) Indian
experience; (ii) South African War experience’. He then describes
data, which he presents in an appendix, which had been collected by
Lieutenant-Colonel R. J. S. Simpson giving numbers of soldiers cross-
classified by whether they were inoculated or not and outcome, that is to
say whether they became cases or not or whether they died or survived. In
what follows we concentrate on cases rather than deaths.

Pearson could use data which Simpson had collected from a number
of sources relating to the army in India and the ‘South African War’, the
latter being divided into four further groups: Hospital Staffs, Garrison
of Ladysmith, Methuen’s Column and a group of three regiments. Each of
the five sets of results can be summarised using a so-called two by two or
four-fold table. For example, the table for ‘Methuen’s column’ looks like
this

Inoculated Non-inoculated Total

Escaped 2509 10 724 13 233
Cases 26 257 283
Total 2535 10 981 13 516

If we transform this table of frequencies into one of probabilities, by
dividing the cell values by the column frequencies we get the following
results.

Inoculated Non-inoculated Overall

Escaped 0.990 0.977 0.979
Cases 0.010 0.023 0.021
Total 1.0 1.0 1.0

Here, for example, the figure of 0.010 has been obtained by dividing 26
by 2535.

It is clear that inoculation is far from being a perfect prophylactic. Nev-
ertheless, if we are to take these proportions at face value and accept them
as probabilities, it would seem that your chances of getting enteric fever
were more than twice as high if you were not inoculated than if you were.
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However, the number of cases are few and the question then will arise in
the statistician’smind, ‘is this just a coincidenceordoes it reflect agenuine
effect?’ .

Of typhus, tables and the tetrachoric
coefficient of correlation

There are several possible approaches, at least one very popular modern
one due to Pearson himself, based on his famous chi-square test. Instead,
however, he calculates the so-called tetrachoric correlation coefficient.
This was typical of the Pearson school of biometrics. During his discov-
ery of regression to the mean as applied to family heights, a topic we cov-
ered in Chapter 1, Francis Galton discovered that such data could be fairly
well modelled using the so-called bivariate Normal distribution. This is a
mathematical device, a sort of probability equation, that candescribe two-
dimensional data such as for example, heights and weights of a group of
patients, or blood pressure at baseline and blood pressure at outcome.

When one has a given variable, such as systolic blood pressure at base-
line, one can always standardise it by subtracting the average value, the
mean, and dividing by the statistician’s measure of spread, the standard
deviation, which we encountered in Chapter 5. The net effect of this
is that all bivariate Normal distributions are characterised by a single
statistic, the so-called correlation coefficient, which we also mentioned in
Chapter 5, and, to the extent that this mathematical model applies,
the strength of association can be expressed by this single coefficient.
Some such scatterplots, with their correlation coefficients are given in
Figure 8.1.

Here we imagine we have two standardised variables Y1 and Y2. This
means that in all cases the mean values of Y1 and Y2 are zero and in all
cases their standard deviation, which characterises their spread, is 1. If
the reader studies the four plots, he or she will see that the spread along
each axis is more or less the same in each direction and centred on zero.
What differs in the plots is the association between one dimension and
another.

The northwest plot is the case where there is no relationship between
the two variables. A circular scatter is the consequence. The northeast plot
is the caseofmoderate relationship. In the southwestplotweactuallyhave
a moderate inverse relationship: as Y1 increases Y2 is reduced. In the final
southeast case there is a strong positive relationship or ‘correlation’, as we
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Figure 8.1 Four scatterplots for simulated results from the bivariate standardised
Normal for various values of the correlation coefficient, rho.

say. In all cases the correlation coefficient of the distribution from which
the results have been simulated is given. It is usual to use the symbol ρ,
rho, for this. In general this correlation coefficient has to lie between −1
and 1, the former corresponding toaperfect inverse relationship, the latter
to a perfect direct relationship. If there is no relationship, the correlation
is zero.

In formalising Galton’s work, Pearson came to lay great stress on the
correlation coefficient, developing extensively the approaches to estimat-
ing it as well as its mathematical theory. Indeed we sometimes refer
to the ‘Pearson product-moment correlation coefficient’. It was, how-
ever, R. A. Fisher who was to provide the eventual culminating the-
ory by establishing how the correlation coefficient might be expected
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to vary randomly from sample to sample, the first of his papers on this
subject appearing in Pearson’s Biometrika, as we have already explained.
At the time of Pearson’s paper in the British Medical Journal, however,
Fisher was still a schoolboy, his work lay in the future and in any case
the other methods that Fisher was to inaugurate would eventually de-
throneboth the correlation coefficient andPearson fromtheirpositionsof
pre-eminence.

However, for the moment, we will try to follow Pearson as he tries to
grind his data through the correlation mill. This seems a bizarre thing
to want to do. The bivariate Normal applies to continuous data whereas
Pearson’s are binary: inoculated or not, escaped or not. Ironically, Pearson
is attempting to perform the opposite of what many physicians now do.
For example, they take continuous data and dichotomise: systolic BP
above 140 mmHg, hypertensive; below 140 mmHg, normotensive, and so
forth. This is a fine device for throwing information away using arbitrary
distinctions. Pearson goes the other way. He asks the following: suppose
that these binary data had been produced by a bivariate Normal distribu-
tion, what would it look like?

Figure 8.2 illustrates his idea.8 Suppose we did have a bivariate stan-
dardised Normal distribution with 13 516 observations, this being the
number we have from Methuen’s column. If we cut it vertically as shown,
we end up with approximately the proportions inoculated and not in-
oculated. If we cut it horizontally we end up with approximately the
proportions who escaped and became cases. We can always do this for any
bivariate standardisedNormal of any shapewhatsoever.However, only for
a bivariate Normal with a correlation of 0.176 will we get the correct pro-
portion in all four quadrants of the diagram. We have to discover by nu-
merical integration of the bivariate Normal which value of rho produces
the desired result.

Actually, either programming this myself or using the statistical pack-
ages SYSTAT r© or SAS r©, I get the value of 0.176. Pearson, whose labours,
or the labours of whose human computers, would have been much longer
and more tedious, gets 0.19. He also calculates a ‘probable error’ of 0.026.
By adding or subtracting this value from the ‘point estimate’ we would
obtain what in modern parlance are the 50% confidence intervals for the
correlation coefficient. These limits are (accepting Pearson’s calculations)
0.164 to 0.216. Pearson was a Bayesian, so we might take this as indicat-
ing that he felt it was just as likely that the true correlation coefficient lay
within this interval as outside it. We must view this with some suspicion.
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Figure 8.2 Illustration of the tetrachoric correlation coefficient with data
simulated to have the characteristics of those from Methuen’s column.

As we have already explained, the theory explaining the way that the cor-
relation would vary from sample to sample had not yet been developed by
Fisher.Whenhediddevelop it,hewas toshowthat theconceptofprobable
error was not usefully attached to the correlation coefficient itself but to a
transformation of it. However, Pearson’s calculation is otherwise remark-
ably accurate in this respect. The computer package SAS r© gives a standard
error of 0.0390, which corresponds to a probable error9 of 0.0263.

Many a mickle maks a muckle

Pearson calculates the corresponding statistics for all the data sets that
he has. The results for immunity and inoculation are in Table 8.1, the
first columnof figures being the estimated tetrachoric correlation and the
second its probable error.
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Table 8.1. Pearson’s ‘meta-analysis’.

Inoculation against enteric fever

Correlation between immunity and inoculation
I. Hospital Staffs . . . . . . + 0.373 ± 0.021

II. Ladysmith Garrison . . . . . . + 0.445 ± 0.017
III. Methuen’s Column . . . . . . + 0.191 ± 0.026
IV. Single Regiments . . . . . . + 0.021 ± 0.033
V. Army in India . . . . . . + 0.100 ± 0.013

Mean value . . . . . . + 0.226

The mean value is the straightforward arithmetic mean obtained by
summing the correlations and dividing by five. It is this simple average,
perhaps, which has given Pearson the reputation of being the first to per-
form what we would now refer to as a ‘meta-analysis’ although, even if
one used tetrachoric correlation coefficients, one would not nowadays av-
erage them in this way. More weight would be given to those with lower
probable errors, although just how much weight is a matter of debate and
controversy. Modern meta-analysts would also attach some measure of
its reliability to the overall result. What is missing is a probable error for
the overall mean. It may well be, however, that Pearson had doubts as to
whether any meaningful measure of reliability could be produced under
the circumstances.

For example, he remarks that with the exception of IV, the values of
the correlations are several times that of their probable errors. ‘From
this standpoint we might say that they are all significant, but we are at
once struck with the extreme irregularity and the low-ness of the values
reached.’ He seems to be implying that their irregularity is much more
than can be explained in terms of pure random variation. In modern par-
lance this would imply that a so-called random effects model might be ap-
propriate. Later he says, ‘Puttingonone side, however, themysteriousdif-
ference between the 0.445 of Ladysmith and the practically zero result for
the single regiments, andassuming that the average correlation is real and
0.23 about, we may doubt whether this is sufficiently large to justify the
treatment being adopted as routine’.

This is an interesting observation and is echoed in many modern de-
bates. We would now say that Pearson is judging the results to be ‘statis-
tically significant but not clinically relevant’. That is to say he considers
the figures to suggest that the apparent benefit of inoculation cannot be
attributed to chance but that the effect is so small as to be of doubtful use.
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Pearson concludes, ‘If it were not presumption for me with no special
knowledge whatever on the subject to give an opinion, I should say that
the data indicate that a more effective serum or effective method of ad-
ministration must be found before inoculation ought to become a rou-
tine practice in the army’. This is called having your cake and eating it
but is pretty typical of the way that statisticians behave. Data are data and
as soon as any scientific results are summarised, the statistician will con-
sider that they are fair game. On the other hand, it is always wise to cover
your back and, in that respect, suitably prefaced subjunctive statements
are always safer. Pearson is not a physician but a statistician. Here he is
indulging his, ‘capacity for roving into other people’s preserves’. There
is no need to appeal to Yorkshire ancestry to explain this. The man was a
statistician.

More modern meta

How would we analyse Pearson’s data today? Almost certainly not by us-
ing the tetrachoric coefficient of correlation. A more modern approach to
analysis is represented in Figure 8.3. For each of Pearson’s five data sets a
statistic we encountered in Chapter 6, the so-called odds ratio, has been
calculated and is represented by a point. An odds ratio of less than 1 in-
dicates that the attack rate was lower in the inoculated group than in the
un-inoculated group. The lines are the so-called 95% confidence intervals
and indicate a plausible range for the ‘true’ odds ratio for that data set.

Also shown are the results of two different meta-analyses. The first, a
fixed-effects meta-analysis, uses only the internal evidence of the variabil-
ity of the results from a given data set to weight them and also to describe
the reliability of the result. The second, the random-effectsmeta-analysis,
ascribes to each result a variability that is based not just upon the internal
evidence but also upon the extent to which the results vary from one set
to another. This latter element of course is common to them all, being the
extent to which they all vary, and since this is considerable in this exam-
ple, the random-effects meta-analysis tends to weight the data sets much
more equally and also to express much greater uncertainty about the final
result. The final confidence interval is much wider since it has also used
the external evidence of the extent to which the results vary.

Of course, the main message from this data set is that there is no mes-
sage or at least not a clear one. It must be conceded that to the extent that
the data can be trusted, whether a fixed-effects or random-effects analysis
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Figure 8.3 Odds ratios (OR) and 95% confidence intervals for Pearson’s data and
fixed-effects and random-effects meta-analyses.

is used, the confidence interval falls completelybelow1, thepoint atwhich
the odds are equal. This indicates that the result is ‘significant’: the effi-
cacy of inoculation is supported, or at least the results cannot easily be ex-
plained by chance. But they could perhaps be explained by biases. A par-
ticular weakness of these data is that they do not come from randomised
studies and this means that by current standards we would view the re-
sults with extreme suspicion. This is particularly serious because an in-
fectious disease is involved and this, as we shall see in the next chapter,
makes results highly variable in a way that is, perhaps, not accurately re-
flected in the calculated standard errors. Various usual assumptions in the
analysis of experimentsmaynot apply and inparticular if inoculationwas
offered to groups of men who were usually together, rather than using
true randomisation, then, since cases of infection also tend to cluster, this
couldmaketheresultsmuchmorevariable thanconventional calculations
would allow for.
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Meta-analysis is very bigbusiness inmedicine thesedays.However, the
credit is not due to Pearson, at least not directly. It is time that we looked
at two other key figures: a social scientist and a physician.

Gene genie?

In 1965 Gene Glass, 10 who was born in 1940 in Lincoln Nebraska and who
had graduated from his local university in German and Mathematics in
1962, obtained a Ph.D. in psychometrics and statistics at the University of
Wisconsin. He joined the faculty of University of Illinois in the same year
and began to undergo psychotherapy, with which treatment he contin-
ued for eight years. His personal experience of this treatment convinced
him of its value. In 1974, when casting around for a theme for a presi-
dential address for theAmericanEducationalResearchAssociation, hehit
on the idea of a critical examination of a famous analysis of the value, or
otherwise, of psychotherapy by the British psychologist Hans Eysenck.11

In his review Eysenck eliminated all sorts of experiments, for example all
those that were unpublished, all those using what he regarded as subjec-
tive measures, all those where the objective outcomes differed as to the
outcome significant/not significant and finally only admitting a study as
demonstrating support for psychotherapy if its outcomes were statisti-
cally significant.

Glass set aboutmoreor lessdoing theopposite.He includedall studies.
In order to be able to pool studies, whatever their outcomes, he expressed
them in terms of a standard dimensionless number, the effect size. This
is the ratio of the mean difference between treatment groups to the stan-
dard deviation of the response. It thus measures the effect as a ratio of the
variability of response commonly seen. He did not dichotomise results as
significant or not significant but was able to use the effect size as a contin-
uous measure of the strength of the effect. As Glass puts it, ‘Looking back
on it, I can almost credit Eysenck with the invention of meta-analysis by
anti-thesis.’10

Finally, he thought of a term for what he had done, calling it ‘meta-
analysis’. The technique, in particular the phrase, has proved to be an en-
during hit. Figure 8.4 shows numbers of citations according to ISI Web of
Science yearbyyear from1981 to2001.There are 738 in total.Thisdoesnot,
however, do justice to the impact of the term. A search of the same period
for the phrases ‘meta-analysis’, ‘meta analysis’ or ‘metaanalysis’ found
14 047.
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Figure 8.4 Yearly citations of Glass’s original meta-analysis paper from 1981 to 2001.

From Cochran to Cochrane

Glass’s paper was seminal in sowing an interest in synthesising evidence
from separate studies. However, as we have already seen from consider-
ing Pearson, this programme was not original. In fact, there are a num-
ber of developments in this area since Pearson that one might cite. Three
are particularly notable. In 1932, in the fourth edition of his influential
book, Statistical Methods for Research Workers, originally published in 1925,
R. A. Fisher introduced a method for combining P-values.12 Then in 1959,
in a paper that has become a citation classic, Mantel and Haenszel13 pro-
vided a methodology for combining four-fold tables of the sort Pearson
considered,which, unlike Pearson’s approach, is still regularly, indeed in-
creasingly, used. In themeantime, in 1938, FrankYates, Fisher’s chief lieu-
tenant at Rothamsted for many years but by then head of statistics there,
togetherwithhisassistantWilliamCochran,devisedmethods for combin-
ing data from different agricultural experiments.14

Cochran, although he had already published a paper in mathemati-
cal statistics of fundamental importance15 proving what is now known as
‘Cochran’s Theorem’, had given up his Ph.D. at Cambridge in order to
work at Rothamsted. He was eventually to make his name in the theory
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of sampling, but was also extremely influential in the design and analy-
sis of experiments and wrote a classic on that subject together with the
American statistician Gertrude Cox. Indeed, agriculture was not the only
field, if onemayput it thus, inwhichhewas toconsider thevalueofexperi-
ments.Hewas eventuallyChair of theDepartmentofBiostatistics at Johns
Hopkins inwhich capacity hewas involved in consideringproblemsof ex-
perimenting on patients in addition to those of sampling human popu-
lations. In 1976, towards the end of his life, he wrote: ‘I have heard this
point made recently with regard to medical experiments on seriously ill
patients, where there is often a question for the doctor if it is ethical to
conduct an experiment, but from the broader view-point a question of
whether it is ethical not to conduct the experiment’.16

At this point a potential source of confusion must be eliminated.
William Gemmell Cochran, the statistician, who was born in Scotland in
1909and studiedatCambridge,whomwehave just beendiscussing, is not
to be confused with Archie Cochrane, the epidemiologist, who was born
in Scotland in 1909 and studied at Cambridge. Still less, of course, should
either of these gentlemen be confused with Archie Gemmill, the famous
Scottish footballer, although it must be conceded that either Cochran or
Cochrane, but especially the latter as we shall see, would have been amply
qualified to investigate numerically the suggestion that Archie Gemmill’s
magnificent goal against Holland in the World Cup in Argentina was
responsible for a number of heart-attacks amongst the football-viewing
Scottish populace.17

Having cleared up that little matter we can now proceed.

Of war and Waugh

Archibald Leman Cochrane, ‘Archie’, was born on 12 January 1909 in
Galashiels in the Scottish border country.18 R. A. Fisher was then during
his last year at Harrow before going up to Cambridge, Francis Galton had
two more years to live and on his death Karl Pearson would occupy the
Chair of Eugenics at University College London that Galton’s legacy of
£45000would endow. Like these three illustrious predecessors, Cochrane
was to study at Cambridge; however, his subject was not mathematics,
which Pearson and Fisher had read and Galton had dabbled in, but nat-
ural sciences. Cochrane obtained a first in both parts of the tripos and
after a stint with the International Brigade during the Spanish Civil War
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qualified medically at University College Hospital London. By that time
Pearson was dead and Fisher was occupying Pearson’s Chair at UCL.
Fisher’s office would have been just across the road from the hospital and
it is nice to speculate that Archie might have heard the great man lecture
on genetics or statistics but I have no evidence that this is so.

Cochrane joined the Royal Army Medical Corps in 1941, by which time
the Reichskanzler whom Pearson so admired, had made his ‘vast experi-
ment’ considerably larger. During the disastrous evacuation of Crete that
features inEvelynWaugh’s Sword ofHonour trilogy, Cochranewas captured
by theGermans, a fact, accordingtohis auto-obituary,he liked toblameon
Waugh, who was an intelligence officer in that campaign. Cochrane then
spent four years as a prisoner of war. Let Cochrane speak.

The first experience was in the Dulag at Salonika where I spent six

months. I was usually the senior medical officer and for a considerable

time the only officer and the only doctor. (It was bad enough being a

POW, but having me as your doctor was a bit too much.) There were

about 20,000 POWs in the camp, of whom a quarter were British. The

diet was about 600 calories a day and we all had diarrhoea. . . . Under

the best conditions one would have expected an appreciable mortality;

there in the Dulag I expected hundreds to die of diphtheria alone in the

absence of specific therapy. In point of fact there were only four deaths,

of which three were due to gunshot wounds inflicted by the Germans.

This excellent result had, of course, nothing to do with the therapy

they received or my clinical skill . . .

. . . The second experience in POW life was very different. It was at

Elsterhost where all the POWs with tuberculosis (most of whom were

far advanced) of all nationalities were herded together behind the wire.

Conditions were in many ways not too bad. Through Red Cross parcels

we had sufficient food . . . We could give our patients bed rest,

pneumothorax and pneumoperitoneum . . . We had to attend their

funerals and I usually acted as priest . . . I had never heard then of

‘randomized controlled trials’, but I knew that there was no real

evidence that anything we had to offer had any effect on tuberculosis,

and I was afraid that I shortened the lives of some of my friends by

unnecessary intervention.19

In 1946 a Rockefeller fellowship made it possible for him to take the
Diploma in Public Health at the London School of Hygiene and Tropical
Medicine. Austin Bradford Hill would have been professor of epidemiol-
ogy at the time. After a brief spell in America Cochrane then joined the
Medical Research Council’s pneumoconiosis unit. During his ten years in
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thisunithepaid special attention to theproblemsofmeasurement anddi-
agnosis, improving both his and general understanding of the associated
problems as well as improving the measurements themselves. When the
pneumoconiosis unit was transferred from the Medical Research Council
to the Coal Board, Cochrane took up a Chair in chest diseases at the Welsh
National School of Medicine where he undertook rigorous research into
the benefits or otherwise of screening. In 1969 he then became a full-time
Medical Research Council director.

In 1971, in consequence of a Rock Carling Fellowship, Cochrane pub-
lished a slim but influential volume, Effectiveness and Efficiency, Random Re-
flections on Health Services, extracts of which we have already quoted. The
summary to that book will perhaps best explain what it was about.

An investigation into the working of the clinical sector of the NHS

strongly suggests that the simplest explanation of the findings is that

this sector is subject to a severe inflation with the output rising much

less than would be expected from the input . . . It is suggested that the

inflation could be controlled by science, in particular by the wide use of

randomized controlled trials.

Cochrane was suggesting what at the time was a radical proposal. Sci-
entific method should be applied to managing the National Health Ser-
vice (NHS). In other words, what were ultimately policy decisions should
bebasedoncareful experimentationandscrupulousanalysis. If this seems
less radical now, this is partly a tribute to Cochrane’s influence.

Cochrane died in 1988. As he put it. ‘He was a man with severe por-
phyria who smoked too much and was without consolation of a wife, a
religious belief, or a merit award – but he didn’t do so badly.’18

Meet the Archies

The Cochrane Collaboration is growing so fast that almost anything you
say about it is already out of date. According to one source, at the time
of writing in May 2002, there were Cochrane centres in 14 countries and
6000 members of the collaboration organised in 50 topic-based collabo-
rative review groups. Yet this was after less than a decade of its existence.
‘The Cochrane Centre’, in fact which turns out to be the first of many, was
opened in October 1992. Its director was Iain Chalmers who had previ-
ously been director of the National Perinatal Epidemiology Unit.

Chalmers had read Cochrane’s famous little book the year after it was
published and, in a foreword to a new edition, explained that it changed
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his life. It made him determined to seek evidence to justify the way he
treated his patients. One consequence of that was an exhaustive review of
the literature on the effectiveness of various obstetric interventions. This
employed medical meta-analysis to review some of these questions. This
confirmedsomeacceptedmedicaldogmabut showedthat evidence for the
value of other procedures was lacking. The year before he died, Cochrane
wrote an introduction to this book in which he suggested that other med-
ical specialties should imitate this approach. He could hardly have imag-
ined the extent to which this would happen.

The business of the Cochrane Collaboration is to answer a criticism
of Cochrane’s. In 1979 he wrote, ‘It is surely a great criticism of our pro-
fession that we have not organised a critical summary, by specialty or
subspecialty, adapted periodically, of all relevant randomized controlled
trials’.20 The prime purpose of the Collaboration is to provide that sum-
mary or, in other words, to provide careful meta-analyses of the available
evidence. The Collaboration booklet puts it thus, ‘The members of these
groups – researchers, health care professionals, consumers, and others –

share an interest in generating reliable, up-to-date evidence relevant to
the prevention, treatment and rehabilitation of particular health prob-
lems or groups of problems. How can stroke and its effects be prevented
and treated? What drugs should be used to prevent and treat malaria,
tuberculosis and other important infectious diseases? What strategies
are effective in preventing brain and spinal cord injury and its conse-
quences, and what rehabilitative measures can help those with residual
disabilities?’21

The W. C. Fields principle

Q. What is it like growing old Mr Fields?

A. It’s better than the alternative.22

The Cochrane Collaboration is far from perfect. For example, there is a
high prevalence in their community of the obsessive-compulsive disorder
dichotomania, the polar opposite of Pearson’s syndrome. As we have al-
ready seen, Karl Pearson would treat every binary measure as if it were
continuous. The Cochrane Collaboration frequently strives to make con-
tinuous measures binary, dividing the world into sheep and goats and ig-
noring the existence of geep and shoats. Nor is the way they handle bi-
nary measures once they have them always sensible. Also, their analysis
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tools are crude. In an attempt to make the actual business of performing a
meta-analysis as simple as possible theyhave relied onmethods that are at
best limited and at worst misleading.

However, these are minor criticisms and many of the major criticisms
of theCochraneCollaboration and for thatmatter ofmeta-analysis ingen-
eral are misguided. For example, meta-analyses have been criticised be-
cause they fail to predict perfectly the results of subsequent clinical trials.
This is beside the point. What would have done better? The largest trial to
date? Some subjective expert summary? The standard to apply is to con-
sider the alternative. What is the alternative to a careful summary of the
evidence? Even if the evidence available is poor, a statistical summary is
likely to be better than guesswork.

It has been argued that trials with different protocols cannot be pooled
but this is to miss the point again. If the results of trials are utterly depen-
dentupon the specificdetails of theprotocol, then the results areunusable
anyway since they depend not so much on the disease and the treatment,
but on aspects of design that might have been different. If, faced with a
number of different trials, the prescribing physician would be prepared
to use any one of them to inform his or her practice, what can be the objec-
tion to pooling the results?

Furthermore,what theCochraneCollaborationhasundoubtedly done
is push evidence to the front of the debate, by searching for it, by catalogu-
ing it, by discussing it and by publicising it. If some practices of analysis
can be improved, as I believe they can, then at least they are available for
scrutiny and criticism.

A closely related movement is that of evidence-based medicine. This
is particularly associated with developments at McMaster University in
Canada and an important instigator and inspiration has been the physi-
cianDavid Sackett. Abookwhichhe co-authored says, ‘EBM is aprocess of
life-long, self-directed learning in which caring for our own patients cre-
ates the need for clinically important information about diagnosis, prog-
nosis, therapy and other clinical and health care issues’.23

This involves five steps.

1. Converting information needs into answerable questions.

2. Tracking down efficiently the evidence that will answer them.

3. Critically appraising the evidence.

4. Applying the results to clinical practice.

5. Evaluating the performance.
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The typical devotees of evidence-based medicine are the anti-thesis of the
consultant of yesteryear who diagnosed and treated with hauteur, dis-
dain and patrician infallibility. If they haven’t searched the web recently,
they know that their medical knowledge will be out of date. They do not
prize the clinical freedom to make mistakes but rely instead on combined
experience of like-minded colleagues and the data they have painfully
amassed to come to potentially fallible but rationally made judgements.
This is the great promise that the Cochrane Collaboration is helping to
come true. The physician of the future will come in three sexes, male,
female and email, and it is the latter, wired for information and trained
to use it, who will be killing the least number of patients and saving the
most.

Is the evidence-based idea catching?

Let us hope it is. In chapter 1 we quoted Archie Cochrane as follows,
‘What other profession encourages publications about its error, and ex-
perimental investigations into the effect of their actions? Which mag-
istrate, judge or headmaster has encouraged RCTs [randomised clinical
trials] into their ‘therapeutic’ and ‘deterrent’ actions?’ In his presidential
address to the Royal Statistical Society, the well-known Bayesian statisti-
cian Adrian Smith, Provost of Queen Mary and Westfield, London, wrote,
‘Most of us with rationalist pretensions presumably aspire to live in a so-
ciety in which decisions about matters of substance with significant po-
tential social or personal implications are taken on the basis of the best
available evidence, rather than on the basis of irrelevant evidence or no ev-
idence at all’.24 He continued, “In particular, there has been a growth of a
movement in recent years calling itself ‘evidence based medicine’, which
perhaps has valuable lessons to offer. This movement has its antecedents
in the work of people like Archibald Cochrane, who, in the 1970s were
concerned at what they saw as the disappointing level of real effectiveness
of medical services, and the mismatch between the resources employed
and health status outcomes achieved. . . . But what is so special about
medicine? . . . Obvious topical examples include education – what does
work in the classroom? – and penal policy – what is effective in preventing
re-offending?”

Now education and social policy has its own CC, not a Cochrane
Collaboration but a Campbell Collaboration, named after the American
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psychologist Donald Campbell.25 Who knows, perhaps even in the case of
the law these ideas will prove catching? Perhaps even lawyers and judges
will come to see the value of evidence. However, our consideration of the
law must wait until the chapter after next but in the next chapter we shall
lookat the statistics of things that are catching,whetherdiseases, religions
or ideas. It is time we examined the modelling of infectious processes.



9

The things that bug us∗

Faithfully we experiment, assuming

That death is a still undetected virus

Robert Graves, The Virus

Infinite variety

There are at least two radically different views of history. One is that all is
contingency. ‘For the want of a nail the battle was lost . . .’, or, as Pascal
put it, ‘give Cleopatra a shorter nose and you’ll change the face of the
world’.1 It is a fine game to identify such incidents. Here is one. Appar-
ently, when the Genovese were looking for a buyer for Corsica, the island
was offered to the British. The price was considered too high and it went
to the French.2 But for that we could have had Napoleon as a British sol-
dier and, who knows, roast beef Marengo might have been as British as
Yorkshire pudding.Theother view is that history is determinedby the op-
eration of massive social forces, which render its course more or less pre-
dictable. This, of course, was the view of Marx and also of Hari Seldon,
mathematician and founder of psychohistory, and the prophet of Isaac
Azimov’s Foundation novels.

On the whole it may be supposed that statisticians belong to the latter
camp. As Laplace puts it in a passage we have already cited more than
once, ‘The phenomena of nature are most often enveloped by so many
strange circumstances, and so great a number of disturbing causes mix
their influence, that it is very difficult to recognise them. We may arrive
at them only by multiplying the observations or the experiences, so that
the strange effects finally destroy reciprocally each other, themean results
putting in evidence those phenomena and their divers elements’.3

[162]
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This reciprocal destruction of strange events, however, does not always
occur. In this chapter we look at examples where it does not and where
a different sort of statistics is necessary. The field is known as stochastic
processes and the most important application of it for our purposes is
infectious epidemiology.

But we need to look at something simpler to start with. In the words
of Confuseus: statisticians are always tossing coins but do not own many. Let us
borrow a French sou for a little while.

A penny for his thoughts

The story is that thephilosopher, encyclopaedist andmathematician Jean
Le Rond D’Alembert (1717–1783) claimed that in two tosses of a coin the
probability of getting two heads was one-third.4 This was based on argu-
ing that the three cases, ‘noheads’, ‘onehead’ and ‘twoheads’wereequally
likely. Nowadays we consider that D’Alembert’s solution is wrong. I am
fairly confident that any reader who undertakes a large series of such pairs
of trials (say 600 or more)5 will find that the proportion of cases in which
two heads are obtained is closer to 1/4 than 1/3. This is because we regard
the four sequences of TT, TH, HT and HH as being equally likely and two
heads is thus only one of four cases, not three. We shall refer to this as the
‘standard solution’.

Why is the standard solution correct and D’Alembert’s wrong? The
answer is that D’Alembert’s argument isn’t necessarily wrong, at least not
as a matter of logic. It may be shown to be wrong empirically. From the
pointofviewofargument, itdependswhatyouassume. If youassumethat
the coin is fair and furthermore that the result of the first toss tells you
nothing about the probability of the result of the second, then the stan-
dard view that youwill find in elementary discussions of probability, such
as encountered in secondary school, is correct. To obtain the probability
of a given sequence of events you multiply the probabilities of each indi-
vidual event together. Since the coin is fair, the probability of head = 1/2. If
the result of the first toss tells you nothing about the second, it is still one-
half, having obtained a head the first time. Thus the probability of head
followed by head is 1/2 × 1/2 = 1/4.

However,we saw inChapter 4 that ifweuse Laplace’s lawof succession
the result is that in n tosses of a coin each possible number of heads from 0
to n has probability 1/(n + 1) of occurring. But in the case under consider-
ation n = 2, so that the probability of any number of heads between 0 and
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2 is 1/(2 + 1) =1/3. D’Alembert is right after all! The point is that whereas
the standard solution is based upon a known fair coin, Laplace’s law of
succession corresponds to complete ignorance about the probability that
a single coin will produce a head.6

The declaration of independence

We hold these truths to be self-evident . . .

American Declaration of Independence

If we start with the probability of tossing a coin once, then the two
separate arguments that justify the standard solution and D’Alembert’s
result have this in common. Given a particular value for the probability, θ , that
the coin will come up heads on any given occasion, both arguments assume that
the probability of two heads in two tosses is θ × θ = θ2. The qualification
in italics is important. The difference between them is that the standard
solutionassumes that θ = 1/2,whereasLaplace’s lawof successionassumes
that anyvalue for θ between0and 1 is equally likely.The standard solution
proceeds as follows.

1. If theprobabilityof a singlehead inone tossof a coin is θ , theprobability

of two in two tosses is θ2.

2. The value of θ is 1/2.

3. Therefore the required probability is (1/2)2 = 1/4 .

The law of succession (which would justify D’Alembert’s conclusion)
proceeds as follows.

1. As before.

2. Let θ vary uniformly between 0 and 1.

3. Mixing all possible probabilities of two heads, θ2, each corresponding

to a given value of θ , each value of which is equally likely, and using the

integral calculus, we get a probability of one-third.6

In both of these lines of argument let us consider stage 1. If we write A
for the event that thefirst toss comesupheadsgivenaparticular valueof θ ,
and B for the event that the second comes up heads and A∩B for the joint
event that both of these individual events occur then we have P(A) = θ ,
P(B) = θ and P (A∩B) = θ2. We thus have

P (A ∩ B ) = P (A)P (B ) (9.1)
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Where an expression like (9.1) is said to apply, then the two events A and B
are said to be independent. In other words, (9.1) may be taken as a definition
of independence: the probability of the joint event is the product of the
probabilities of the two marginal events.

This definition of independence is all that interests the mathematician.
Does (9.1) apply? If so events A and B are independent. However, the prob-
lem with this from the point of view of the statistician is that we have to
have calculated P(A∩B) to know whether A and B are independent. From
the practical point of view this is back to front. The statistician wants to
know whether A and B are independent in order to calculate P(A∩B). The
statistician, like the American revolutionaries, wants to declare indepen-
dence in order to proceed.

The way this is done is usually by physical, scientific or practical con-
siderations. One could argue, for example, that the coin does not have a
memory. Therefore, what has happened last time should have no effect on
thenext time.But if the coinhasnomemory, does it follow that it is tossed
by an amnesiac? Suppose that the toss is performed in a particularly uni-
form way and having tossed the coin we pick it up and return to tossing
it in the same uniform way. It is at least conceivable that one of two situ-
ations is likely. Either that sequences in which the same side of the coin
appears repeatedly are more likely or perhaps that regular alternation is
more likely. We shall return to this possibility later. We divert, however, to
consider aweaker condition than independence, thatof exchangeability.

Rates of exchange

‘ Indifferent?’ he drawled with a slow smile;

‘ I would be dear, but it’s not worth while’

Ambrose Bierce, The Devil’s Dictionary

Let us revisit our coin-tossing example using Laplace’s law of succession
but consider the argument as a whole, not just the first stage. In other
words we will not condition on a given value of θ , but simply consider
what forecasts of the probability of heads an individual would make who
used the rule. Remember that to use the rule we imagine the following.
A black bead will represent a head and a white bead will represent a tail.
Before starting to toss the coin we have one black bead and one white bead
in front of us. For every head that we obtain we add a white bead to the
pile and for every tail that we obtain we add a black bead. Our probability
at any stage that the next toss will show ‘head’ is the proportion of white
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beads in the pile and the probability that any toss will show ‘tail’ is the
proportion of black beads. To make it more interesting let us suppose that
the coin is tossed three times and we are interested in the probability of
getting two heads. Consider three possible sequences: HHT, HTH, THH.
How should one calculate?

Sequence 1: HHT. The law says we have a probability of 1/2 to start with.

Having seen one head the probability of the next head is 2/3 and hav-

ing seen two heads in two tosses the probability of one tail is 1/4. Thus

the probability of the sequence HHT is (1/2)(2/3)(1/4) = 1/12.

Sequence 2: HTH. We have 1/2 to start with. Having seen one head, the

probability of tail is 1/3. Having seen a head and a tail, the probability

of ahead is 2/4.Thus theprobabilityof the sequence is (1/2)(1/3)(2/4)= 1/12.

Sequence 3: THH. We again have 1/2 to start with. Having seen one tail

the probability of a head is 1/3. Having seen a tail and a head, the prob-

ability of a head is 2/4. Thus the probability is (1/2)(1/3)(2/4) = 1/12.

The probability of getting two heads in any order is thus 1/12 + 1/12 + 1/12 =
3/12 = 1/4. However, the point of interest here is that although the overall
probability of these three sequences is identical, and although the proba-
bility elements for sequences two and three, 1/2, 1/3, 2/4 are the same, those
for sequence 1 are different, although the product of the elements is the
same. On a given toss, the probability of head or tail changes depend-
ing as to what has happened before. We no longer have the condition of
independence. Thus looked at as a whole, the law of succession does not
appear compatible with independence.

It is compatible, however, with a weaker condition, that of exchangeabil-
ity, a concept due to the Italian mathematician de Finetti, whom we en-
countered in Chapter 4. The concept of exchangeability says that given a
collection of events, if the probability of any sequence of events is equally
likely, the events are exchangeable. If you tell me that you have observed
a particular sequence of two heads and one tail and I regard the order in
which the heads and tails has occurred as being irrelevant to my assess-
ment of the probability, then these sequences are exchangeable. It often
turns out that exchangeability is all that is necessary to be able to make
progress in statistical calculation. In fact an assumption of conditional
independence7 will imply exchangeability amongst some events. This is
the case with our coin-tossing example. Laplace’s law of succession ap-
plied to binary events arises as a consequence of two assumptions. First,
complete prior ignorance about the probability of a ‘success’ (for example
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‘heads’). Second, given any value for the probability of success, indepen-
dence of the consequent successes and failures. These two assumptions
operating together do not, interestingly, lead to unconditional indepen-
dence but they do lead to exchangeability.

However, it is at thispoint that a confessionmustbemade to the reader.
This chapter has much in common with a typical Icelandic saga. ‘There
was a man called Bjarni Siggurdson. He was a great warrior and liked
nothing better than to go a-Viking every spring. Every autumn he would
return laden with loot. He had a great house near Sognefjord and kept
manyfightingmen.This story is not abouthim.’ This chapter is not about
exchangeable events or at least not about exchangeable sequences.8 In fact
it is precisely about those sort of difficult and delicate statistical models
in which the order in which events occur is not irrelevant but does mat-
ter. This is a common feature of infectious disease models and this is what
we are going to consider. But who can define shade without light? To un-
derstand the difficult world of ‘stochastic processes’, for this is the term
statisticians reserve for this field, we needed to first understand that com-
parative child’s play in which independence or exchangeability can be ex-
ploited.Nowthatwehave achieved thatunderstandingwemay proceed.

Chain reaction∗

We consider a simple example first in which some small degree of depen-
dence between events is introduced: a slightly more complicated case in-
volving coins. Suppose we toss our coin in a very regular manner and with
great skill, always catching it expertly on the back of the hand. However,
we always observe the following procedure. If the coin lands heads up
on the hand as we catch it, it is laid heads up on the thumb before toss-
ing it, and if it lands tails up on the hand it is laid tails up on the thumb
before tossing it. The regularity of this procedure may make a particular
sequence of results likely, particularly if we toss the coin slowly and not
particularly far. Persi Diaconis and Joe Keller have shown that a particu-
lar thresholdof speedandheighthas tobe reachedbefore the tossbecomes
truly unpredictable.9

Suppose, given that this procedure is followed, that Table 9.1 repre-
sents the probability of observing a head or tail (as the case may be) given
that onehas observed aheador tail (as the casemaybe) on the current toss.

In the language of Markov chains, named after the Russian mathe-
matician Andrei Andreyevich Markov (1856–1922), ‘tails’ and ‘heads’ are
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Table 9.1. One-step transition probabilities.

Subsequent

Initial Tail Head

Tail 0.91 0.09
Head 0.11 0.89

the statesof the chain.The table gives the so-called transition probabilitiesof
moving from one state to another and is referred to as a transition matrix.
Here it seems that a repetition of the previous result (for example, tail fol-
lowed by tail) is much more likely than a switch to the other result (for ex-
ample, tail followed by head). This does not have to be so. We have already
discussed that a regular method of tossing could make an alternating
series more likely.

Note that it is a necessary condition of the chain that the probabilities
in the row sum to 1. This is because starting from any state, one or other
of the possible states (including the starting state) must be reached. It is
not necessary, however, for the columns to add to 1. Indeed, in this case
they don’t. There is a slight excess in favour of switching from heads com-
pared to switching from tails. Similarly, there is a slight excess in prob-
ability in remaining on tails, compared to remaining on heads. It can be
shown that this slight bias in favour of tailsmeans that if the coin is tossed
long enough we will eventually expect to see tails about 55% of the time
and that this is true irrespective of how we started tossing the coin. (There
is some folklore to the effect that coins are generally heavier on the ‘heads’
side than on the ‘tails’ side, so that tails is slightly more likely to end up
uppermost.)

For example, suppose we start out tossing with a tail face up. What is
the probability that the second subsequent toss will be a tail? There are
two ways this can happen. We can get a tail followed by a tail on the sec-
ond toss, or a head followed by a tail. The probability of the first sequence
is 0.91 × 0.91 = 0.8281 and of the second is 0.09 × 0.11 = 0.0099. Adding
the two together we get 0.838. The calculation we have performed corre-
sponds to taking the first row of Table 9.1 and multiplying it by the first
column of Table 9.1 entry by entry and adding the results. We can get the
threeotherprobabilitiesusinga similarprocedure.Therebeing four tran-
sition probabilities, this particular process needs to be carried out four
times in total, one of which we have already done. In general, take the row
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Table 9.2. Two-step transition probabilities.

Subsequent

Initial Tail Head

Tail 0.838 0.162
Head 0.198 0.802

corresponding to the relevant starting position and multiply it into the
column corresponding to the relevant final position as described above.
Once all the calculationshavebeen carriedout,Table9.2 of ‘two-step tran-
sition probabilities’ results.

Suppose that we regard the probabilities in Table 9.1 as a matrix, and
refer to this as P(1), where the superscript (1) indicates that it represents
theone-step transitionprobability. Similarly theprobabilities inTable9.2
form another matrix that we refer to as P(2). In that branch of mathemat-
ics referred to as matrix algebra, the particular set of operations we per-
formed of multiplying rows into columns is referred to as matrix multipli-
cation. Since the samematrixwas involved, then, just aswe refer to squaring
a number when we multiply it by itself, so we refer to squaring a matrix.
In fact what we have is P(2) = P(1) × P(1) = (P(1))2.

Now suppose that we wish to calculate the three-step transition prob-
ability matrix. We can use the fact that to get to stage three you have to get
to stage two first. If we multiply P(2) × P(1) we will, in fact, get the required
probabilities and so we have

P(3) = P(2) × P(1) = P(1) × P(1) × P(1) =
(
P(1)

)3
.

If we take this further and raise P(1) to yet higher powers we will find that,
in this case, as this power increases the result approaches the limit given
by Table 9.3, which we shall refer to as P(∞).

Note that in the limit, the Markov chain loses its memory. It no longer
matters what the result of our first toss is; the transition probability
moves towards this position gradually. The situation for our example is
illustrated in Figure 9.1 This gives the four transition probabilities as a
functionof thenumberof steps. It canbe seen that initially theprobability
of the coin showing the same result on the subsequent toss as on thefirst is
much higher than its showing the opposite result. The value for tail–tail
is a little higher than that for head–head. As soon as there are 11 or more
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Table 9.3. Limiting transition probabilities.

Subsequent

Initial Tail Head

Tail 0.55 0.45
Head 0.55 0.45
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Figure 9.1 Transition probabilities for the coin-tossing example.

steps, however, the probability of a switch to tails from an initial position
of heads is actually greater than ending up with heads itself. For exam-
ple, if you had just seen the coin tossed and it came up heads, it would be
safer to bet that it would come up tails 15 tosses into the future than that
it would come up heads.

Dodgy geyser or faithful retainer?∗

Despite the earlier allusion to Iceland, the geyser in question is not The
Great Geysir near Haukadalur nor even Strokur nearby, which I have been
fortunate enough to observe myself, but Old Faithful in Yellowstone
National Park. It seems that Old Faithful has been getting less reliable
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Figure 9.2 Transition probabilities for the Old Faithful data.

with time. However, two statisticians, Azzalini and Bowman, were able
to show in 1990 that what seemed to be a rather complex pattern could be
fairly well explained by a Markov chain.10 This has no more to do with dis-
ease than does tossing of coins but it is a nice and very simple example of
a stochastic process so we divert to consider it.

Azzalini andBowmanconsiderdataon thewaiting timebetweenerup-
tions and also on their duration. We shall only consider the former. They
havea seriesof intervalmeasurements lasting twoweeks.Figure9.2 shows
data for the first 100 eruptions in their series. The waiting times at a lag of
one eruption are plotted against the original data. Thus each point repre-
sents the plot of a subsequent waiting time against the one immediately
preceding it.

The waiting times are divided into two groups as being long or short,
depending upon whether they are greater or less than 68 minutes. This
division is illustrated by the vertical and horizontal lines on the graph. It
can be seen that whereas a long waiting time may be followed by either
a short or long waiting time, a short waiting time is always followed by
a long one. Using the full series of data, Azzalini and Bowman show that
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Table 9.4. Old Faithful waiting times.

Subsequent

Initial Short Long

Short 0 1
Long 0.536 0.464

the transition matrix is represented by: and that the process is fairly well
represented by a Markov chain.

Here is the bad news. Although the sort of probabilities represented by
Markov chains signify an increase in complexity compared to the simple
independent events we considered at the start of this chapter, they are still
not complicated enough. To give some (weak) flavour as to how complicated
models of infectious diseases can become, we shall consider a simple ex-
ample of a disease model, namely that of a so-called chain binomial. How-
ever, we have had enough of probability for the moment. Therefore, for
historical relief,we considerbriefly the careerof amedical statisticianwho
is associatedwith thedevelopment of the chainbinomial, the confusingly
named Major Greenwood.

A Greenwood between two Hills

Major was his christian name and that of his father and grandfather be-
fore him and not a military rank.11 He was born the son of a general prac-
titioner in 1880 in northeast London and, after attending the Merchant
Taylor’s school, took a medical degree at the London Hospital Medical
College, qualifying as a Member of the Royal College of Surgeons and as
Licentiate of the Royal College of Physicians. Greenwood is yet another
example, in which, as we shall see, this chapter is particularly rich, of a
medicalmanwhowas also attractedby the fascinationofnumbers. In fact,
Greenwoodnever practisedmedicine but he became a very eminent statis-
tician. He worked at first as a demonstrator in physiology under Leonard
Hill at the London Hospital, and when he retired from the Chair of Epi-
demiology and Vital Statistics at the London School of Hygiene and Trop-
ical Medicine (LSHTM) in 1945 was succeeded in that position by Austin
Bradford Hill, Leonard’s son. Greenwood died in 1949 and, fittingly, it
was Bradford Hill who penned his obituary for the Royal Statistical
Society.
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Greenwood was the first holder of the Chair at the LSHTM to which he
was appointed in 1924. In the meantime he had studied statistics at Uni-
versity College London under Karl Pearson. In 1910 he left the London
Hospital to take up the post of statistician at the Lister Institute of
Preventive Medicine. At about the same time he became a Fellow of the
Royal Statistical Society. He was eventually to become its president and
win the prestigious Guy Medal both in silver (in 1924) and in gold (1945).

Greenwood had an influential collaboration with George Udny Yule,
one of Karl Pearson’s lieutenants in the development of correlation.
Greenwood worked on research for the Ministry of Munitions during the
FirstWorldWarandtogetherwith Yule studieddataonrepeatedaccidents
amongst munition workers. They developed a theory of accident prone-
ness. This is closely related to a hot topic of medical research in the field of
survival analysis. However, by a not uncommon process of scientific am-
nesia, a new term has been invented, and the equivalent of Greenwood’s
and Yule’s proneness is now more often referred to as frailty.

However, what concerns us here is Greenwood’s use of chain binomial
models to describe the spread of disease in a closed population. He was
not the first to do this. An earlier treatment is due to Pyotr Dimitrievich
En’ko (1844–1916), aphysician inSt.Petersburgwho inapaperof 1889con-
sidered the spread of infection in a population divided into infectives and
susceptibles.12 Two American epidemiologists, Lowell Jacob Reed (1886–

1966) and Wade Hampton Frost (1888–1938) developed a similar approach
in 1928. (This was in unpublished lecture notes.13) However, Greenwood’s
formulation is particularly clear and simple and since Greenwood is an
important figure in the history of medical statistics, it is his approach we
consider now.

Serial killers∗

In a paper of 1931, Greenwood considered what sort of distribution of in-
fected cases one might see in households consisting of a few individuals.14

Suppose that all individuals are susceptible and that the serial interval
(the interval between cases of infection) is constant and that the period
in which cases are infectious is brief. Accepting ‘brief’ as a rather impre-
cise descriptor we might optimistically hope that the common cold, or
perhaps measles, fulfils these conditions. These conditions also apply, of
course, for diseases in which cases are rapidly removed by death. Sup-
pose that each ‘epidemic’ starts with a single case or introduction, then the
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Table 9.5. Number of cases infected per period.

Chain Period

1 2 3 Total

A 1 1 1 3
B 1 2 3
C 1 1 2
D 1 1

epidemic in such a household will consist of a series of cases appearing at
fixed intervals. If, in a given period, there are no new cases, the epidemic
will run out. Taking households of three cases (including the initial case),
then the following patterns of infection are possible.

Each sequence, or chain, starts with a single introduction so that in pe-
riod 1 onlyone individual is infected. In sequenceA, this individual infects
a second individual in period 2 who then goes on to infect a third in pe-
riod 3. In sequence B, the introduced case directly infects both of the other
individuals. Sequences C and D represent cases where the epidemic does
not run a full course: in C only one further individual is infected and in D
none are.

Suppose that the probability of infection from one individual to an-
other is θ in a given period and that where more than one individual can
be infected, as is the case in period 2, these probabilities are independent.
Consider now the probability of chain A. We require that in period 2, one
of the two remaining uninfected individuals should be infected and that
the other should not. The probability of any named individual being in-
fected in period 2 is θ and the probability of any named individual being
uninfected is (1 − θ ). Theproductof these two is θ (1 − θ ). Sincewehave two
choices as to which is the infected and which is the uninfected individual,
the probability of one infection in period 2 is 2θ (1 − θ ). However, to com-
plete thepicture for chainAwenowrequire that the remaining individual
be infected and this occurs with probability θ . So the overall probability
for this chain is 2θ (1 − θ )θ or 2θ2(1 − θ ).

For chainB,we require both individuals tobe infected in stage 2 so that
the probability is θ2. For chain C, the situation in period 2 is the same as
for chain A, so that one individual is infected. This probability is, we have
already seen, 2θ (1 − θ ).However,wenowhave tomultiply thisby theprob-
ability that the uninfected individual in period 2 remains uninfected in
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Table 9.6. Probabilities for the various chains
given in Table 9.5.

Chain Probability

Order observed Order unobserved

A 2θ2(1 − θ )
2θ2(1 − θ ) + θ2

B θ2

C 2θ (1 − θ )2 2θ (1 − θ )2

D (1 − θ )2 (1 − θ )2

Total 1 1

period 3, which probability is (1 − θ ). Putting this together, the probabil-
ity of chainC is 2θ (1 − θ )2. Finally,wehave chainD,wherewe require both
individuals to remainuninfected inperiod 2. This has probability (1 − θ )2.
The situation is summarised in Table 9.6.

The second column of the table gives the probabilities that we have
already calculated. The third column gives the probabilities that would
apply if we only knew the final number of cases infected in the household.
This might be the case if we did not observe the epidemic progressing.
In that case if we simply observed that three members of the house-
hold had become infected, we could not tell whether chain A or B ob-
tained.These twocaseshave thus tobeput togetherandtheirprobabilities
summed.

There is a further point of interest about chains A and B. Although the
final number of cases infected is the same, the individual probabilities
of these chains are different. This is an important difference to the coin-
tossing examples we considered at the beginning. As we showed, whether
or not we use the standard solution or Laplace’s law of succession to toss-
ing coins, the probability of obtaining a given total number of heads and a
given totalnumberof tails is the same inwhateverorder theyareobtained.
Here that is not the case. Different chains with the same total have differ-
ent probabilities.

Minding your ‘p’ s and ‘q’ s (and ‘n’ s and ‘u’ s)

Chain binomial distributions are very different from ordinary binomial
distributions. We first encountered an example of the latter in Chapter 2
when considering Arbuthnot. The ordinary binomial is generally
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Figure 9.3 Some binomial distributions.

‘n shaped’, that is to say it has a single peak, a most probable value, either
side of which the values are less likely and the probability gradually
declines. The exceptions are when the lowest possible value is the most
likely, when the highest possible value is the most likely or perhaps when
two values are equally likely. The statistical fashion is to use the word
mode to represent the most frequent or a locally most frequent value

so that binomial distributions are referred to as unimodal. Figure 9.3
illustrates some ordinary binomial distributions for n = 9 and for various
values of the probability of success, θ , which illustrate all of these cases.

On the other hand, chain binomials can easily be u-shaped. That is to
say that rather than having a peak of probability towards the centre of the
distribution they canhaveavalley insteadandhencebe bimodal. As soonas
one has more than three individuals in a household, there is, in fact, more
than one type of chain binomial. Greenwood’s version was to assume that
the probability of a given individual being infected in a particular period
was the same as long as at least one other individual was currently in-
fectious. An alternative formulation, due to Reed and Frost, whom we
have already mentioned, proposed that each currently infectious individ-
ual has an independentprobability of infecting each currently susceptible
individual. Both of these are illustrated in Figure 9.4. for households of
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Figure 9.4 Reed–Frost and Greenwood chain binomials for households of size five
with one introduction and a transmission probability of 0.3.

size five, assuming a single introduction and for the case where the prob-
ability of infection, θ , is 0.3.

It can be seen that the distributions are identical for one final case or
two final cases. This is because, with a single introduction, the number of
infectious individuals in period 1 is one. Thus although in principle the
Reed–Frost formulation has the probability of further infection depend-
ing on the number of infectious individuals not just, like the Greenwood
model, whether there are any, this makes no difference when there is only
one infectious case. But if the final epidemic is of size one, there can have
beennofurther casesafter thefirstone.Similarly, if thefinal sizeof theepi-
demic is two, there canhavebeenonly one further case followedby extinc-
tionandso there isnodifferencebetween themodels.However, epidemics
with higher final numbers of infected individuals than two can have had
more than one new infectious case in a given period. For such cases the
Reed–Frost and Greenwood formulations differ.

However, for either formulation, it is noticeable that it is an intermedi-
ate number of cases, in this instance two, that has the lowest probability.
This sort of feature is very common in infectious epidemiology but is un-
common elsewhere. A similar phenomenon occurs with more complex
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models where it turns out that there are particular levels of infectiousness
that are pivotal. With values less than this the epidemic tends to die out.
With higher values it sweeps through the community and somewhere on
the threshold between the two, either event can occur.

Wenowdivert to consider the careers of three scientists, twophysicians
and a chemist, who contributed to the mathematical modelling of infec-
tious diseases.

Malaria, mathematics and mosquitoes

Sir Ronald Ross (1857–1932) was born in Almora in the foothills of the
Himalayas three days after the outbreak of the Indian Mutiny.15 Ronald
was sent to school in England at the age of eight. His father and grand-
father before him had served in the Indian Army but by the age of 17 Ross
had decided he wanted to be an artist. However, his father wanted him
to study medicine and in 1881 he passed his MRCS and LSA examinations
having studied at St. Bartholomew’s Medical School and he immediately
entered the Madras Medical Service as a surgeon.

In 1888 on leave in London for a year he took the Diploma of Public
Health and studied bacteriology. From 1890 onwards Ross began a study
of malaria and on a second period of leave in London in 1894, he was con-
vinced by Sir Patrick Manson (1844–1922) of the probable truth of the
mosquito theory of the spread of malaria. Ross returned to Bombay in
April 1895 and spent the next three years working on malaria whenever
hisdutiespermitted. In July 1898Mansonwasable toannounce the results
of Ross’s work on the life cycle of the plasmodium protozoon, the malaria
parasite, at a meeting of the British Medical Association in Edinburgh. By
1900 Ross and others had shown that malaria was transmitted by the bite
of the anopheles mosquito.

Ross retired from the Indian Medical Service in 1899 to become first a
lecturer and then professor at the Liverpool School of Tropical Medicine.
During his time there (until 1913) he organised trips to Sierra Leone, West
Africa, Mauritius, Spain, Cyprus and Greece mainly in connection with
the prevention of malaria. He was awarded the Nobel Prize for Medicine
in 1902. During the First World War Ross became a Consultant to Malaria
to the War Office and in 1917 on a mission to Salonika on a malaria survey,
the ship he was in was torpedoed. The remainder of his working life was
spent in London.
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Ross’s interests were not confined to Medicine. In the words of John
Masefield, ‘He was an extraordinary man, for he made himself famous as
a poet, and was an eminent mathematician, a clever painter, and a skilled
musician’.16 His Royal Society obituarist, speaking of Ross as a young
man, had the following to say. “He was not interested in medicine. Dur-
ing his first six years in India he gave most of his time to mathematics. In
his last letter fromIndiawhenabout to embark forhome in 1899, he asked
thewriter ‘Canyoutellmewhether Immunityhasbeenever studiedmath-
ematically?’”

Rosswas to supply the theoryhimself but that storymustwait untilwe
have covered the careers of two other scientists.

Big Mac

McKendrick stands in a class by himself.

J. O. Irwin17

Anderson Gray McKendrick was born in Glasgow in 1876.18 Like Austin
BradfordHill afterhim,McKendrickwas the sonof a famousphysiologist.
Like Bradford Hill, his talents led him to apply mathematics to medicine.
He graduated in medicine and joined the Indian Medical Service. He was
with the army in Somaliland in the campaign against the Mahdi of the
Sudan. He also spent a short while studying malaria in Sierra Leone with
Ronald Ross.

McKendrick spent many years in India and eventually rose to the rank
of Lieutenant Colonel in the Medical Service. He worked in the Pasteur
Institute in Kausali in Southern India before becoming a statistical officer
with the Government of India in Simla. He returned to the Pasteur In-
stitute as its head. He contracted tropical sprue, a disease that is char-
acterised by inflammation of the lining of the small intestine, diarrhoea
and weight loss, and often improves spontaneously on return to temper-
ate climates. McKendrick was sent to Britain to recuperate and during his
leave was appointed in 1920 as Superintendent of the Laboratory of the
Royal College of Physicians of Edinburgh, a post he held for over 20 years.
McKendrick died in retirement in Carrbridge in 1943.

McKendrick was recognised as an expert on rabies. He also studied
malaria. Like Greenwood after him, he compared Sweden and Great
Britain in terms of mortality. However, as his career progressed he
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began to take more and more interest in the mathematical modelling of
infectious diseases. He is now famous for three contributions in particu-
lar. In 1914 he derived equations for a so-called pure birth process and a
typeofbirth-deathprocess (neither ofwhichwill concernushere) andalso
stated somedifferential equations for adeterministicgeneral epidemic. In
a series of papers with W. O. Kermack starting in 1927, that we shall con-
sider in due course, he established equations for the deterministic form of
a general epidemic.

The dark threshold

William Ogilvy Kermack (1898–1970) was born the son of a ‘postie’ in
Kirriemuir, a small town in Angus at the foot of Glen Clova, one of the
finest Glens in Scotland and one in which I myself have had many a fine
hill-walk or ski-tour. His mother died in 1904 and he was mainly brought
up by his father’s sisters.19 In 1914, aged 16, Kermack entered Aberdeen
University to take a combined MA and BSc course. His study included
English, physics, chemistry and mathematics. He left Aberdeen in 1918
with a first-class degree and four prizes, including two in mathematics.

AfterAberdeenhehad sixmonths’ service in theRoyalAir Force before
going to work with W. H. Perkin junior (son of the discoverer of Aniline)
at the Dyson Perrins Laboratory in Oxford. Then, in 1921 Kermack was ap-
pointed in charge of the Chemical Section of the Royal College of Physi-
cians Laboratory in Edinburgh. On the evening of Monday 2 June 1924
an experiment on which Kermack was working alone exploded, spraying
caustic alkali into his eyes. He spent two months in hospital and was dis-
charged completely blind. He was 26 years old.

There then followed25yearsof extraordinary researchoutput: extraor-
dinary by virtue of its variety as much as because of the handicap from
which Kermack suffered. Kermack was primarily a chemist but also had
an extremely strong mathematical interest. In that latter field he not only
made contributions to modelling infectious diseases, which we shall dis-
cuss later, but he collaborated with W. H. MacCrea on four papers, devel-
oping an algebra for solving a certain class of differential equation, with
MacCrea and Whittaker on geodesics and again with MacCrea on Milne’s
theoryof ‘kinematic relativity’.Kermack isnot theonlyexampleof ablind
mathematician: the incomparable Euler, themostprolificmathematician
of all time, also worked when blind but at that stage he already had a long
career as amathematicianbehindhimandhadbeen able toprepare forhis



Differential disease∗ 181

conditionasheknewhewasgoingblind.Kermackdidn’t begin topublish
mathematics until after his accident.

Differential disease20∗

The reason that Kermack is of interest here, however, is due to his col-
laboration with McKendrick on the modelling of infectious processes.
In a paper of 1927 they consider an epidemic in which initially suscepti-
ble individuals become infected and then immune to further infection.
The model they use is deterministic. That is to say they model rates rather
than probabilities. The alternative is, of course, a stochastic model. An
epidemic that followed a deterministic model would proceed like clock-
work. Of course in practice no epidemic proceeds like clockwork but, nev-
ertheless, such a model can be revealing.

Themodel is as follows. If thepopulation is of size N at time t and there
are x susceptibles, y infectives and z immunes then we have

N = x + y + z.

Here it is to be understood that x, y, z are not constants but numbers
whose valuewill vary over time, the object of the exercise being tofindout
exactly how.

Next Kermack and McKendrick set up three differential equations
to describe the rate of change of susceptibles, infectives and immunes
over time. Using the usual notation in calculus that dw

dt stands for the
‘derivative’ of some variable w with respect to t and is the instantaneous
rate of change of w at time t we may write these as

dx
dt

= −βxy, (9.2)

dy
dt

= βxy − γ y, (9.3)

dz
dt

= γ y. (9.4)

Let us look at the last of these three, (9.4), first. This simply says that the
rate atwhich thenumber of immune individuals grows is directly propor-
tional to the number of infected individuals, the coefficient γ governing
the rate. Since it is assumed here that infection eventually grants immu-
nity and that this is the only way it is granted, this is, as a first approxima-
tion, a not unreasonable assumption.
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Thefirst of the equations, (9.2), is slightlymore complex.This says that
the rate at which the number of susceptibles changes over time is propor-
tional to two things. First how many susceptibles, x, there are and sec-
ond how many individuals, y, there are to infect them. Since the number
of susceptibles will decline with time, a minus sign is conventionally at-
tached to the rate. If it were not, it would simply mean that the constant
of proportionality, β, attached to this equation would be negative. As it is
written, it is positive.

We can now see the origin of the second of the two equations. This sim-
ply says that the rate at which the number of infectives is growing over
time is the number of susceptibles becoming infective minus the number
of infectives becoming immune. Since a decrease in susceptibles is an in-
crease in infectives and since an increase in immunes is a decrease in infec-
tives, we simply take the two rates we previously had, change their signs
and add them together.

As Kermack and McKendrick note, in a system modelled in this way, a
key concept is the relative removal rate ρ = (γ /β). The numerator of this
represents the rate at which infectives become immune and the denomi-
nator represents the rate at which susceptibles become infected. It seems
intuitively plausible that the virulence of the epidemic will be governed
largely by this ratio. In fact we can re-write (9.3) as

dy
dt

= βy(x − ρ). (9.5)

Remember, these equations describe the way that the epidemic is chang-
ing at any time. Suppose that the epidemic starts at time t = 0,when there
are x0 susceptibles. Substituting in (9.5) we see that the rate of change of
infectious cases at that time will then be

βy(x0 − ρ). (9.6)

Now, unless the initial number of susceptibles, x0, exceeds the relative re-
moval rate, ρ, the term in brackets in (9.6) will be negative and this means
that the epidemic will not take off. This is the first part of the celebrated
threshold theorem of Kermack and McKendrick. The second part is too
complicated to derive here but boils down to this. It turns out that the
theory predicts that some susceptibles will escape infection. If the ini-
tial number of susceptibles is not much greater than the relative removal
rate, then the number that will escape infection is approximately twice
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the relative removal rate minus the initial number of susceptibles. For ex-
ample, if the relative removal rate is 900 and the susceptible population is
1000, approximately 800 will escape infection.

The implications of the threshold theorem are important since it
implies that if thenumberof susceptibles dropsbelow the threshold, then
an epidemic cannot take off. Thus programmes of immunisation and vac-
cination can confer a ‘herd immunity’ provided that uptake is adequate.
This in turn raises the possibility of a conflict between ethical and ratio-
nal behaviour. Since such programmes commonly carry some (very) small
risk, your best strategy is not to immunise your child if you can guaran-
tee that everybody else will show civic responsibility. With many parents
suspicious (in my view, with little cause) that the measles/mumps/rubella
vaccine, MMR, may have serious side-effects, this is currently a very rele-
vant issue.

Most modern epidemiologists regard the ‘threshold theorem’ as being
the work of Kermack and McKendrick. In fact, it was recently realised
that many of its elements were anticipated by Ross who included the
three equations in several papers he wrote on the mathematics of epi-
demics. (Two of these were in conjunction with Hilda Phoebe Hudson, a
Cambridge educated mathematician who, although bracketed with the
seventh wrangler in her year, which is to say amongst the top seven or
eightmathematicians,was, due to theCambridge regulations of the time,
unable to get a degree.21)

Of course, these models are very simplistic. In particular beyond a cer-
tain population size it is most implausible that an equation such as (9.2),
which describes the rate at which susceptibles become infected, can con-
tinue to apply, since it simply means that the larger the population the
higher the rate.22 However, you don’t meet everybody in your town or city
and if your circle of acquaintances is wide, you must inevitably spend less
time with each of them, giving each less opportunity to infect you. How-
ever, the equation would predict that in a city of one million susceptibles
in which 1000 were infected, the epidemic would be proceeding approxi-
matelyonemillion timesas fast (in termsof absolutenumbers infectedper
day) as in a village of 1000 persons with one infectious case. Thus the rate
per individual would be 1000 times as great. Nevertheless, for the purpose
of gaining qualitative insights into epidemics, they are important and, of
course, in the time since Kermack and McKendrick mathematicians and
statisticians have greatly extended their scope.



184 The things that bug us∗

One such extension has been to provide a stochastic version of the
Kermack and McKendrick model. This was first done in 1949 by the statis-
tician Maurice Bartlett (1910–2002). However, it was not until 1955 that a
stochastic version of the threshold theorem was found by Peter Whittle.
Here we must leave our very limited historical and mathematical exposé
of infectious disease modelling. We conclude this chapter by considering
a very curious application of the theory.

Divine disease

Donald Anderson McGavran (1897–1990), the son and grandson of Chris-
tian missionaries, was born in Damoh India.23 In 1910 his family returned
to theUnited States.He studied at ButlerUniversity, YaleDivinity School
and the College of Mission, Indianapolis and in 1923, together with his
wife Mary, sailed to India to take up missionary work on behalf of the
United Christian Missionary Society. In 1932, after a period of leave in the
USA, he obtained a PhD in education from Columbia University. He re-
turned to Indiawhere he remained in variousmissionary posts until 1954.

During the latter period of his time in India he had begun to write on
the subject of church growth. A return to the USA in 1954 was to rein-
force this interest. Ithadbeenhis intentiontoreturnto furthermissionary
work in India. Instead the mission sent him to research church growth in
various parts of the world. In 1955 he published Bridges of God expound-
ing a theory that religious conversion is not just a process that takes place
at an individual level but also at a community level. For example, if con-
version requires crossing communities it is much less likely to occur. This
was followed by a number of other books, including the influential Un-
derstanding Church Growth (1970) outlining a sociological approach to the
subject ofChristian conversion.Today there is a communityof researchers
in this field ranging from those whose motivation is mainly religious to
those whose only interest is sociological.

One of the techniques that can be used to study the process of
conversion is that of infectious disease modelling. John Hayward of
Glamorgan University has applied Kermack–McKendrick models24 to
cover ‘epidemics’ of conversion such as the Welsh revival of 1904. Here
the ‘infectives’ are believers and the ‘susceptibles’ are non-believers. If the
model is to correspond to the more general form of Kermack and McK-
endrick, it must be allowed that de-conversion also takes place. In fact,
Hayward has applied a number of different models to the phenomena of
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conversion and revival. Again, the assumptionof homogenousmixing is a
potential weakness of the general epidemic model since this implies that
all members of a church congregation are involved in conversion. If, in
fact, conversion is mainly carried out by a minority of enthusiasts a differ-
ent approach is needed. This situation also occurs in infectious diseases if
one has ‘super-shedders’ – ‘typhoid Mary’25 being the epitome – who are
responsible for much larger than average number of infections.

Religion is not the only additional field in which infectious disease
modelling can be applied. Computer viruses, the spread of rumours and
atomic chain reactions are all areas in which the same sort of mathematics
can find application. However, now we must turn from looking at ratio-
nal laws of infection to examining what happens when irrationality in-
fects the Law and in particular whether there is any hope that statistics
can provide a cure.
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The Law is a ass

Dice, n. Small polka-dotted cubes of ivory, constructed like a lawyer to lie on any

side, but commonly on the wrong one.

Ambrose Bierce, The Devil’s Dictionary

How much shyster do you want with your quack?

This is a book about ‘biostatistics’. It may seem to be stretching mat-
ters to include the Law. Surely medical statistics has little to do with legal
statistics.What theDickens is it doinghere?Weknowthat statisticians are
interfering busybodies but theremust be limits.What can be the justifica-
tion for straying from clinical trials to legal trials, from cases and controls
to cases in court?

None at all,were it not for one fact. Lawyers are always interferingwith
the business of physicians and if the medical profession has decided that
evidence is largely a quantitative matter, then the lawyers, in meddling
with medicine, are going to have to learn that lesson too. Evidence is far
too serious a matter to be left to the legal profession to judge. To para-
phraseArchieCochrane, ifwehave evidence-basedmedicine shouldn’twe
have evidence-based law?

Did you have breast implants 15 years ago? Yes? And did you develop
connective tissue disease five years ago? Yes? Well it’s as plain as a lawyer’s
fee that the one caused the other, or at least it is until the medical statis-
ticians become involved. My one appearance in court was in a case of this
general type. An unfortunate victim of a traffic accident had subsequently
developed multiple sclerosis (MS). Counsel for the plaintiff was arguing

‘If the law suppose that,’ said Mr Bumble, squeezing his hat emphatically in both hands, ‘the law is a
ass – a idiot’. Oliver Twist.

[186]
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that subsequence implied consequence.1 I was retained by the insurers.
My opinion was being sought on some studies that had investigated the
hypothesis that trauma increases the probability of developing MS. The
studies showed no link, were of reasonable quality but rather small. My
view was that these studies cast some doubt on the hypothesis being put
forward. Of course, this is a difficult issue. Proving that something can’t
cause something is a logical impossibility. Absence of evidence is not evi-
dence of absence. As I put it sometimes, a person acquitted on a charge of
child-molesting is not necessarily a good choice of babysitter. Neverthe-
less, if you take a Bayesian view, then if you have a prior belief that trauma
might cause MS and some reasonable studies fail to show this, your poste-
rior belief must be weakened.2

The eventual judgement was that the insurance company was not
liable for the MS. This was a civil case and only had to be decided on
‘the balance of probabilities’. The judge’s decision was that the balance
of probabilities did not favour the plaintiff’s case. This, of course, was a
tragedy for the plaintiff. Many of my medical students at UCL would have
taken the view that the balance of probabilities was irrelevant; if there was
any probability, however unbalanced, the individual should win against
the corporation. Indeed, itwasmyhabit in starting the statistics lecture to
spend five minutes discussing this week’s medical/statistical story. Some-
times they were analogous cases to do with pharmaceuticals, such as for
example the Viagra ‘story’ in The Big Issue we considered in Chapter 6. My
students would often argue (against me) that the fact that the death rate
was no higher than one would expect to see if there were no problem was
not the point. There might be a problem and that being so the companies
should pay. I would then put the following to them. Imagine your situa-
tion once you have qualified. If any patient you ever treat in any way what-
soever subsequently develops some problem or other not present when
theyfirst come to see you, youare liable,will be sued,will be foundagainst
andwillhave topay. Is this reasonable?Doyouwantyour career toproceed
with this threat constantly hanging over you? Is this ultimately in our in-
terests as taxpayers andpotential patients?Howmuch shyster dowewant
to pay for with our quack?

To return to my court appearance, I myself had reanalysed one of the
studies using Poisson regression, coming to essentially the same conclu-
sion as its authors. ‘Poisson?’ I was asked, ‘named after Siméon-Denis
Poisson, a French mathematician’, I explained, ‘originator of the Poisson
distribution’. In this, I told an untruth, as we shall see. In my defence I
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plead ignorance not mendacity. The justice, or otherwise of this plea, the
reader will be able to judge for him or herself in due course. However, for
the moment, it is not so much the Poisson distribution that interests us,
famous and important though it is, but rather Poisson’s calculations con-
cerning probability and the Law. Let us meet the man first.

Siméon-Denis Poisson (1781–1840)3

Poisson was born on 21 June 1781 in Pithiviers, which is some 80 km south
of Paris. His father, who had been a soldier, was a minor official and after
the Revolution more or less took over the running of Pithiviers, becoming
the biggest fish in the local pond. Poisson fils was put out to a nurse whose
favourite way of securing him when she popped out to do the messages4

was to leavehimhanging fromanail. Poissonused to attributehis interest
in the physics of pendulums to these early experiences.

Possion père decided that his son was to enter the medical profes-
sion and he was apprenticed to an uncle who set him to work practis-
ing the pricking of veins by working on cabbage leaves with a lancet.
Unfortunately, when he eventually graduated to patients, his first case
died. Despite the consolation offered by his medical colleagues that this
was a very common and unremarkable occurrence, and that he could be
perfectly sanguine5 that subsequence did not imply consequence, this
cured him of all medical tendencies, and he gravitated towards physics
and mathematics instead. In 1798, Poisson enrolled at the Ecole Poly-
technique, where he attracted the attention of his lecturers Laplace and
Lagrange. Poisson was a lively and vivacious character and became and re-
mained friendswithhis twomentors.However, important thoughhewas
as a mathematician, he never matched them. Laplace, as we have seen, is
a key figure in the history of probability but also made many important
contributions to analysis and mechanics. Lagrange, although not of im-
portance in the history of probability, is rated by many to be an even more
important mathematician than Laplace.

This gets me on to a hobby-horse of mine and, quite frankly, if I can-
not indulge a Shandy-like passion for hobby-horses then there is no fun
in writing a book like this. In The ThirdMan, Orson Welles as Harry Lime –

in his scurrilous attack on the Swiss, a nation of whom I count myself
a member6 – refers to 500 years of peace in Switzerland having pro-
duced nothing more than cuckoo clocks. Italy on the other hand, with,
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‘warfare, terror, murder, bloodshed’, produced Michaelangelo, Leonardo
and the Renaissance. There are three things wrong here. First, at the
time (1948) Switzerland had had precisely one hundred years of peace
not five. Second, cuckoo clocks come from the Black Forest in Germany
and not Switzerland, which produces precision watches.7 Third, the sit-
uation regarding cultural achievement looks rather different if, instead
of art, you pick mathematics. The Swiss have several important fig-
ures but the only truly world-class ‘Italians’ are Archimedes, who was
born in Syracuse and is generally counted a Greek and on whose career
Roman warfare, terror, murder and bloodshed had a far from positive
effect, and Lagrange, who was born in Turin but is usually counted a
Frenchman.8

After that red herring, let us return to Poisson.
Poisson was attracted to magnetism, stretched his mind on the theory

of elasticity, starred inastronomyandgenerally countedasoneof the fore-
most mathematicians of his day. However, he has three particular claims
to fame in the history of statistics. The first is his work on what we now
call the Poisson distribution. It is here that I told my untruth in court. I
assumed that Poisson had discovered the distribution named after him.
I should have remembered Stigler’s Law of Eponymy which, you may recall
from Chapter 3, says that if a discovery is named after somebody he/she
certainlydidn’tfind it. In fact, thePoissondistributionwasalreadyknown
to De Moivre, although not, of course, under that name! De Moivre was
a Franglais mathematician,9 a Huguenot, born 1667 in France, who fled
to England in 1685 at the revocation of the Edict of Nantes and died in
1754 on the day he predicted. Apparently he had been sleeping 15 minutes
longer every night and predicted, correctly, that he would die on the day
he slept 24 hours. (It is left to the reader as an exercise to calculate, bear-
ing in mind that it takes at least three to establish a series, the maximum
number of days in advance of the event that he can have issued this pre-
diction.) De Moivre made many significant contributions to mathemat-
ics including probability theory, where his work on life-tables as well as
on laws of large numbers is extremely important. In fact he can be re-
garded as the discoverer not only of the Poisson distribution but of the
Normal distribution also, despite the fact that this is often attributed to
Gauss. However, one way or another, he has slipped between the pages
of this book and we cannot take time off to discuss this complex figure
further.
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Poisson d’ Avril∗

. . . the Poisson dispensation ruling not only these annihilations no man can run

from but also cavalry accidents, blood counts, radioactive decay, number of wars

per year . . .

Thomas Pynchon, Gravity’s Rainbow

Sowhat exactly is the ‘Poisson’ distribution?Wearenot going tomake any
great use of it, although it is of considerable use in medical statistics. The
reader who finds mathematics painful can skip this section and no harm
will bedone.To satisfy the curious, however, it is a distribution that canbe
used to describe the occurrence of events over time where the conditions
are homogenous. That is to say the propensity for events to occur remains
constant over time. Where this is the case, the Poisson distribution can be
used to describe the number of events occurring in a given interval.

Before we start, three mathematical facts, at least one of which we have
met before. First, when mathematicians multiply together a series of in-
tegers descending by steps of one, that is to say create a product of the
formk × (k − 1) × (k − 2) × · · · 3 × 2 × 1, they refer to the result as, ‘k facto-
rial’ andwrite it k!. Thus, for example, 4! = 4 × 3 × 2 × 1 = 24. By a rather
baffling but mathematically coherent and convenient convention, 0! = 1.
Second, if we have an infinite series of the form 1, x, x2

2! ,
x3

3! , · · · xn

n! · · · then
eventually the terms of this series start getting smaller and its sum is, in
fact finite, and is equal to e x , where

e = 1 + 1 + 1
2!

+ 1
3!

· · · 1
n!

· · · � 2.71828182845904523536028

as calculated, very approximately,10 by the great Swiss mathematician
Leonhard Euler (1707–1783), the most prolific of all time, who introduced,
in 1728, the symbol e to represent the base of natural logarithms.11 Log-
arithms are a device independently proposed by the Scot John Napier
(1550–1617) and the Swiss clockmaker and mathematician Joost Burgi
(1552–1632), a maker of precision instruments not cuckoo clocks, who
would have had, we can be confident, a very poor opinion of Orson Welles
had he met him. Third, in general, the reciprocal of a number x raised to
a given power n is 1

xn and by convenient and coherent convention this may
be written x−n. It thus follows, for example, that e−n = 1

en .
So much for preliminaries. Now for ‘Poisson’s’ distribution. If the ex-

pected number of events occurring within a given interval is λ, and the
Poisson distribution applies, then the probability of any given number of
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events k occurring in such an interval, where k can take any integer value
from 0 upwards (so for example 0 or 1 or 2 or 3, etc.) is

p(k) = λke−λ

k!
.

To give a simple example, if we have a factory in which the work force
has on average three accidents per month we can calculate the probabil-
ity of there being exactly four accidents in a given month (say April) as fol-
lows. We set λ = 3, and k = 4, calculate e−3 � 0.05, 34 = 81, 4! = 24, and
put this together to obtain 81 × 0.05/24 � 0.17.

Note that this distribution satisfies the minimum condition of a prob-
ability distribution, which is that over the values for which it is defined it
should sum to 1. We can see that the Poisson distribution does this by not-
ing that if k is set equal successively to its possible values 0, 1, 2, etc. the
probabilities take on the values e−λ, λe−λ, λ2

2! e
−λ, · · · . Hence the sum of all

of these is a sum of the form

e−λ + λe−λ + λ2

2!
e−λ, · · · = e−λ

(
1 + λ + λ2

2!
· · ·

)
.

However, by the third of our rules above, e−λ = 1
eλ andby the secondof our

rules, the term inside thebrackets is eλ. Thusour sumis 1
eλ × eλ = 1,which

is as it should be.
We cannot discuss the derivation of the Poisson distribution, nor do

more than touch on its properties, but we can make one illustration of a
‘self-similarity’ property that it has. Let us return to our factory. Suppose
that a ‘month’ refers to four weeks of production and we now ask the fol-
lowingquestion.What is theprobabilityof therebeingnoaccidents in two
weeks of production? It seems reasonable that we ought to be able to use
the Poisson distribution to establish this. If on average there are three ac-
cident per four weeks, then there should be 1.5 accidents on average per
two weeks and all we need to do to obtain the probability of no accidents
in two weeks is plug k = 0 and λ = 1.5 into our formula. This gives

p(0) = 1.50e−1.5

0!
= e−1.5 � 0.223,

since any number raised to the power 0 is 1 and since 0! is also 1.
However, one of the beauties of the Poisson distribution is that this re-

sult is consistent with another argument I could use and which does not
require me to depart from my original ‘per month’ distribution. I could
consider the probability of having a given number of accidents in any
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four-week period including the two weeks in question and then the prob-
ability that they all occur in the other two weeks. Thus the ways in which I
can get zero accidents in the two weeks in question could also be consid-
ered as: no accident in the month, or an accident but it occurs in the other
twoweeks, or two accidents but they both occur in the other twoweeks, or
ingeneral, k accidents but they all occur in theother twoweeks. In connec-
tion with the last of these, let us consider the following problem. In total,
over the fourweeks,kaccidentshaveoccurred.What is theprobability that
they have all occurred in the ‘other’ two weeks. For each accident it either
hasor it hasnotoccurred in the twoweeks inquestion. Since the two times
are equal and since I am assuming that the general tendency for accidents
is constant over time, theprobability for this accident beingnot in the two
weeks in question is 1/2. The probability that all k will occur in the ‘other’
two weeks is thus 1

2 × 1
2 × · · · 1

2 = ( 1
2 )k. Now I can put this together with

my original Poisson distribution. This tells me that the probability that
there will be k accidents in a month is

p(k) = 3ke−3

k!
.

So the probability that there will be k accidents in a month but none in the
two weeks in question is:

3ke−3

k!
×

(
1
2

)k

=
(

3
2

)k e−3

k!
.

However, if these terms are summedover all values of k, that is to say, 0, 1, 2
and so forth, this will be found to be (1 + 3

2 + ( 3
2 )2

2! · · · ( 3
2 )k

k! · · ·)e−3. However
by the second of our rules, the term in brackets is e

3
2 so that the result is

e
3
2 e−3 = e− 3

2 = e−1.5 as before.

Poisson probabilities, properties and practice

This will not be explained the worse, for setting off, as I generally do, at a little

distance from the subject.

Lawrence Sterne, Tristram Shandy12

The Poisson distribution is the simplest capable of realistically describing
the frequency of events over time. The basic necessary assumption is one
of homogeneity, which is to say that if we wish to have a look at the way
in which occurrences vary, then to employ this particular distribution we
have to assume that the general conditions are not changing, and that as
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Figure 10.1 Some Poisson distributions.

a consequence the rate, force, tendency, or whatever you wish to call it, of
events is not changing.

Figure 10.1 is a graphical representation of four different Poisson dis-
tributions, each with a different mean or ‘expected’ value, λ. It can be seen
that for lowvaluesof themeantheprobability isbuncheduptowardszero:
the likeliest occurrence if the event is rare is that it will not happen. As the
expected number of events in a given interval increases, the distribution
shifts to the right. In so doing it becomes more spread out. In fact the vari-
ance of the Poisson distribution is equal to its mean. The distribution also
becomes more symmetrical as the mean increases. Of course, strict sym-
metry is impossible since the distribution is bounded on the left (you can-
not have fewer than no events), but not on the right (there is no limit to
the number of occurrences that are possible in theory), although in prac-
tice if the mean is low the probability of seeing many occurrences is low.
In fact, eventually, as themean increases thePoissondistribution comes to
resemble another famous distribution, much studied by statisticians, the
so-called Normal distribution and can be approximated by it.

Another feature of the Poisson distribution, one that turns out to be
extremely useful, is that if two or more different types of events are in-
dependently distributed, each according to the Poissondistribution, then
the sum of these events also has a Poisson distribution. For example, sup-
pose that the number of deaths from circulatory diseases in a given small
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community followed a Poisson distribution with on average 20 deaths a
year. Similarly suppose thatdeaths fromcancerhadaPoissondistribution
with an expectationof 15deathsper year. Then thenumber of deaths from
both causes would be approximately Poisson with 35 cases on average per
year.13

Suppose, for example, we wished to compare the effects of two anti-
epileptic treatments on seizure rates in a groupof epileptics.Wemight as-
sume,under anull hypothesis, that the treatments are identical.Of course
we wish to investigate the truth of this but we might assume it for the
timebeing. If the treatments are the same,differencesbetween treatments
do not exist and so cannot be a source of heterogeneity. However, the pa-
tients may very well have quite different seizure rates. This means that it
appears that we do not have the homogeneity that we require to employ
the Poisson distribution. However, a cunning design might help us here.
We might choose to run a cross-over trial in which each patient acts as his
or her own control. In such a trial there would be two treatment periods.
Half the patients would be given treatment A in the first period followed,
perhaps after a suitable washout, by treatment B in a second period. Half
would be allocated to B followed by A. Now suppose we compare the to-
tal number of seizures for all patients given A with the total number for
the same patients given B. The fact that we have fixed the patients means
that when we compare the totals, the difference between patients is not
a problem. The total is homogenous between one treatment and another.
However, the total is the sum of a number of different independent Pois-
sonvariables and so is itself a Poissonvariable.Hence,we canuse theusual
theory that applies to the distribution.14

There are many potential uses of the Poisson distribution in medical
statistics. One is in disease monitoring. If the conditions are stable, the
disease is not infectious and is rare within a given population, then the
number of cases fromyear to year should vary approximately according to
the Poisson distribution. This helps the epidemiologist to judge whether
a given increase in a particular year is consistent with chance variation or
in need of some other explanation.

Other fish to fry

We have been digressing somewhat, having left the reader with the
promise that Poisson made three important contributions of interest to
us and then completely omitting to discuss any but the first, which in
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any case was not entirely original. His second contribution was to im-
prove the law of large numbers. This is a law that mathematicians have
worked on since its first appearance in the work of the great Swiss math-
ematician, James Bernoulli, whom we mentioned briefly in Chapter 2
whendiscussinghisnephewDaniel.Youwillnodoubt rememberDaniel’s
unpleasant father, John. What we did not mention there was John’s im-
portant work on the tautochrone, the curve that a descending ball must
follow if its time of arrival is to be independent of its point of departure.
This has an application in clock-making, that is to say in the making of ac-
curate timepieces, not novelty items inwhichwoodenbirdsfly out of twin
doors on the hour to the accompaniment of strange hooting noises.

The laws of large numbers are ways of relating probabilities to relative
frequencies, of stating in what sense it is true that as the number of tri-
als increases the ratio of successes to trials approaches the probability of a
success. In JamesBernoulli’s formthis required that theprobabilityof suc-
cess remained constant from trial to trial. This is a practical disadvantage
because one might plausibly believe that hidden causes are changing the
probability inunpredictableways from trial to trial.Wemay, for example,
flip a coin slightly higher or lower or faster or slower and this might trans-
late into different probabilities depending on how we start. Poisson de-
rives a version inwhich theprobabilitiesmaybeallowed tovary and shows
that the relative frequency approaches the average of the probabilities.

This is not to ourpurposehere, however. It is the thirdofPoisson’s con-
tributions that we need to consider: an application of probability theory
to the composition of juries. This needs a new section.

A Q before P15

The Common Law of England has been laboriously built about a

mythical figure – the figure of ‘The Reasonable Man’

A. P. Herbert

In the 1970s, when I was a student at Exeter University, my friends used to
tease me by challenging me to name 100 famous Swiss. Now, if you ask a
statistician, ‘how’s your wife?’, he says, ‘compared to what?’16 I pointed
out that the population of Switzerland being about one-eighth or one-
ninth that of England the equivalent challenge would be to name 800 to
900 famous Englishmen. Furthermore, since my friends were the judge
of fame, their own Anglo-Saxon ignorance of matters continental put me



196 The Law is a ass

at a further disadvantage. To draw a fair comparison we would have to
find some Americans (say) and get them to judge these 800 to 900 English
names.

However, on returning to England some years later, I discovered that
in the folk culture it was Belgians who were regarded as lacking any fa-
mous persons. Here they suffer from the same problem, in my opinion, as
the Swiss – people often assume that Belgians are either Dutch or French
just as the Swiss are judged to be German, French or Italian. So, for exam-
ple, nobody realises that Rousseau, Le Corbusier and Piaget are Swiss and
nobody realises that Jacques Brel, Simenon, Hergé not to mention Johnny
Halliday, Plastique Bertrand and The Singing Nun are Belgian. They are
all put down as French.

But if I tell you that Adolphe Quetelet (1796–1874) was a famous Bel-
gian statistician17 you will say, ‘Adolphe who? Famous to whom?’ Well
to Florence Nightingale (1820–1910), amongst others. Quetelet’s book of
1869, Physique Sociale,18 was one she studied religiously and annotated
heavily.19 In itQueteletmadeextensiveuseof anowcommonidea, l’homme
moyen, the average man: a mean figure when compared to the reasonable
man but with rational uses for all that. Quetelet himself had been respon-
sible for introducing the averageman to theworldof social science in 1835,
in a book that attracted a three-part review in the Athanaeum which con-
cluded, ‘We consider the appearanceof these volumes as forminganepoch
in the literary history of civilisation’.20

Amongst matters that Quetelet studied in this earlier work were con-
viction rates in French courts of assize. The figures available to him are
given in Table 10.1. The conviction rate for 1827 seems to have been calcu-
lated incorrectly and should be 0.611 rather than 0.610. It should also be
noted that the average conviction rate as calculated by Quetelet is simply
the unweighted mean of the yearly rates. That is to say it is the sum of the
six rates divided by six as opposed to the total convicted for the six years
divided by the total accused.

From these data Quetelet concluded that the conviction rate was de-
clining. Of course, since the conviction rate in 1830 was lower than that
in 1825, in one sense, given that the figures were correct (of which more
shortly), this conclusion is obviously correct. However, a more modern
analysis ofQuetelet’sfigureswouldgive somesupport to a conclusion that
goes somewhat further than this, namely that the decline is more than
can simply be attributed to chance fluctuation. Unfortunately, however,
this beautiful hypothesis is slain by an ugly fact.21 Poisson later analysed
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Table 10.1. Conviction rates in the French courts
of assize, 1825–1830.

Year Accused Convicted Conviction rate

1825 7234 4594 0.635
1826 6988 4348 0.622
1827 6929 4236 0.610
1828 7396 4551 0.615
1829 7373 4475 0.607
1830 6962 4130 0.593

Average 7147 4389 0.6137

Quetelet’s data but did not repeat an error that Quetelet had made. The
numbers accused and convicted for 1825 were not as reported by Quetelet
butwere, in fact, 6652 and4037 and the resulting rate of 0.607 isnotmuch
different from that six years later.

Quetelet was also able to obtain data for convictions cross-classified by
a number of interesting social factors. This forms the basis for a claim for
Quetelet to be regarded as one of the pioneers of social statistical analysis,
a formof quantitative sociology. For example, he could show that the con-
viction rate was much higher for crimes against property (0.655) than for
crimes against the person (0.477) but that the sex of the accused made a
smaller difference (0.622 for males, 0.576 for females).

J’accuse∗22

However, when Poisson came to look at such data he made more inter-
esting use of them. In France, during the period analysed by Quetelet,
a guilty verdict could be delivered by a simple majority of the 12 jurors;
namely, if seven or more found the accused guilty. Was this a good idea?
Could someother systemhavedonebetter? In fact in 1831 themajoritywas
changed from seven to five to eight to four. Poisson had data for the years
1831 to 1833 to add to the (corrected) data thatQuetelet hadused. These are
given in Table 10.2.

Figure 10.2 plots conviction rates over time for the full series of years
from 1825 to 1833. There is a definite suggestion of a lower conviction rate
in 1831, although there is a recovery in 1832 and 1833. One reason may be
that an allowance was introduced in 1832 for extenuating circumstances
and this may have increased the willingness of juries to convict because
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Table 10.2. Further conviction rates in the
French courts of assize.

Year Accused Convicted Conviction rate

1831 7606 4098 0.5388
1832 7555 4448 0.5887
1833 6964 4105 0.5895

year

1825 1826 1827 1828 1829 1830 1831 1832 1833

0.50

0.55

0.60

0.65

Figure 10.2 Yearly conviction rates in criminal trials in France 1825–1833.

judges were now given more latitude in sentencing.23 Poisson then uses
the conviction rate of 0.5388 for 1831 on the onehandandof 0.6094,which
is his average for the period 1825–1830, as enabling him to compare the
effect of requiring eight as opposed to seven jurors for a conviction. This
gives him two simultaneous equations, permitting him to estimate how
the system works.

Poisson supposed that therewas a chance κ that the accusedwas guilty.
We can regard this as a probability in advance of the verdict. That is to
say, in a Bayesian framework, it is a form of prior probability of guilt that
takes no account of the deliberations of the jury. Next he makes two not
necessarily very realistic assumptions. The first is that conditional on the
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true guilt or otherwise of the accused, each juror comes to an independent
decision. The second is that the probability of an individual juror com-
ing to a correct verdict is the same whether or not the accused is guilty
or innocent. Call this probability θ and suppose that this is identical for
every juror. (Poisson also investigates what happens when this is not the
case but we shall not be considering this complication.) Now suppose for
the moment that the accused is guilty. If m jurors are required to convict,
where depending upon the period m will be 7 or 8, then we can calculate
the probability of conviction according to the binomial distribution (for
details see the footnote24). Let us call this P(θ , m) (this form of notation is
just used to show that the probability, P, depends on θ and m). The cor-
respondingprobability of convictionwhen the accused is innocent is then
P(1− θ ,m) becausehismodel assumes that theprobability of an individual
juror coming to a correct judgement is θ , whether the accused is innocent
or guilty, and if innocent then the θ must apply to the judgement of in-
nocence and hence 1 − θ is the probability we have to use for the verdict
‘guilty’. Putting this together with the prior probability of guilt or inno-
cence, we can write that the probability of a conviction, which depends
on the prior probability of guilt κ, the probability of coming to a correct
verdict θ , and the size of majority required m, as

r (κ, θ, m) = κ P (θ, m) + (1 − κ)P (1 − θ, m). (10.1)

For the case m = 7 (10.1) can be set equal to 0.6094 and for the case
m = 8 (10.1) can be set equal to 0.5388. The two simultaneous equations
that result are then solved (numerically) by Poisson to yield κ = 0.6391,
θ = 0.7494. From this he can calculate using Bayes theorem (we spare the
reader the details) that with the 7:5 majority system the probability that
the accused is guilty given that he or she is convicted is 0.9406.

We now leave our consideration of nineteenth century analyses of the
mechanism of justice to look at late twentieth century applications of sta-
tistical inference to the evaluation of evidence which will continue, no
doubt, to form the basis for research in this century.

The Island Problem∗

Sometimes the smallest detail can be telling. For example, John Donne’s
‘no man is an Island’ is obviously true but if one were to write ‘no Man is
an island’ this would be false, as anyone cognisant with the geography of
the IrishSeawill surely aver.25 Clearly suchpunctuationwouldbea capital
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offence but it may not otherwise be clear what this has to do with the mat-
ter of this chapter. The answer is, nothing much, except that we are now
going to move from considering the application of statistics to the mecha-
nismof theLawand its social aspects, to its application to the evaluationof
evidence itself. In that connection there is an interesting type of problem
referred to as the ‘Island Problem’ and in which, it turns out, care in for-
mulation is required, a change in the merest detail leading to a different
solution.

‘A murder has been committed and there is a known population of
possible suspects. The identification evidence, based on information at
the scene of the crime, is that the criminal may have a certain character-
istic . . . In the Island Problem, the simplest setting for the above anal-
ysis, there is a fixed known number N + 1 of individuals, one of whom
must be the guilty party.’26 In the classic Island Problem, originally due
to Eggleston (1983),27 the evidence is certain: it is known that the crimi-
nal must have, rather than simply may have, the characteristic in question.
The above quotation, however, is taken fromapaper bymy colleague, Phil
Dawid, together with Julia Mortera, in which they consider various ver-
sions of the more difficult case with uncertain evidence and offer Bayesian
solutions to them.

Inwhat follows letusassumethat thecrime is amurder, that ithasbeen
committed by a murderer acting alone and that the murder leaves N + 1
individuals alive on the island. It follows that one individual is the guilty
culprit and the remaining N are innocent. If, in the absence of evidence,
we regard all individuals as being equally likely to be guilty (or innocent)
then all inhabitants of our island have the same prior probability

θ = 1/(N + 1)

of being guilty. We also suppose that there is a characteristic C that an
innocent individual may have with probability P and we believe that the
murderer has this characteristic with probability P∗. In the simplest case,
we are certain that the murderer has this characteristic (eye-witness or
forensic evidence is taken to be perfectly reliable) so that P∗ = 1. However,
more generally, we can allow P∗ to be less than 1, although of course it
should be much greater than P. An individual is now arrested, having this
characteristic. What is the probability that the individual is guilty?

As Dawid and Mortera show, it turns out that there is no single answer
to this. It dependsonwhat else is assumed.They identify sixpossible cases
as follows.
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1. Random suspect. The individual has been chosen at random and is found

to have the characteristic. (Nothing else is known.)

2. At least one alternative candidate suspect. Evidence is brought that at least

one other individual has the characteristic, C, and so could in principle

be a suspect.

3. Specific alternative candidate suspect. It is known that some other identified

suspect has the characteristic, C.

4. Full search. The whole population has been searched and it is found that

k have the characteristic, C. One of them has been arbitrarily nominated

as the suspect.

5. Recorded search until one suspect found. The population has been searched

and after exactly k persons have been examined, one is found (the kth

individual) who has characteristic C at which point the search stops.

6. Unrecorded search until one suspect found. As for case 5 but one has not kept

count of the number of individuals examined.

The demonstration of the solution of all six cases is beyond us here,
although we shall present a suitable graphical illustration of the results
in due course. However, we can (just about) demonstrate the solution of
case 1. Inwhat followsweshall letG stand for, ‘the suspect isguilty’, I stand
for ‘the suspect is innocent’, and, in a double usage that would shock a
true mathematician, C for ‘the suspect has characteristic C’. As we have
done elsewhere in the book we let the symbol ∩ stand for ‘and’. Thus
G ∩ C stands for, ‘the suspect is guilty and has characteristic C’. Prior to
seeing the evidence, the probability that the individual chosen is guilty is,
as we have already explained, 1/(N + 1). Given that the individual is guilty
the probability that the individual has the characteristic C is P∗. The prob-
ability of guilt and characteristic is the product of these two

P (G ∩ C ) = P∗

N + 1
. (10.2)

On the other hand the prior probability that the individual is innocent is
obviously one minus the probability of guilt and is thus N/N + 1. Given
innocence the probability that the individual possesses C is P. Hence the
probability that the individual is innocent but possessing the characteris-
tic is the product of these two and is

P (I ∩ C ) = NP
N + 1

(10.3)

Now of course, in practice we can never know which of these two cases
obtain. All that we could ever observe is that the individual has the
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Figure 10.3 (After Dawid and Mortera.) Posterior probability of guilt for the six cases
of the Island problem as a function of P∗ with N = 100 and P = 0.004. Where the solution
involves k, this is assumed to be 1.

characteristic C. Now an individual chosen at random who has the char-
acteristic C is either guilty or is innocent. Thus we may add together (10.2)
and (10.3) to obtain

P (C ) = P (G ∩ C ) + P (I ∩ C ) = P∗

N + 1
+ NP

N + 1
= P∗ + NP

N + 1
. (10.4)

Having observed that an individual has characteristic C, (10.4) is the factor
bywhich, according toBayes theorem,wehave to re-scale (10.2) in order to
obtain the posterior probability of guilt. In other words, we have to divide
(10.2) by (10.4). If we do this, we obtain

P (G |C ) = P∗

P∗ + NP
. (10.5)

This is the simplest of the cases. The others are more complicated. How-
ever, to allay the reader’s alarm, we shall repeat our promise. We have no
intention of deriving these. Instead, in Figure 10.3, we present some illus-
trative results given by Dawid and Mortera.

In this example, it is assumed thatP=0.004. In advanceof any search it
is assumed that the chance that a randomly chosen innocentpersonwould
have the characteristic in question is 0.004. (The search itself may reveal
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the proportion on the ‘island’ to be different.)N= 100,which corresponds
to a closed population of 100 innocents and one guilty person. For the
cases where the value of k is also needed this is assumed to be equal to 1.
Figure 10.2 then plots five curves for the posterior probability of guilt as
a function of P∗, the probability that the murderer has the characteris-
tic C. (Five curves only are presented, since here case 5 is the same as case
1. This is because k = 1 implies that as soon as we started our search we
foundan individualwith thecharacteristic andthis is equivalent tohaving
pulled an individual out at randomandfinding that the characteristicwas
possessed.)

As plain as a pikestaff, or as trivial as a truncheon?∗

Figure 10.3 illustrates a number of interesting features. Note that as P∗ ap-
proaches 1 we approach ‘certain evidence’, i.e. we approach the position
whereweknowthat themurdererhas the characteristic inquestion.How-
ever, only for case 4, which corresponds to a full search, does this translate
intoaposteriorprobabilityofguilt for the suspectof 1.This isbecauseonly
in this case canwebe sure thatnoother individual has the characteristic in
question. Even with certain evidence, case 1 only yields a posterior proba-
bility of guilt of about 0.71. This may seem surprising but can be made in-
tuitively more reasonable if we consider the following (very rough) argu-
ment. Suppose that there were one other person apart from the ‘suspect’
who was known to have the characteristic. If possession of the character-
istic were the only grounds for suspicion, it would then be unreasonable
to assign a probability of more than one-half to the guilt of the suspect
in question. However, in case 1 we have not searched the population and
we believe that there is a 0.004 chance that any individual may have the
characteristic inquestion.The expectednumberof individuals amongst the
further 100with the characteristic is therefore 0.004 × 100 = 0.4. Ifwe in-
clude the suspect this makes a total expected number of 1.4 and 1/1.4 is 0.71.
In other words because we are far from confident that there is no further
individual with the characteristic we can be far from confident that the
suspect is guilty.

The most baffling feature, perhaps, is that there is a difference be-
tween case 2 (at least one alternative candidate suspect) and case 3 (spe-
cific alternative candidate suspect). This is a ‘paradox’ to which the great
Bayesian statistician, Dennis Lindley, first drew attention.28 We shall re-
fer to this as Lindley’s legal paradox. Why does it arise? It really has to do
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with differences between the number of alternative suspects we expect in
the two cases. Inwhat follows again consider the casewherewe are certain
that the murderer has the characteristic so that P∗ = 1.

In case 3weknowwho theparticular further suspect is.Weknownoth-
ing about the remaining 99 but a probability of 0.004 means that we ‘ex-
pect’ 0.004 × 99 = 0.396 further potential suspects. This makes a total of
1.396 further potential suspects and 2.396 including our ‘prime’ suspect.
The ratio of 1 to 2.396 is 0.417. The argument when we know that there
is at least one further potential suspect is more complicated and for the
details the reader must consult the footnote.29 However, it turns out that
we need to take the probability of 0.004 and re-scale it by the probability
of having at least one case, which is one minus the probability of having
no suspects, which in turn is (1 − 0.004)100 � 0.67. Thus the probability
of having at least one suspect is 1 − 0.67 = 0.33 and the probability of any
individual being a potential suspect is now 0.004/0.33 = 0.012. Since we
have 100 persons in total, the expected number of potential suspects with
the characteristic in question is 0.012 × 100 = 1.2. If we include our orig-
inal ‘prime’ suspect this makes 2.2 and our posterior probability is 1/2.2 =
0.45, which is higher than before.

The preceding example will have served to show that the interpreta-
tion of evidence can be a delicate matter. In fact, Lindley’s legal paradox is
so subtle that it can shock even a seasoned statistician likeme. I haveno in-
tuition for it and have no alternative but to calculate. This despite the fact
that it is very closely related to the paradox a familiar familial fallacy, which
we included as our first example in Chapter 1. There it turns out that the
probability that Mr Brown’s other child is a boy is only one-third if we are
told he has at least one boy, but is one-half if we are told that the eldest
child is a boy.

However, to help our intuition, and to wind up this difficult section,
we consider the very simple case where N = 2, so that on our island, apart
from our suspect, there are two further individuals whom we suppose to
be called Smith and Jones. Suppose that theprobability of anyoneof these
having the characteristic C is 1

2 . Then the combinations in Table 10.3 have
equal probability.

A tick ✔ denotes presence of the characteristic and a cross ✕ the ab-
sence. If I tell you that at least one of Smith and Jones has the characteris-
tic then either case 2, 3 or 4 applies. The average number of ticks for these
cases is (1 + 1 + 2)/3 = 4/3. On the other hand, if I tell you that Smith has
the characteristic, then either case 3 or case 4 obtains and the average is
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Table 10.3. Three man
island. Possible distribution
of further characteristics.

Case

1 2 3 4

Smith ✕ ✕ ✔ ✔

Jones ✕ ✔ ✕ ✔

(1 + 2)/2 = 3/2. The two figures are different. Amazing as it may seem, if I
tell you that Smith has the characteristic but I do not know about Jones,
then the expected number of persons with the characteristic is more than
if I tell you that at least one of Smith and Jones has the characteristic. This,
of course, must translate into different probabilities of guilt for a third in-
dividual, Brown (say), who is our suspect.

With the Island Problem we have illustrated the relevance of statistics
to judging evidence. With Quetelet and Poisson we looked at the statistics
of judgements based on evidence. It is time that we looked at statistics as
evidence. The story that follows is a judgement on the legal process.

Dow Corning goes bust

I am occasionally asked by lawyers why the New England Journal of

Medicine does not publish studies ‘on the other side’, a concept that has no

meaning in medical research . . . Yet science in the courtroom, no matter how

inadequate, has great impact on people’s lives and fortunes.

Marcia Angell30

In 1961 a Houston surgeon called Frank Gerow visited Dow Corning to
propose a collaboration to develop a silicone breast implant. He inserted
the first implant the following year. It has been estimated that by the
end of the 1970s and carrying on into the 1990s between 100 000 and
150 000 breast augmentations were being performed per year in the USA.
The vast majority of these involved silicone implants. However, the tech-
nology had started in an era in which regulation was less stringent than
now. It is true that in the wake of the thalidomide disaster, a key piece of
legislation affecting pharmaceuticals (the Kefauver–Harris amendment)
had been passed in the same year, 1962, that Gerow used the first silicone
implant but the cultural change that this would engender was still in its
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infancy. In fact, implants and medical devices in general were not subject
to the same legislation as pharmaceuticals. Implants were assumed to be
safe, the use of silicone in the human body for medical purposes predated
by many years its use in breast implants, but little in the way of scientific
research into their safety had been carried out. By 1970, however, regula-
tors were beginning to cast a cold and sceptical eye over the devices mar-
ket. A study group headed by Theodore Cooper of the National Institutes
of Health had compiled a list of some 10 000 injuries and over 700 deaths
inwhichmedical devices, from inter-uterine devices to pace-makers,were
allegedly implicated. In 1976, the Medical Devices Amendments gave the
Food and Drug Administration (FDA) new powers to regulate devices.

In 1984, a jury in San Francisco found that Maria Stern’s auto-immune
disease had been caused by her breast implants. Compensatory damages
of $211 000 were awarded to her to which $1.5 million of punitive damages
were added. In 1991 another lawsuit in San Francisco awarded Mariann
Hopkins $7.3 million, her connective tissue disease being found to have
been caused by ruptured silicone breast implants. In 1992, David Kessler –

commissioner of the Food and Drug Administration of the USA, irritated
by the failure of manufacturers to undertake the necessary research –

banned breast implants filled with silicone gel. This was the signal for a
frenzy of litigation and within a few months many thousands of lawsuits
had been filed. In May 1995, facing 20 000 individual lawsuits and more
than 400 000 claims, Dow Corning filed for bankruptcy. Breast implants
had finally gone bust.

It was at this point, however, that epidemiologists and medical statis-
ticians began to take an interest. Not, of course, the same sort of interest
that the lawyers were taking. Billions of dollars were on their way from
the manufacturers to their former customers but not all of them were to
arrive at that destination. Lawyers were taking up to 40% of the awards
in fees and of course there were expert witnesses and thus a fair amount
of it was making its way to the medical profession. You can’t award dam-
ageswithoutdamage and if it is damages to thebody youare looking for, a
physician is needed. Nevertheless, statisticians and epidemiologists have
to make a living too and it would be pointless to pretend that they are al-
ways neutral. If there is a medical story on the go and it has a high profile,
it does your career no harm to get involved.

But let’snotoverstate theproblemofdoingsomevalid statistical analy-
sis. If it is anegregiouserror to suggest that scientists actwithoutmotiveof
personal gain, it is also a serious mistake to forget science’s self-correcting
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tendency. Your success as a lawyer is judged by the cases you win, not by
whether youwin the truth. This is an inevitable consequence of the adver-
sarial system. Not so for the scientist. Posterity is a vicious crocodile and
you can’t forget the ticking of its clock. Whatever you say will be taken
down and used in evidence against you. Arguments that seemed good on
the spur of the moment will appear in the record and will be looked at
again and again and again. There is every motivation as a statistician to
get it right. Also as a statistician you have an utter contempt for the post
hoc fallacy and those who either exploit it or are duped by it. This frees
your mind of lawyer’s cant. There is only one thing that matters. What do
the figures show?

Nobody ever pretended that breast implants were good-luck charms.
They can’t help you win the lottery. They won’t protect you against light-
ning strikes. They don’t prevent your house from being destroyed by
earthquakes. They won’t stop you getting lung cancer and you shouldn’t
regard them as a license to smoke. They weren’t designed to protect you
against getting connective tissue diseases. That being so, given that lots of
women have had breast implants, some of them are going to get connec-
tive tissue disease. In the same way, every year a very great number of peo-
ple who have at one time in the past consulted a lawyer when still in good
health, die of heart disease. This does not mean that lawyers are to blame
for the heart attacks, although the odd client must expire on receiving the
bill.

So what is the key? Since women without breast implants get connec-
tive tissue disease we need to know whether the rate at which this occurs
in women with breast implants is higher or lower than in women without
implants. In the years following Kessler’s ban, statisticians and epidemi-
ologists began to do the studies that Dow-Corning should have initiated
in the first place. In fact, the Dow-Corning story was to break new ground
legally. In 1996 Sam C. Pointer Jr., a US District Court Chief Judge, gave
a panel of four scientists, a rheumatologist, a toxicologist, an immunol-
ogist and an epidemiologist, the task of deciding whether there were any
grounds, based on existing research, for concluding that silicone breast
implants caused or exacerbated either connective tissue disease or the var-
ious auto-immune diseases with which it had been claimed they were
associated.

The panel published their conclusions in November 2001,31 although
the meta-analyses on which these were based had been published the year
before.32 They pointed out right away the fallacy that had been swallowed
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by juries, cautioning, ‘If the prevalence of rheumatoid arthritis (RA) is
1% and 1 million women have received breast implants, then ∼10,000 of
these women can be expected to have RA regardless of the presence of the
disease’.33

Figure 10.4 shows a meta-analysis, of the sort we encountered in
Chapter 8, of one of the diseases it was claimed breast implants could
cause, rheumatoid arthritis.34 The panel identified eight controlled stud-
ies that could be included in the meta-analysis. Four of these were cohort
studies and four were case–control studies. The plot shows point esti-
mates for relative risk (RR) and associated confidence intervals for the
eight studies. The scale of the plot is logarithmic since a relative risk of
0.5 is equivalent to one of 2. (To understand this suppose that we compare
two treatments A and B. If A has half the risk of B then B has twice the risk
of A and since it is arbitrary which way round we choose to look at things,
these are equivalent.)

In this case the RR is the estimate of risk of a woman who had implants
getting rheumatoid arthritis as a ratio of the risk for awomanwhodidnot
have implants.Hence, a valueofmore thanone inagiven study shows that

                                          relative risk

0.25 0.50 1.00 2.00 4.00

Dugowson
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Edworthy
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Figure 10.4 Meta-analysis (based on Hulka35).
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the ratewashigher amongstwomenwith implants.Where thevalue is less
thanone then the ratewas lower amongstwomenwith implants. For each
study the so-called point estimate, the best guess as to the true value, is in-
dicatedby anopen circle. Someof the studieswere very small, for example
thatofPark, and thesehaveverywide confidence intervals.These intervals
are indicated by the horizontal lines and give a range of plausible values.
For every study the interval covers one, indicating that the range of plau-
sible values includes a relative risk of one or, to put it anotherway, that the
result is not ‘significant’ at the 5% level.

Also shown are the results of two meta-analyses. The first one includes
the study by Hennekens, the second does not. Not only is the study by
Hennekens36 the largest, yielding the most ‘precise’ estimate, but it is the
only one relying on self-reported illness. Since it dates from an era after
the implants story broke, the suspicion is that there may be some sort
of ‘nocebo’ effect where by women who have implants are more likely to
report disease. Neither of these two confidence intervals excludes one and
so the results are not ‘significant’. Of course, the confidence intervals do
not completely exclude amodest adverse effect of breast implantsbut they
exclude any dramatic relative risk.

However, this is only one of the diseases studied and for some of the
others the effect is significant (but very moderate) if the Hennekens study
is included. For example for all connective tissue diseases combined, the
confidence intervals for the relative risks are 1.01 to 1.28 including the
Hennekens study with a point estimate of 1.14 (in other words a 14% eleva-
tion of risk) and 0.62 to 1.04 with a point estimate of 0.80 (a 20% reduction
in risk) excluding that study.

The problem of Hermione

There may be in the cup.

A spider steeped, and one may drink, depart

And yet partake no venom for his knowledge

Is not infected; but if one present

The abhorr’d ingredient to his eye, make known

How he hath drunk, he cracks his gorge, his sides

With violent hefts

Shakespeare, The Winter’s Tale37

Where does this leave us? In the koan at the end of Chapter 4 we encoun-
tered a problem I referred to as, ‘the jealous husband’s dilemma’. How
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do you prove your wife is faithful? The puzzle of proving a wife faith-
ful is precisely the one that Shakespeare has to solve in The Winter’s Tale.
Although there have been some revisionist interpretations of this play
inviting us to believe Leontes that Hermione is guilty, I am convinced
that we are meant to interpret this as a tale of groundless jealous para-
noia and since I am not a structuralist I regard authorial intentions as
important.38 So what is the dramatic problem? Shakespeare has to secure
a triple ‘conviction’. Through the play he has to convince any lingering
doubters in the audience that Hermione is innocent. Within the play he
has to convince Leontes of her innocence. Finally, again through the play
he has to convince the audience that Leontes is convinced. How can he do
this?There isnoevidencehe canbring.Heresorts toanoracle: theoracleof
Delphos. The oracle is delivered sealed and then opened: Hermione is in-
nocent and a prophetic threat is delivered, ‘the king shall live without an heir
unless that which is lost is found’.39 Leontes disbelieves the message but then
immediately is brought news that his son has died, thus delivering both
proof of the oracle’s prophetic power and a judgement on him. A broken
man, Leontes realises his folly and repents.

To convince those who have already decided that breast implants are
poisonwouldneed something comparable.Unfortunately there canbeno
such denouement to the breast implants story. It has gone beyond a mat-
terof evidence.Manyepidemiologistswould feelunhappyabout claiming
anycausal relationshipbetweenbreast implants andconnective tissuedis-
ease. Even including a debatable study, that of Hennekens, the effect is so
modest that one could not be confident it was not due to bias. Further-
more when the study with the most plausible source of bias is excluded
the effect disappears.

On the other hand, well before the statisticians and epidemiologists
got involved the judicial juggernaut had already developed its billion-
dollar momentum. It wasn’t going to be stopped by mere statistics. As
Howard Jacobson puts it describing denial of guilt in another context, ‘A
rebuttal was reasonable and understandable, but it was no more than a re-
sponse; it came second’.40 Or, to quote Mandy Rice-Davies on being told
that Lord Astor had denied her allegations, ‘He would wouldn’t he?’. All
those who had already made their minds up about the truth of this story
werenotgoingtohave theirmindschangedbyevidence, still lessby lackof
evidence, which is the most an accused company can hope for under such
circumstances. After all Dow-Corning would say there was no problem,
wouldn’t they?
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Oh, and by the way, can you trust me? Why should you? I consult reg-
ularly for the pharmaceutical industry. I have on two separate occasions
done a small piece of work for Bristol-Myers Squibb (unrelated to breast
implants) and they are one of the manufacturers of breast implants. It is
clear that I am a completely unreliable guide in this story. Instead you
should trust the millionaire shysters whose only motive is philanthropic
concern for breast-implant victims and whose grasp of science is so sure
that they do not need data to come to their conclusions.

Case dismissed

I am also the judge. Now would you like a long or a short sentence?’

A short one if you please,’ said Milo

‘Good,’ said the judge, rapping his gavel three times. ‘ I always have trouble

remembering the long ones. How about ‘I am’? That’s the shortest sentence I

know.

Norton Juster The Phantom Tollbooth

Butnowwemustmove on.Wehaveheard the cases,wehavehad the cross-
examinations and our ten chapters are over. We call on Chapter 11 to sum
up the case for statistics for the gentlemen and ladies of the jury.
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The empire of the sum

It is not that figures lie, but that liars sometimes figure.

Maurice Kendall

Squaring up

So how has he done our ‘square’? Have I persuaded you that there is more
to his work than simply copying figures and pasting them into a book?1

Are you convinced that the calculation of chances and consequences and
the comprehension of contingencies are crucial to science and indeed all
rational human activity? Do you now know that the figure who figures,
who does all this, is the statistician?

Perhaps I have overstated the case. Statistical reasoning is a vital part of
scientific activity, of that I am convinced, but statistics is no closed shop. If
it is much more than simply counting and averaging, that does not mean
thatonly statisticiansarecapableofdoing it. In factmanywith labelsother
than ‘statistician’ are busy with probability and data. Later in this chapter
weshall consider someexamplesbutfirst I amgoingto takemylast chance
to show you how important statistics is, whoever does it. We shall con-
sider a recent controversy to show exactly how many of the topics we have
covered in this book would be needed to resolve it.

Spots of bother

In the spring of 2002, the MMR (measles, mumps, rubella) vaccine was
continuing to make headlines in the United Kingdom. The UK gov-
ernment was frantically trying to convince parents of the safety of this
vaccine against a background of claims that the MMR vaccine placed

[212]
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children at risk of autism and inflammatory bowel disease. In February
the Prime Minister, Tony Blair, issued a statement supporting the use of
the vaccine but continued to refuse to reveal whether his own son, Leo,
had been vaccinated.2 Meanwhile, half a world away and almost entirely
unnoticed in Britain,3 an outbreak of measles was raging in the West-
ern Highlands of Papua New Guinea. By the end of April more than 1200
children had been admitted to hospital and over 100 had died.

Itwas inNewGuinea, nearly 60 years earlier, that theAustralianOliver
Lancaster (1913–2001), then a pathologist on active wartime service, was
preparing himself for a change of career.4 He spent his evenings study-
ing by the light of a kerosene lamp for an external course in mathematics
at the University of Sydney, where he had graduated in medicine in 1937.
When his war service was over, it was as an epidemiologist rather than
a pathologist that he returned to civilian employment with the Univer-
sity of Sydney. Later, a Rockefeller fellowship enabled him to undertake a
period of study at the London School of Hygiene and Tropical Medicine
underBradfordHill. Back inAustralia, he realised that internal university
politics would make it unlikely that he would be given a Chair in medi-
cal statistics and so he undertook further study in mathematics to qualify
himself for a Chair in mathematical statistics, which he took up in 1959.
Amongst his many contributions to mathematical statistics are work on
the logicof significance testsandanextensionof ‘Cochran’sTheorem’ that
wenoted inChapter8.Lancaster is thusaparticularlyfineexampleof a sci-
entific type that has featured frequently throughout this book ever since
we met Daniel Bernoulli: the medic driven to mathematics.

Germane to ‘German’ germs

In 1941 the Sydney eye specialist, Sir Norman Gregg (1892–1968), became
alarmed at the number of babies he was examining who had congeni-
tal cataracts. He overheard two of the mothers discussing that they had
both had German measles in early pregnancy. Enquiries then established
that of 78 children born with cataracts in the early months of 1941, 68 had
been born to mothers who had had German measles in pregnancy. Gregg
became convinced of a link but had difficulty in persuading the medical
profession and this general scepticism was not entirely overcome until
Lancaster analysed the data.5 However, the National Health and Research
Council of Australia was soon convinced that the matter required inves-
tigation and in September 1942 C. Swan, a medical researcher in South
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Australia, was appointed to study the matter.6 Letters were sent to all
general practitioners in South Australia and the data revealed that there
were 49 cases where a foetus had been exposed to German measles and
that in 31 of these cases the baby had been born with congenital malfor-
mations. In addition to cataracts, deafness was also now recognised as a
possible consequence, as was heart disease and mental retardation.

Rubella was first described by the German physician Daniel Sennert
in 1619, who called it Röteln.7 However it was not clearly distinguished
from the similar but more serious, measles, until 1840 and it is really for
the work of German physicians in the nineteenth century, rather than for
Sennert, that rubella came tobe called ‘German’ measles. For thehundred
years from its being distinguished from measles until Gregg’s work, it
had never been considered to have any sequelae of consequence for either
patient or foetus. It was postulated that the disease had now mutated to a
more virulent form. Lancaster undertook statistical researches to investi-
gate the phenomenon. By studying records of births of deaf children from
Australia and New Zealand from the late nineteenth century onwards he
was able to show that ‘epidemics’ of deafnesswere always precededby epi-
demics of rubella andhence that thiswas a general consequence of rubella
in pregnancy and not one limited to the current epidemic.8

Rubella is a curious disease in that unlike other common infections
associated particularly with childhood such as measles, whooping cough,
scarlet feveranddiphtheria it very rarelyhasanyseriousdirect consequence
for child or adult. The fact that it is, nonetheless, a serious disease is pre-
cisely because of its effect on unborn children, with an extremely high
risk of damage to the foetus of any woman who catches it in early preg-
nancy. This raises ethical issues, since the only value in immunising boys
is not for any immunity granted to them, but as a contribution to the in-
crease in ‘herd immunity’ in order to reduce the probability of females
who have not been immunised catching rubella in pregnancy. Mumps
partly restores the sacrificial parity of the sexes, since the most important
consequence of this is male sterility, which sometimes follows infection
in adulthood, and here it is immunisation of females that is (partly) car-
ried out for the good of males. However, mumps carries a more serious
direct threat to those infected (not just adult males) than rubella and is
worth vaccinating against for that reason alone. We shall return to this
issue briefly when discussing the lessons of the MMR controversy.

In his retirement Lancaster wrote two masterly books. The second,
Quantitative Methods in Biological and Medical Sciences, deals with much of
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the subject matter of this one, albeit in a very different manner. The first,
ExpectationsofLife,9 is a codebycodeexaminationof the InternationalClas-
sification of Diseases to establish, from a historical perspective, the bur-
den of these afflictions on mankind. We now turn to Lancaster’s account
of measles in that book, for it is above all measles that makes MMR a con-
troversial topic andweneed tounderstanda littlemoreabout thedisease.

Measles tout court

I have to turn in a report everyweek on the number of contagious diseases I handle.

Ordinarily, I handle a couple of cases of measles a week. When I report that I had

eleven cases in a single day, they’re liable to quarantine the whole town . . .

F. Gilbreth and E. Gilbreth Carey, Cheaper by the Dozen

According to Lancaster, it is generally believed that the disease of measles
cannot predate, ‘the development of the great agricultural and riverine
civilizations’.10 The density of population required to sustain it was not
present in more primitive societies. This observation itself, of course,
is dependent on the sort of understanding of the dynamics of disease,
and thresholds, which requires the mathematical and statistical tools we
described (very superficially) in Chapter 9.

Thediseasehasan incubationperiodof 10–14days followedbyan infec-
tious period of a few days at the onset of symptoms. Where malnutrition
is common, the case fatality rate of measles can be as high as 20%. In de-
veloped countries, however, the fatality rate is low. Nevertheless, because
measles is a common disease, in populations not protected by vaccination
this can still translate into an important number of deaths. Figure 11.1
(which will be discussed in more detail in due course) shows deaths from
measles in London for the period 1629–1939 (with some gaps) and is based
on figures from Lancaster’s book.9 In 1911 there were more than 3000
deaths in London alone, a level of mortality which, were it to occur nowa-
days, would create a political storm. There can also be serious complica-
tions of the disease. Roughly 1 in 1000 to 2000 cases leads to measles en-
cephalitis, the consequences of which can include severe brain damage.
More common, if less serious, are ear infection and convulsions, which af-
fect about 1 in 20 and 1 in 200 cases respectively. Two famous victims of
measles were King Kamehameha II and his consort queen Kamamalu of
the Sandwich Islands (Hawaii), who visited England in 1824. They were
the talk of London Society in May, confined to their beds with measles in
June and in their graves in July.11
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Figure 11.1 Annual deaths from measles over 300 years for London. (Based on
Lancaster9.)

What is not easily discernible from the picture presented by Figure 11.1
is the two-year cycle of the disease. This can be seen, however, by blowing
up the latter part of the picture from 1911 to 1939. This has been done in
Figure 11.2 to which deaths for Birmingham have also been added. A log-
arithmic scale has been used for deaths. The years in question are not, in
fact, calendar yearsbut are fromthebeginningof theprecedingOctober to
the following September and are labelled by the year in which the months
January to September fall. This arrangement is convenient for isolating
figures from individual epidemics and was introduced by the epidemiol-
ogist Percy Stocks (1889–1974) whose data Lancaster is quoting.12

The general two-year cycle is evident and initially London and Birm-
inghamare in step,with odd years (1911, 1913, 1915) beingpeak years.How-
ever in London, unlike Birmingham, the epidemic of 1917 is followed im-
mediately by another in 1918 and from then on in London it is the even
years that are peak years. As might be expected with Birmingham being
much smaller than London, the deaths are generally fewer. However, the
peak level in Birmingham is frequently higher than the trough level in
London so, because they are out of step, the lines often cross. The fact
that the two peaks do not synchronise is evidence that the epidemics
are largely internal to the cities concerned, with contacts between them
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Figure 11.2 ‘Annual’ deaths from measles in London (thin line) and Birmingham
(thick line) for the period October 1910 to September 1939. Note the logarithmic axis for
deaths (Based on Lancaster13).

being relatively unimportant. The phenomenon of the two-year cycle was
extensively studied by Maurice Bartlett (1910–2002), a British mathemati-
cal statistician who followed the usual traditions of that tribe of studying
at Cambridge and lecturing at University College London. In a paper of
1957 Bartlett was able to show how the pattern could arise naturally from
the dynamics of the disease.14

To complete the trio

She held one hand to her jaw, and spoke in a dreadful whisper: ‘Mumps!’

Arthur Ransome, Winter Holiday

Mumps has been recognised as a disease since classical times and was
described by Hippocrates in the fifth century bc. It was identified as an in-
fectious disease in the nineteenth century and in 1934 Johnson and Good-
pasturewere able to demonstrate that a virus inhuman saliva could trans-
mit the disease to rhesus monkeys. The first safe vaccine became available
in 1967.

The public health consequences of mumps are not as serious as those
of either measles or rubella. It does not carry the threat of the latter to
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the unborn, nor that of the former to the already born, although it does
threaten the ‘could be born’, since in adult males who catch it orchitis
(inflammationof the testis) is commonandthisoccasionally leads tosteril-
ity. Nevertheless, mumps is unpleasant, inconvenient and occasionally
dangerous. Thus, given a safe vaccine it is worth immunising against.
Prior to widespread immunisation mumps resulted in up to 1200 hospital
admissions per year in England and Wales and in the USA was the leading
identified cause of viral encephalitis. Since immunisation was introduced
these problems have reduced dramatically. In recent years, however, as we
haveseen, thesafetyof thevaccinehasbeenquestioned.TheMMRvaccine,
which is the means by which immunity is delivered, has been attacked by
patient groups and others, although, in fact, it is the measles element of
this triple vaccine that is suspected by the critics of being the origin of the
problem. We now look at the MMR story.

Hyperborean hyperbole?15

. . . that final land,

Where down the sky’s large whitenesses, the archipelagoes of day

Gradually move, on forests light with birch and black with larch

In grave progressions . . .

James Kirkup, For the 90th Birthday of Sibelius

In the 1970s epidemics of measles, mumps and rubella were common in
Finland.Themeanannual incidencebeingrespectivelyabout350,250and
100 per 100 000 respectively.16 Finland has a population of about five mil-
lion and this translates into about 18 000, 12 000 and 5000 cases per year.
There were hundreds of hospitalisations, an average of about 100 cases of
encephalitis per year, meningitis, orchitis and sometimes sterility, espe-
cially amongst army recruits, and 40–50 annual cases of congenital birth
defects due to rubella.

In 1975 a live-virus measles vaccine was introduced but since only 70%
of the population was targeted, the disease was not eradicated. Military
personnel had been immunised against mumps since 1960 but this was
not extended to the general population. In 1982 the combined measles,
mumps rubella vaccine we now know as MMR was approved in Finland.17

It had already been used for nearly a decade in the USA. The Finns, how-
ever, embarked on a more radical and thorough programme of eradica-
tion.Childrenwere tobevaccinated twice, aged 14–18monthsandagainat
sixyears of age.Theprogrammewasaccompaniedbyvery carefuldata col-
lection and study: all suspected cases of disease were tested serologically,
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every vaccinated person was identified by social security number, unvac-
cinated children were identified by record linkage, the incidence of the
threediseaseswasmonitored carefully and adouble-blind controlled trial
of 1162 twins was carried out to look for side-effects.

The target population was 563 000 children. However, by 1986 only
86% had been vaccinated. A vigorous follow-up campaign was initiated,
including personal contact by public health nurses and personal letters if
that failed. As a consequence a further 62 00 children were vaccinated and
in total 97% received the vaccine.

The incidence of measles dropped dramatically. Such temporal coinci-
dences are far from conclusive evidence of causation. Other facts support
the efficacy of the programme. There was an outbreak of measles in 1988–

1989, probably of foreign origin, with 1748 confirmed cases. There was
a dramatic difference in incidence between vaccinated and unvaccinated
age groups. Children under one year of age, who would be too young to
have been vaccinated, and those aged 13 and over, who were too old for the
scheme when it was introduced showed much higher rates of attack than
thoseaged2–12,whowere in theprotectedcohorts. Similar evidencecould
be brought for the pattern of mumps and rubella infections.

The twin study showed that with the exception of transient generally
mild reactions there were no detectable side-effects of the vaccine. The in-
cidence of respiratory symptoms was virtually identical amongst the vac-
cinated and unvaccinated. Such a study, however, would be insufficiently
large to detect rare (but possibly serious) side-effects. However, follow-up
of the 1.5 million Finns vaccinated from 1982 to 1993 did not turn up any
problems with the vaccine. It seems that Finland had achieved a mighty
victory, at relatively little cost, against three formidable foes. Other coun-
tries now prepared themselves to repeat this success, amongst them, the
UK.

UK OK?18

In 1985 the target was set in the UK eradicating indigenous measles by
the year 2000. Vaccination for measles had been introduced in 1968 and
rubella followedtwoyears later.TheMMRvaccinewas introduced in 1988.
In 1996 the Finnish policy of using a second immunisation was intro-
duced. The need for a second immunisation is, ironically, due to the pro-
tection which mothers are able to pass on to their children. Most moth-
ers have been exposed to measles (or, if born since 1968, to a vaccine).
This means that they have circulating antibodies, which are passed on to
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their children. These protect the children for 3–12 months and perhaps
beyond in some cases. They also, however, prevent effective immunisa-
tion.Thismeans that in a single immunisationpolicy youareon thehorns
of a dilemma. If you immunise early, the immunisation will fail in a sub-
stantial percentage of children. If you immunise late, you will leave un-
protected a substantial percentage of children during a time window in
which they are particularly vulnerable.19 One solution is to immunise ev-
erybody twice: once early and once much later. An alternative would be
to test children for antibodies prior to the second immunisation and only
vaccinate those who were negative but this has the disadvantage of actu-
ally increasing the averagenumber of contactswith thehealth service that
are needed, since all children must be seen twice anyway and some three
times.

The recommended schedule in the UK was to be an initial vaccination
aged 12–15 months with a follow-up between ages three and five. Good
progress was made in instituting this programme and in addition to tar-
geting the new cohorts of infants a catch-up programme was begun for
older children. However, in 1998, a paper appeared in The Lancet which,
whilst it was to have minimal impact on the opinions of physicians and
epidemiologists, was to prove a big hit with the Press, becoming the sub-
ject of numerous articles, television programmes and even a special pub-
lication by the satirical magazine Private Eye.

February, fame and infamy

But February made me shiver

with every paper I’d deliver

American Pie, Don McLean

On 28 February 1998 a paper in The Lancet with 13 authors, led by Dr
Andrew Wakefield, reported a study on 12 children. The paper carefully
described some very thorough examinations that had been carried out
on these 11 boys and 1 girl, aged 3–10 who had been referred to the
paediatric gastroenterology unit at the Royal Free Hospital and School
of Medicine in London. Histories were taken, neurological and psychi-
atric assessments were made, stool and urine samples were taken, lum-
bar puncture, ileocolonoscopy, cerebral magnetic-resonance imaging and
electroencephalography were performed.

The paper presented a number of findings, which boil down to this.
First all 12 children20 had gastrointestinal disease and developmental
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regression.Second in8of these 12childrentheparentsassociated theonset
with the child having been given MMR. There are thus two issues that the
Wakefield et al. paper appears to raise. First, is gastrointestinal disease as-
sociated with developmental regression? Second, is MMR a possible cause
of them both?

Now, if we think back to Sir Norman Gregg’s identification of rubella
in pregnancy as a cause of congenital malformations, at first sight the
MMR case seems very similar. First, viruses are implicated. (MMR uses
attenuated live viruses.) Second, a wide range of sequelae seem to be in-
volved. Third, there had been a recent increase in the condition in ques-
tion. Fourth, the story starts with an observational association. Surely,
Wakefield et al. have stumbled on something important? Is it not hypo-
critical to praise Gregg and damn Wakefield?

However, closer examination shows some rather important differences
between these two stories. First, the rise in the number of cataracts be-
ing seen by Gregg was much more dramatic than any recent increases in
autism thatBritainhad experienced. Second, rubella inpregnancy is a rel-
atively rare condition. In the period in question MMR was not at all an
unusual thing for children to have been given. Wakefield’s subjects must
have been born between 1987 and 1995. But according to World Health
Organisation figures rates of measles immunisation for the birth cohorts
from 1987 ranged from76% to 92% so that finding 12 childrenwith autism
who have received MMR is unremarkable. To put it another way, if none
of the children had received MMR this would (accepting the other weak-
nesses of this form of study) be an indication that MMR had a protective
effect against autism.

So how could the Wakefield et al. observations be explained? Very eas-
ily, as the followinganalogousexample shows. Suppose that as aphysician
I develop the following hypothesis. I make it known that I believe there is
a syndrome in which difficulties in breathing are associated with athlete’s
foot. In the course of time, due to my reputation as an expert in this area,
a number of persons present at my clinic who have itchy feet and com-
plain of shortness of breath (let us call this chest and foot syndrome). These
individuals are examined further and spirometry reveals that their forced
expiratory volume in one second is below that predicted for their height,
sex and age whereas laboratory examinations confirm that the itchy red
patches between their toes are tinea pedis. When asked, it turns out that
most of them watch television. I then consider whether it is not possible
that watching television is a cause of chest and foot syndrome.
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Courting controversy

More than four years after the Wakefield paper the MMR story was still
making news. The Times of 10 July 2002 described one of the more curious
developments. Two mothers were being taken to court by the fathers of
their children because they were refusing to vaccinate the children. The
Times had campaigned for the case to be held in public as the arguments
would be in the public interest. However, Mr. Justice Sumner ruled that
the case should be heard in private.

What issues were considered relevant by Mr. Justice Sumner in coming
tohis decision?21 Well notmany, I suspect,will have to dowith science and
perhaps this is reasonable. Many of us, surely, will have some sympathy
with the point of view that parents can decide, within limits, what is best
for their children even if that decision is irrational. The problem here is
that the parents don’t agree. Suppose for the moment, however, that the
safety or otherwise of MMR was relevant to his decision. What does the
evidence show?

Since February 1998 a number of scientists have sought to test for a
causal link between MMR and autism. For example, in June 1999, The
Lancet reported an investigation22 with a principal author from the same
medical school at which Wakefield and colleagues worked: the Royal Free
and University College London School, which coincidentally happens to
be the one in which I have an appointment. This time, however, a seri-
ous attempt was made to examine causality and the co-authors included
Paddy Farrington, a well-known statistician based at the Open Univer-
sity specialising in the model of infectious diseases and who had only a
few years earlier published details of a statistical approach to assessing
the safety or otherwise of vaccines.23 The authors identified children with
autism born since 1979 from a special needs register of eight districts of
North Thames. For these children they obtained data on date of diagnosis
and date of first parental concern about autism as well as immunisation
records. They were able to confirm 214 cases of core autism amongst this
group of children.

Taylor et al. examined their data in three different ways. First, they
used the technique of Poisson regression to which we alluded in the last
chapter to see whether there was a step up in the rate of development of
autism for birth cohorts starting from 1987. Second, they compared age
at diagnosis of autism with vaccinated and unvaccinated children to see
whether therewas anydifference. Third, using the techniqueproposedby
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Farrington, they looked for a possible temporal association between vac-
cination and the onset of autism. (The latter was measured in three dif-
ferent ways: dates of first parental concern, of medical diagnosis or of de-
velopmental regression.) For none of these approaches did they find any
suggestion that MMR caused autism.

Noneof thishasmade theslightestdifference to thegeneralpublicwho
can rely on experts such as the journalists at the satirical magazine Pri-
vate Eye to assure them that Dr. Wakefield and colleagues have proved that
MMR causes autism. The fact that these very same techniques could be
used to prove that reading Private Eye causes senility and impotence does
not disturb them.

Does this mean that we know that MMR does not cause autism? No.
We are faced again with the problem of Hermione. Proving something is
safe is almost impossible. Conclusions of safety are always tentative and
hostage to being overturned by further study. This shows the superior-
ity of ‘holistic’ and ‘alternative’ medicine over the scientific sort. In addi-
tion to the regular emails I receive inviting me to collaborate in shifting
funds from West Africa, to visit some young lady’s website, to make thou-
sands of dollarsworking fromhome, invest in some stock that is sure togo
up, or increase the size of my penis or breasts, I often get offered natural
Viagra. (The persons making these offers must assume that I spend my
time reading Private Eye and am suffering from senility and impotence
in consequence.) Natural Viagra has the advantage over the unnatural
sort, apparently, of beingperfectly safe.Why?Well because ‘natural’ means
‘safe’. If ever there was a word that has become the money of fools, natural
is it. On the same basis all female sprinters have loose sexual morals since
they are all fast women. Hemlock, nightshade and tobacco are all natural
and ancient remedies. (They all appear in Culpepper’sCompleteHerbal and
English Physician for example.) So you can take as much as you like without
harm, only don’t sue me if you come to grief. I offer the following simple
and consistent explanation for the persistent irrational belief that natural
remedies are safe: taking them rots your brain, gradually destroying the
capacity for logical thought.

Work for the diceman

Thinking more positively about the story, what does it teach us about the
role of statistics in determining a rational policy for protecting popula-
tions from these diseases? What work falls to our ‘square’, our diceman?
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First it tells us of the valueofdata and systems for collecting them.This
is a theme that has beenneglected in thiswork, partly because this activity
is less exciting thanworkingwithprobability andpartlybecause itwas the
activity least in need of explanation. If there was one thing that the gen-
eralpublicknewabout statisticians itwas that theycollectedstatistics.But
if the theme was not addressed it was not suppressed. It has never been
far from our story. Arbuthnot could not have carried out his significance
test without the data collected by the parish clerks and that particular
story can be traced back to Thomas Cromwell’s statistical diktat. Without
Kaspar Neumann’s compilation of data from Breslau, Halley could not
have constructed his life-table. Galton’s analysis of the efficacy of prayer
depended on Guy’s data and Pearson’s meta-analysis on Simpson’s. The
data on measles that we have quoted from Lancaster were compiled by
Stocks andGuyand, again, their collection isdue to systems that owe their
origins to Thomas Cromwell.

Collecting good and reliable statistics on health can be a challenging
task and the science has been fortunate that from time to time scien-
tists have been found to rise to it. For example, William Farr (1807–1883),
who worked at the British General Registry Office from 1837–1880 and
was a man endowed with very modest mathematical talents, registered a
vital contribution to the history of vital registration. The developments
he made to the collection, dissemination and interpretation of statistics
were essential to the rapid progress in public health in the second half of
the nineteenth century and beyond. It was Farr who convinced Florence
Nightingale (1820–1910), herself an important collector of vital statistics,
of the role that hospitals played in spreading disease.24

Turning specifically to the collectionof statistics for infectiousdiseases
there are many matters that can tax the wits of statisticians. What impact
does under-reporting have on interpreting figures? What can be done to
improve rates of reporting? What is the value of confirming cases by test-
ing for seropositivity? Should we carry out surveys of seropositivity? If so,
howshould theybeorganised?Howmany individuals shouldbe sampled?
Howfrequently should samplesbe taken?Howshould theybedrawn, that
is to say how should the individuals to be tested be chosen?

Asecond task is that of statisticalmodelling.Aswehinted inChapter9,
but were not able to demonstrate fully, the field is so complex that good
quantitative prediction is difficult at best and impossible at worst. Nev-
ertheless qualitative but useful results may be possible. It may be feasi-
ble to give some indication as to what level of immunisation is needed for
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eradication.Policy as regards thenecessity and timingof follow-upsecond
immunisation canbeguidedby suchmodels.AsAndersonandMayput it,
“A central question in such programmes is what is the best age at which to
vaccinate children so as to protect as many susceptibles as possible while
minimizing thenumber of vaccinations that are ‘wasted’ on childrenwho
still possess significant titres of maternally derived antibodies specific to
measles virus antigens”.25

Then there is the investigation of causality, the ability to affect health
for both good and harm. The statistician’s standard instruments here are
the clinical trial, the cohort study and the case–control study. The first
of these is the design of choice for illustrating the efficacy of vaccines.
An early example of its use was the American trial to test the efficacy of
the Salk polio vaccine, which was reported in 1955. The biostatistician on
the advisory committee of the National Foundation for Infantile Paralysis
(NFIP)wasnoneother thanWilliamG.Cochran.26 The leaders of theNFIP
wanted a non-randomised study whereby second-grade children would
be offered the vaccine, and first and third year children would act as the
controls. Others, including Dr. Thomas Francis a virologist and epidemi-
ologist who had been appointed to lead the study, wanted a randomised
design. At a key meeting on 11 January 1954 scientists planning the trial,
after a general discussion in the morning, divided into three groups for
the afternoon.27 The clinicians reported back that they favoured observed
controls, the statisticians that they favoured a placebo-controlled design.
The third group, that of health officers, had been joined by Francis him-
self and gave support to the placebo-controlled approach. However, in the
end, only eight states would support this. Eventually a compromise trial
proceeded.A total of over 400000 childrenwere randomised to either vac-
cine or saline solution. More than one million further children were en-
rolled into the observed control study. This involved not only centres in
the USA but in Canada and Finland as well.28

The final results of the study were as given in Table 11.1.29

The trial had tobehuge inorder tobe able toprove the efficacyof the treat-
ment and this is a general feature of clinical trials of vaccines. These suffer
not only from the problem that they are trying to prevent relatively rare
events from occurring, a feature that drives sample size up dramatically,
but that through a contribution toherd immunity from the treated group
the control group may benefit from vaccination also. When one is look-
ing for rare and unknown side-effects, however, this prospective form of
design has many difficulties. More promising is the case–control study.
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Table 11.1. Salk Polio vaccine trial (based on Bland).

Study group Paralytic cases Number in group Rate

Randomised
Vaccine 33 200 745 16
Placebo 115 201 229 57
Refused 121 338 778 36

Observed
Vaccine 38 221 998 17
Control 330 725 173 46
Refused 43 123 605 35

Once a suspicion has arisen of a particular side-effect, cases suffering from
it are sampledandcompared to controlswhoarenot so-afflicted.The ‘out-
come’ then in each group is the proportion of cases or controls who re-
ceived the vaccine. Such studies require very careful design and analysis
and provide further work for the diceman.

Then there is the question of the Law. Suppose that it were generally
accepted (despite all current evidence) that MMR ‘caused’ autism: that is
to say that children who were vaccinated had an increased risk of autism.
It still would not follow that any child with autism subsequent on MMR
vaccination had it caused by the vaccination. Does statistics have anything
to say about this? It turns out that it does. A related task is generally car-
ried out in the field of ‘pharmacovigilence’ where epidemiologists have to
assess whether given adverse reactions are caused by a drug or not. This is
known as ‘single-case assessment’ and has been studied by statisticians.
For example, Tim Hutchinson, together with my colleague Phil Dawid
(whose work on the Island Problem we considered in the last chapter),
as well as the well-known medical statistician David Spiegelhalter and
others have developed a Bayesian approach to assessing causality in such
cases.30

Finally, through its sub-scienceofdecisionanalysis, statisticshasmuch
to say about ethical and economic aspects of vaccination. Take the case
being considered by Justice Sumner. One of the mothers concerned was
quoted by the Daily Mail as saying, ‘I think the safest thing for my child is
tobeunvaccinated in a society of vaccinated children,’ towhich she added,
‘I’m aware this may seem selfish but this is what is in the best interests
of my child and not Society at large’.31 This is all very logical. The prob-
lem is analogous to what the ecologist Garrett Hardin called ‘The Tragedy
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of the Commons’.32 The value to a given herdsman33 of grazing one new
animal on the common is less than the loss through the detrimental effect
on all other animals. But this detriment is only relevant to his decision for
those animals he owns, and if this is a small fraction of the totality of ani-
mals, hemaydecide tograze, against thegeneral interest. The sumof such
individual decisions produces famine. Similarly, for infectious diseases in
humans, provided high levels of vaccination are maintained, it may be
rational not to vaccinate one’s child, even if the vaccine is probably safe
because there will always be a small risk it is not.

These two cases are examples of what are referred to as externalities by
economists: costs or benefits or both accrue to others than those taking
the decisions that induce them. Under such circumstances political in-
tervention may be necessary to ensure good decision-making. In the con-
text of vaccination we need to know what is a rational policy? How should
we encourage parents to co-operate in an era in which physicians are less
trusted– mistrust of physicians being an attitude of which statisticians
are far from innocent and can hardly condemn in others? This was not a
problem in the era of the Salk trial, or at least it was not a general prob-
lem.Would it be logical to offer health-insurance advantages to thosewho
agreed to vaccinate their children? What would be a fair increase in cover?
Mightoneagree to compensate fordisabilities onano-fault basis for those
who vaccinated? What arguments can one bring or arrangements can one
make to encourage parents whose only children are boys to have rubella
immunisation? Such a boy is not directly at risk through rubella and his
unborn children are only at increased risk if the woman who conceives
them is not vaccinated herself and he contributes to her infection. These
are a lot of contingencies to bear in mind when making a decision.

No closed shop

Good heavens! For more than forty years I have been speaking prose without

knowing it!

Molière, Le Bourgeois Gentilhomme

Of course, such quantitative decision-making is not the sole preserve of
statisticians. It would be foolish for any person who has the label ‘statisti-
cian’ to assume either that the label makes him or her a member of some
calculating elite or that membership of such an elite is restricted to those
with the label. However, to the extent that such decision-making does
involve both the assessment of probabilities and the calculation of their
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consequences, any scientist who wishes to contribute, by whatever name,
must think like a statistician.

There are many who think this way who do not own the label. If we go
back to the generation of statisticians who graduated before the 1970s, al-
most none had statistics as a first degree. Before the Second World War all
who made their way into the subject came via other subjects, usually, but
not exclusively, mathematics. Neyman and the two Pearsons were mathe-
maticians. de Finetti was a mathematician with an interest in economics
and genetics.34 Fisher was a mathematician but it was really his interest
in genetics and evolution that provided much of the impetus for his work
in statistics and he made important contributions in these fields of biol-
ogy. Student studied mathematics and chemistry at Oxford but it was re-
ally the latter that qualified him to work for Guinness, where problems of
sampling led to his interest in statistics. Jeffreys was an astronomer and
geophysicist whose interest in statistics can partly be traced to the courses
inphilosophy thathe tookwhile anundergraduate inCambridge andalso
to practical problems of measurement in his scientific work.

If we need evidence that statistics is no closed shop we need look no
further than the modelling of infectious diseases. The work probably best
knownto thegeneralpublicwas carriedoutby thebiologistRoyAnderson
and the physicist Robert May.19 But there is still a debt owed to statistics.
Anderson worked with the statistician Bartlett, a pioneer in the field of
modelling of disease, and the influential text of Anderson and May we
have already cited has plenty of references to important work by Bailey,
Barbour, Becker, Cox and Dietz, all of whom could be called statisticians
in the widest application of the word.

Economists have also made important contributions to statistics and
statisticians have not always recognised this properly. Ramsey’s pioneer-
ing Bayesian work was presented as a contribution to economics and as
a reply to Keynes. Savage’s work on utility was strongly influenced by
economists, Chicago having a particularly strong school in the subject.
I predict that impressive financial mathematics on the pricing of finan-
cial derivatives, which has its origins in the work of Fischer Black, and
Nobel Prize winners Myron Scholes and Robert Merton,35 will in turn
have an important influence on the work of statisticians involved in med-
ical decision-making. Recently Glen Shafer and Vladimir Vovk wrote a
book that re-axiomises probability in terms of game theory and applies
this in turn to finance.36 What profession do the authors belong to? It is
difficult to say and really doesn’t matter. Shafer could be described as a
statistician but also perhaps as a philosopher. ‘Mathematician’ might be
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the best description for Vovk but he works in a computing department
and could also be described as a statistician. However, their work is partly
inspired by that of my colleague Phil Dawid in developing the prequential
principle and Dawid is Pearson Professor of Statistics at University College.
(Theprequentialprinciple is thedeceptively simplebut consequential and
fruitful notion that forecasting systems should only be judged by their
success or otherwise in forecasting.)

Vovk is not the only person in a computing department working on
probabilistic and statistical problems. Many computer scientists working
in thefieldof artificial intelligence andmachine-learninghavebeendevel-
oping,andsometimesre-discovering,Bayesianmethods.Hereagain there
is much that statisticians could learn. In defence of my profession, how-
ever, the traffic is not all one way. Data-mining and bioinformatics have
alsobeenmainlydevelopedbycomputer scientistsbut itmightbe claimed
thathere the cowison theother alpandcomputer scientists could learnby
studying statistics. A cynical definition of bioinformatics is a synergistic fu-
sion of huge data-bases and bad statistics and for data-mining is panning for gold
in a sewer and some of the hype associated with these fields, if nothing else,
will not stand up to cynical statistical examination. Nevertheless, if some
suchwork couldbedonebetter if useweremadeof existing statistical the-
ory, much useful work is being done and some of it concerns matters that
statisticians were initially too fastidious to tackle.

The lore of large numbers

In short,withmethodical data collection, thebuildingofhugedata-bases,
the increasing care and attention being paid to carrying out statistical
investigations, international co-operation via organisations such as the
CochraneandCampbellCollaborations, the increase in computingpower,
the furtherdevelopment of statistical theory andalgorithmsand their im-
plementation in statistical packages,we are at the birth of a golden age for
statistics.

Endgame

. . . the man of the future is the man of statistics and the master of economics . . .

Oliver Wendell Holmes Jr.37

As the great statistician David Cox has pointed out, a golden age for
statistics is not necessarily a golden age for statisticians.38 In a sense, it
doesn’t matter. Fashions come and go. We no longer call a pharmacist an
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apothecary but medicines are still dispensed by individuals who are re-
quired to understand their properties. ‘A rose by any other name would
smell as sweet’, but pharmacist or apothecary, camphorhas the samepun-
gency.

An understanding of data and statistical inference, the ability to de-
sign critical experiments or collect relevant samples, a cool head and a cer-
tain cynical detachment are all necessary for good decision-making in the
faceofuncertainty.These arewhat the statisticianhas tooffer.Dicingwith
death is adifficultgamewehavenochoicebut toplay.The individualswho
have so far paid most attention to its rules are called statisticians. Maybe
others will make the moves in the future. However, it is the contribution
of those who have played the game most seriously so far that we have hon-
oured in this book.
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